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Ayşe Alaca∗, Şaban Alaca†, Zafer Selcuk Aygin‡
and Kenneth S. Williams§

Centre for Research in Algebra and Number Theory
School of Mathematics and Statistics

Carleton University, Ottawa
Ontario, Canada K1S 5B6
∗aalaca@math.carleton.ca
†salaca@math.carleton.ca

‡ZaferAygin@cmail.carleton.ca
§kennethwilliams@cunet.carleton.ca

Received 23 January 2016
Accepted 15 May 2016

Published 7 December 2016

Let q denote a complex variable with |q| < 1. For a positive integer k let

Ek = Ek(q) :=

∞Y

n=1

(1 − qkn).

If f(q) =
P∞

n=0 fnqn we define [f(q)]n := fn for each nonnegative integer n. In this
paper, we determine results of the type

[E−8
1 E24

2 ]4k+3 = 0, k = 0, 1, 2, 3, . . . .
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1. Introduction

Let Z denote the set of all integers, N the set of positive integers and N0 the set
of nonnegative integers. Throughout this paper q denotes a complex variable with
|q| < 1. For k ∈ N we define

Ek = Ek(q) :=
∏
n∈N

(1 − qkn). (1.1)

We note that E1(qk) = Ek(q). Using MAPLE we find that

E−8
1 E24

2 = 1 + 8q + 20q2 − 78q4 − 128q5 − 104q6 + 455q8 + 832q9 + 260q10

− 290q12 − 2560q13 − 1864q14 − 3393q16 + 2080q17 +O(q18).
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This expansion suggests that the coefficients of q4k+3 (k ∈ N0) in the power series
expansion in powers of q of the infinite product E−8

1 E24
2 are all zero, that is

[E−8
1 E24

2 ]4k+3 = 0 for all k ∈ N0, (1.2)

where [f(q)]n denotes the coefficient fn in f(q) =
∑∞

n=0 fnq
n.

In this paper, we consider the problem of determining for each t ∈ {1, 2, 3, 4} all
the integers a and b such that

[Ea
1E

b
2]4k+t = 0 for all k ∈ N0,

and for each t ∈ {1, 2, 3, 4, 5, 6, 7, 8} all the integers a, b and c such that

[Ea
1E

b
2E

c
4]8k+t = 0 for all k ∈ N0.

In Sec. 3 and 4, we prove the following two theorems.

Theorem 1.1. Let a, b ∈ Z. Then

(i) [Ea
1E

b
2]4k+1 = 0 for all k ∈ N0 if and only if

(a, b) = (0, b);

(ii) [Ea
1E

b
2]4k+2 = 0 for all k ∈ N0 if and only if

(a, b) = (−4, 14), (−2, 5), (0, 0), (2,−1), (4, 2);

(iii) [Ea
1E

b
2]4k+3 = 0 for all k ∈ N0 if and only if

(a, b) = (−8, 24), (−4, 10), (−2, 5), (0, b), (2,−1), (4,−2), (8, 0);

(iv) [Ea
1E

b
2]4k+4 = 0 for all k ∈ N0 if and only if

(a, b) = (0, 0).

Theorem 1.2. Let a, b, c ∈ Z. Then

(i) [Ea
1E

b
2E

c
4]8k+1 = 0 for all k ∈ N0 if and only if

(a, b, c) = (0, b, c);

(ii) [Ea
1E

b
2E

c
4]8k+2 = 0 for all k ∈ N0 if and only if

(a, b, c) = (−6, 27,−6), (−4, 14, c), (−2, 5, c), (0, 0, c),

(2,−1, c), (4, 2, c), (6, 9, 0);

(iii) [Ea
1E

b
2E

c
4]8k+3 = 0 for all k ∈ N0 if and only if

(a, b, c) = (−10, 33,−10), (−8, 24, c), (−4, 10, c), (−2, 5, c),

(0, b, c), (2,−1, c), (4,−2, c), (8, 0, c), (10, 3, 0);
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(iv) [Ea
1E

b
2E

c
4]8k+4 = 0 for all k ∈ N0 if and only if

(a, b, c) = (−6, 15, 0), (−4, 10, 0), (−4, 12,−9), (−4, 14,−14),

(−4, 16,−15), (−4, 18,−12), (−2, 1, 14), (−2, 3, 5),

(−2, 5, 0), (−2, 7,−1), (−2, 9, 2), (0,−4, 14), (0,−2, 5),

(0, 0, 0), (0, 2,−1), (0, 4, 2), (2,−5, 16), (2,−3, 7),

(2,−1, 2), (2, 1, 1), (2, 3, 4), (4,−2, 4), (4, 0,−5),

(4, 2,−10), (4, 4,−11), (4, 6,−8), (6,−3, 6);

(v) [Ea
1E

b
2E

c
4]8k+5 = 0 for all k ∈ N0 if and only if

(a, b, c) = (−8, 20,−2), (−8, 22,−11), (−8, 24,−16), (−8, 26,−17),

(−8, 28,−14), (−6, 15,−2), (−4, 6, 12), (−4, 8, 3), (−4, 10,−2),

(−4, 12,−3), (−4, 14, 0), (−2, 1, 12), (−2, 3, 3), (−2, 5,−2),

(−2, 7,−3), (−2, 9, 0), (0, b, c), (2,−5, 14), (2,−3, 5),

(2,−1, 0), (2, 1,−1), (2, 3, 2), (4,−6, 16), (4,−4, 7),

(4,−2, 2), (4, 0, 1), (4, 2, 4), (6,−3, 4), (8,−4, 6),

(8,−2,−3), (8, 0,−8), (8,−2,−9), (8, 4,−6);

(vi) [Ea
1E

b
2E

c
4]8k+6 = 0 for all k ∈ N0 for the following values of (a, b, c)

(a, b, c) = (−12, 34,−18), (−10, 25,−4), (−10, 33, 0), (−8, 20,−4),

(−6, 11, 10), (−6, 15,−4), (−6, 19,−2), (−4, 6, 10),

(−4, 10,−4), (−4, 12,−9), (−4, 14, c), (−4, 16,−15),

(−4, 18,−16), (−4, 22,−14), (−2,−3, 24), (−2, 1, 10),

(−2, 3, 5), (−2, 5, c), (−2, 7,−1), (−2, 9,−2), (−2, 13, 0),

(0,−8, 24), (0,−4, 10), (0,−2, 5), (0, 0, c), (0, 2,−1),

(0, 4,−2), (0, 8, 0), (2,−9, 26), (2,−5, 12), (2,−3, 7),

(2,−1, c), (2, 1, 1), (2, 3, 0), (2, 7, 2), (4,−6, 14),

(4,−2, 0), (4, 0,−5), (4, 2, c), (4, 4,−11), (4, 6,−12),

(4, 10,−10), (6,−7, 16), (6,−3, 2), (6, 1, 4), (8,−4, 4),

(10,−5, 6), (10, 3, 10), (12,−2,−6);

(vii) [Ea
1E

b
2E

c
4]8k+7 = 0 for all k ∈ N0 for the following values of (a, b, c)

(a, b, c) = (−16, 44,−20), (−12, 30,−6), (−10, 25,−6), (−8, 16, 8),
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(−8, 20,−6), (−8, 22,−11), (−8, 24, c), (−8, 26,−17),

(−8, 28,−18), (−8, 32,−16), (−6, 11, 8), (−6, 15,−6),

(−6, 19,−4), (−6, 27, 0), (−4, 2, 22), (−4, 6, 8), (−4, 8, 3),

(−4, 10, c), (−4, 12,−3), (−4, 14,−4), (−4, 18,−2),

(−2,−3, 22), (−2, 1, 8), (−2, 3, 3), (−2, 5, c), (−2, 7,−3),

(−2, 9,−4), (−2, 13,−2), (0, b, c), (2,−9, 24), (2,−5, 10),

(2,−3, 5), (2,−1, c), (2, 1,−1), (2, 3,−2), (2, 7, 0), (4,−10, 26),

(4,−6, 12), (4,−4, 7), (4,−2, c), (4, 0, 1), (4, 2, 0), (4, 6, 2),

(6,−7, 14), (6,−3, 0), (6, 1, 2), (6, 9, 6), (8,−8, 16), (8,−4, 2),

(8,−2,−3), (8, 0, c), (8, 2,−9), (8, 4,−10), (8, 8,−8), (10,−5, 4),

(12,−6, 6), (16,−4,−4);

(viii) [Ea
1E

b
2E

c
4]8k+8 = 0 for all k ∈ N0 if

(a, b, c) = (0, 0, 0).

We remark that (1.2) is the case (a, b) = (−8, 24) of Theorem 1.1(iii).
We note that all parts of Theorems 1.1 and 1.2 are “if and only if” statements

except parts (vi), (vii) and (viii) of Theorem 1.2. This is because for these three
parts we cannot be sure that MAPLE finds all the solutions in integers of certain
sets of equations.

Preliminary results are proved in Sec. 2. Theorem 1.1 is proved in Sec. 3 and
Theorem 1.2 in Sec. 4. The proofs of Theorems 1.1 and 1.2 are carried out in the
same uniform manner and make use of basic identities satisfied by Ramanujan’s
theta function ϕ(q), which is defined in Sec. 2.

2. Preliminary Results

Let

f(q) =
∞∑

n=0

fnq
n,

and

g(q) =
∞∑

n=0

gnq
n.

Let s ∈ N satisfy s ≥ 2. Let t ∈ {1, 2, . . . , s−1}. Our first result (Lemma 2.1) shows
that if

[f(q)]sk+t = 0 for all k ∈ N0
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then

[f(q)g(qs)]sk+t = 0 for all k ∈ N0.

This simple result proves to be useful in the following way. For example we show in
Sec. 4 that

[E−6
1 E27

2 E−6
4 E8E

−2
16 ]8k+2 = 0 for all k ∈ N0,

so that taking s = 8, t = 2, f(q) = E−6
1 E27

2 E−6
4 E8E

−2
16 and g(q) = E−1

1 E2
2 , in

Lemma 2.1, we obtain for all k ∈ N0

[E−6
1 E27

2 E−6
4 ]8k+2 = [E−6

1 E27
2 E−6

4 E8E
−2
16 × E−1

8 E2
16]8k+2 = [f(q)g(q8)]8k+2 = 0,

as [f(q)]8k+2 = 0. In other words Lemma 2.1 enables us to remove E8E
−2
16 from

the identity [E−6
1 E27

2 E−6
4 E8E

−2
16 ]8k+2 = 0, which is valid for all k ∈ N0, to obtain

[E−6
1 E27

2 E−6
4 ]8k+2 = 0 for all k ∈ N0.

Lemma 2.1. Let s ∈ N satisfy s ≥ 2. Let t ∈ {1, 2, . . . , s− 1}. Suppose that

f(q) =
∞∑
l=0

flq
l

is such that

[f(q)]sk+t = 0 for all k ∈ N0.

Let

g(q) =
∞∑

m=0

gmq
m.

Then

[f(q)g(qs)]sk+t = 0 for all k ∈ N0.

Proof. For q ∈ C with |q| < 1 we have

g(qs) =
∞∑

m=0

gmq
sm.

Hence

f(q)g(qs) =
∞∑

n=0




∑
(l, m) ∈ N

2
0

l + sm = n

flgm


 qn.

Thus for all k ∈ N0 we have

[f(q)g(qs)]sk+t =
∑

(l, m) ∈ N
2
0

l + sm = sk + t

flgm.

As l ≥ 0 and t ≤ s− 1 we have

sm ≤ l + sm = sk + t ≤ sk + s− 1 < sk + s
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so that

m < k + 1

and thus

0 ≤ m ≤ k.

Define a new integral variable h by h = k −m so that

l = sh+ t, m = k − h,

with

0 ≤ h ≤ k.

Hence

[f(q)g(qs)]sk+t =
k∑

h=0

fsh+tgk−h.

But fsh+t = 0 for all h ∈ N0, so

[f(q)g(qs)]sk+t = 0 for all k ∈ N0,

as asserted.

Our next result gives the well-known criterion on f(q) which ensures that
[f(q)]sk+t = 0 for all k ∈ N0.

Lemma 2.2. Let s ∈ N satisfy s ≥ 2. Let t ∈ {1, 2, . . . , s − 1}. Let ω = e2πi/s.
Suppose that

f(q) =
∞∑

n=0

fnq
n

satisfies
s−1∑
r=0

ω−trf(ωrq) = 0.

Then

[f(q)]sk+t = 0 for all k ∈ N0.

Proof. For r ∈ {0, 1, 2, . . . , s− 1} we have

f(ωrq) =
∞∑

n=0

fnω
rnqn.

Thus
s−1∑
r=0

ω−trf(ωrq)=
s−1∑
r=0

ω−tr
∞∑

n=0

fnω
rnqn =

∞∑
n=0

fnq
n

s−1∑
r=0

ω(n−t)r = s

∞∑
n = 0

n ≡ t (mod s)

fnq
n.
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Change the summation variable from n ∈ N0 satisfying n ≡ t (mod s) to k =
(n − t)/s ∈ Z. As n ≥ 0 and t ≤ s − 1 we have k ≥ −t

s ≥ −(s−1)
s > −1 so that

k ∈ N0. Hence
s−1∑
r=0

ω−trf(ωrq) = s

∞∑
k=0

fsk+tq
sk+t.

Thus
s−1∑
r=0

ω−trf(ωrq) = 0 for all q ∈ C, |q| < 1,

implies

[f(q)]sk+t = 0 for all k ∈ N0.

We use Lemma 2.2 with s = 4 and s = 8. For t ∈ {1, 2, 3} we have
3∑

r=0

i3trf(irq) = 0 ⇒ [f(q)]4k+t = 0 for all k ∈ N0, (2.1)

and for t ∈ {1, 2, 3, 4, 5, 6, 7} we have
7∑

r=0

ω7trf(ωrq) = 0 ⇒ [f(q)]8k+t = 0 for all k ∈ N0, (2.2)

where ω = e2πi/8 = 1+i√
2
.

We make use of Ramanujan’s theta functions

ϕ(q) :=
∞∑

n=−∞
qn2

and

ψ(q) :=
∞∑

n=−∞
qn(n+1)/2,

which are defined for q ∈ C with |q| < 1. The infinite product representations of
ϕ(q) and ψ(q) are due to Jacobi, namely,

ϕ(q) =
E5

2

E2
1E

2
4

, ϕ(−q) =
E2

1

E2
, ψ(q) =

E2
2

E1
. (2.3)

We use the following four properties of ϕ(q) and ψ(q), all of which can be found in
Berndt’s book [1], namely

ϕ(q) + ϕ(−q) = 2ϕ(q4), (2.4)

ϕ(q) − ϕ(−q) = 4qψ(q8), (2.5)

ϕ(q)ϕ(−q) = ϕ2(−q2), (2.6)

ϕ2(q) + ϕ2(−q) = 2ϕ2(q2). (2.7)
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We use the relationships (2.4)–(2.7) to parametrize ϕ(q2), ϕ(−q2), ϕ(q4), . . . in
terms of A := ϕ(q) and B := ϕ(−q).

Lemma 2.3.

ϕ(q) = A,

ϕ(−q) = B,

ϕ(q2) =
(
A2 +B2

2

)1/2

,

ϕ(−q2) = (AB)1/2,

ϕ(q4) =
A+B

2
,

ϕ(−q4) =
(
AB(A2 +B2)

2

)1/4

,

ϕ(iq) =
(
A+B

2

)
+

(
A−B

2

)
i,

ϕ(−iq) =
(
A+B

2

)
−

(
A−B

2

)
i,

ϕ(iq2) =




(
A2 +B2

2

)1/2

+ (AB)1/2

2


 +




(
A2 +B2

2

)1/2

− (AB)1/2

2


 i,

ϕ(−iq2) =




(
A2 +B2

2

)1/2

+ (AB)1/2

2


 −




(
A2 +B2

2

)1/2

− (AB)1/2

2


 i.

Let ω := e2πi/8 so that ω2 = i, ω3 = iω, ω4 = −1, ω5 = −ω, ω6 = −i, ω7 = −iω,
ω8 = 1. Then

ϕ(ωq) =
(
AB(A2 +B2)

2

)1/4

+
(
A−B

2

)
ω,

ϕ(iωq) =
(
AB(A2 +B2)

2

)1/4

+
(
A−B

2

)
ωi,

ϕ(−ωq) =
(
AB(A2 +B2)

2

)1/4

−
(
A−B

2

)
ω,

ϕ(−iωq) =
(
AB(A2 +B2)

2

)1/4

−
(
A−B

2

)
ωi.
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Proof. The formulas for ϕ(q2), ϕ(−q2) and ϕ(q4) follow from (2.7), (2.6) and (2.4),
respectively. The formula for ϕ(−q4) follows from (2.6) with q replaced by q2 and
the formulas for ϕ(q2) and ϕ(−q2). The formulas for ϕ(iq) and ϕ(−iq) follow from
(2.4) and (2.5) with q replaced by iq. The formulas for ϕ(iq2) and ϕ(−iq2) follow
from those for ϕ(iq) and ϕ(−iq) on replacing q by q2 and using

A(q2) = ϕ(q2) =
(
A2 +B2

2

)1/2

, B(q2) = ϕ(−q2) = (AB)1/2.

The final four formulas follow from (2.4) and (2.5) with q replaced by ωq and iωq.

Our next result uses Lemmas 2.1–2.3 to show that the verification of a certain
identity in two complex variables z and w for r, s ∈ N0 and t ∈ {1, 2, 3, 4} establishes
that [E−2r+2s

1 E5r−s
2 ]4k+t = 0 for all k ∈ N0.

Lemma 2.4. Let r, s ∈ N0 and t ∈ {1, 2, 3}. Suppose that

zrws + (−1)tit
(

1
2
(z + w) +

1
2
(z − w)i

)r (
1
2
(z + w) − 1

2
(z − w)i

)s

+ (−1)twrzs + it
(

1
2
(z + w) − 1

2
(z − w)i

)r (
1
2
(z + w) +

1
2
(z − w)i

)s

= 0

(2.8)

holds for all complex numbers z and w. Then we have

[E−2r+2s
1 E5r−s

2 ]4k+t = 0 for all k ∈ N0.

Proof. Suppose that r, s ∈ N0 and t ∈ {1, 2, 3} are such that (2.8) holds for all
complex numbers z and w. We choose

z = A = ϕ(q), w = B = ϕ(−q), q ∈ C, |q| < 1,

in (2.8). By Lemma 2.3 we have

1
2
(z + w) +

1
2
(z − w)i =

(
A+B

2

)
+

(
A−B

2

)
i = ϕ(iq),

1
2
(z + w) − 1

2
(z − w)i =

(
A+B

2

)
−

(
A−B

2

)
i = ϕ(−iq),

so that (2.8) gives

3∑
h=0

i3thϕr(ihq)ϕs(−ihq) = 0.

Then, by Lemma 2.2 with modulus 4, that is by (2.1), we obtain

[ϕr(q)ϕs(−q)]4k+t = 0 for all k ∈ N0.
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Appealing to (2.3), we deduce

[E−2r+2s
1 E5r−s

2 E−2r
4 ]4k+t = 0 for all k ∈ N0.

Finally, taking f(q) = E−2r+2s
1 E5r−s

2 E−2r
4 and g(q) = E2r

1 in Lemma 2.1, as
[f(q)]4k+t = 0 and f(q)g(q4) = E−2r+2s

1 E5r−s
2 , we obtain

[E−2r+2s
1 E5r−s

2 ]4k+t = 0 for all k ∈ N0.

Our final lemma in this section gives the analogous result to Lemma 2.4 for
modulus 8.

Lemma 2.5. Let ω := e2πi/8 = 1+i√
2
. Let r, s, t, u ∈ N0 and l ∈ {1, 2, 3, 4, 5, 6, 7}.

For z, w ∈ C define

J(±) :=
(
z + w

2

)
±

(
z − w

2

)
i,

K(±) :=




(
z2 + w2

2

)1/2

+ (zw)1/2

2


 ±




(
z2 + w2

2

)1/2

− (zw)1/2

2


 i,

L(±) :=
(
zw(z2 + w2)

2

)1/4

±
(
z − w

2

)
ω,

M(±) :=
(
zw(z2 + w2)

2

)1/4

±
(
z − w

2

)
ωi.

Next define

T0 := zrws

(
z2 + w2

2

)t/2 (
z + w

2

)u

,

T1 := L(+)rL(−)sK(+)t

(
zw(z2 + w2)

2

)u/4

,

T2 := J(+)rJ(−)s(zw)t/2

(
z + w

2

)u

,

T3 := M(+)rM(−)sK(−)t

(
zw(z2 + w2)

2

)u/4

,

T4 := wrzs

(
z2 + w2

2

)t/2 (
z + w

2

)u

,

T5 := L(−)rL(+)sK(+)t

(
zw(z2 + w2)

2

)u/4

,
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T6 := J(−)rJ(+)s(zw)t/2

(
z + w

2

)u

,

T7 := M(−)rM(+)sK(−)t

(
zw(z2 + w2)

2

)u/4

.

Suppose that

7∑
h=0

ω7lhTh = 0 (2.9)

holds for all complex numbers z and w. Then we have

[E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 ]8k+l = 0 for all k ∈ N0.

Proof. Suppose that r, s, t, u ∈ N0 and l ∈ {1, 2, 3, 4, 5, 6, 7} are such that (2.9)
holds for all z, w ∈ C. We choose

z = A = ϕ(q), w = B = ϕ(−q), q ∈ C, |q| < 1.

By Lemma 2.3 we have

z + w

2
= ϕ(q4),

(
z2 + w2

2

)1/2

= ϕ(q2),

(zw)1/2 = ϕ(−q2),
(
zw(z2 + w2)

2

)1/4

= ϕ(−q4),

J(±) = ϕ(±iq),
K(±) = ϕ(±iq2),
L(±) = ϕ(±ωq),
M(±) = ϕ(±iωq),

and for h = 0, 1, 2, . . . , 7

Th = ϕr(ωhq)ϕs(−ωhq)ϕt(ihq2)ϕu((−1)hq4).

Hence (2.9) asserts that

7∑
h=0

ω7lhϕr(ωhq)ϕs(−ωhq)ϕt(ihq2)ϕu((−1)hq4) = 0

for all q ∈ C, |q| < 1. Thus by (2.2) we have

[ϕr(q)ϕs(−q)ϕt(q2)ϕu(q4)]8k+l = 0 for all k ∈ N0.
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Appealing to (2.3) we deduce

[E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 E−2t+5u

8 E−2u
16 ]8k+l = 0 for all k ∈ N0.

Finally, taking

f(q) = E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 E−2t+5u

8 E−2u
16

and

g(q) = E2t−5u
1 E2u

2

in Lemma 2.1, as [f(q)]8k+l = 0 and f(q)g(q8) = E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 , we

obtain

[E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 ]8k+l = 0 for all k ∈ N0.

3. Proof of Theorem 1.1

In this section, we determine for each l ∈ {1, 2, 3, 4} all the pairs (a, b) ∈ Z2 such
that

[Ea
1E

b
2]4k+l = 0 for all k ∈ N0.

This is accomplished in two steps. First we determine the candidate pairs (a, b)
from the requirement that [Ea

1E
b
2]4k+l = 0 for small values of k. Second we show

that these candidate pairs (a, b) actually satisfy [Ea
1E

b
2]4k+l = 0 for all k ∈ N0. If

a = 0 this is deduced from the obvious identity [Eb
2]2k+1 = 0 for all k ∈ N0. If a �= 0

then all candidate pairs turn out to satisfy a+ 2b ≡ 0 (mod 8) and we check that
the identity (2.8) of Lemma 2.4 holds with r = (a+2b)/8 and s = (5a+2b)/8. This
completes the proof of Theorem 1.1.

Lemma 3.1. Let a, b ∈ Z. If

[Ea
1E

b
2]4k+1 = 0 for all k ∈ N0

then

(a, b) = (0, b).

Proof. Suppose [Ea
1E

b
2]4k+1 = 0 for all k ∈ N0. Then [Ea

1E
b
2]1 = 0. But [Ea

1E
b
2]1 =

−a, so a = 0.

Lemma 3.2. Let a, b ∈ Z. If

[Ea
1E

b
2]4k+2 = 0 for all k ∈ N0

then

(a, b) = (−4, 14), (−2, 5), (0, 0), (2,−1), (4, 2).
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Proof. Suppose [Ea
1E

b
2]4k+2 = 0 for all k ∈ N0. Then using MAPLE we obtain

0 = [Ea
1E

b
2]2 = −3

2
a− b+

1
2
a2 (3.1)

and

0 = [Ea
1E

b
2]6 = −2a− 4

3
b+

1697
360

a2 + 4ab+
3
2
b2 − 55

16
a3 − 77

24
a2b− 3

4
ab2 − 1

6
b3

+
113
144

a4 +
3
4
a3b+

1
4
a2b2 − 1

16
a5 − 1

24
a4b+

1
720

a6. (3.2)

From (3.1) we have

b = −3
2
a+

1
2
a2. (3.3)

Using (3.3) in (3.2), we deduce

0 =
64
45
a2 − 4

9
a4 +

1
45
a6. (3.4)

Solving the sextic equation (3.4) for a, we obtain

a = −4,−2, 0, 2, 4.

The corresponding values of b are (from (3.3))

b = 14, 5, 0,−1, 2.

This completes the proof of Lemma 3.2.

Lemma 3.3. Let a, b ∈ Z. If

[Ea
1E

b
2]4k+3 = 0 for all k ∈ N0

then

(a, b) = (−8, 24), (−4, 10), (−2, 5), (0, b), (2,−1), (4,−2), (8, 0).

Proof. Suppose [Ea
1E

b
2]4k+3 = 0 for all k ∈ N0. Then using MAPLE we obtain

0 = [Ea
1E

b
2]3 = −4

3
a+

3
2
a2 + ab− 1

6
a3 (3.5)

and

0 = [Ea
1E

b
2]7 = −8

7
a+

92
15
a2 +

68
15
ab− 2021

360
a3 − 6a2b− 13

6
ab2

+
89
48
a4 +

49
24
a3b+

3
4
a2b2 +

1
6
ab3 − 35

144
a5 − 1

4
a4b

− 1
12
a3b2 +

1
80
a6 +

1
120

a5b− 1
5040

a7. (3.6)

Clearly a = 0 satisfies both of these equations. If a �= 0, (3.5) gives

b =
4
3
− 3

2
a+

1
6
a2. (3.7)
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Using (3.7) in (3.6), we obtain the sextic equation

4096
2835

− 64
135

a2 +
4

135
a4 − 1

2835
a6 = 0. (3.8)

Solving (3.8), we find

a = −8,−4,−2, 2, 4, 8.

The corresponding values of b are (from (3.7))

b = 24, 10, 5,−1,−2, 0.

This completes the proof of Lemma 3.3.

Lemma 3.4. Let a, b ∈ Z. If

[Ea
1E

b
2]4k+4 = 0 for all k ∈ N0

then

(a, b) = (0, 0).

Proof. Suppose [Ea
1E

b
2]4k+4 = 0 for all k ∈ N0. Using MAPLE to solve the seven

equations in a and b resulting from

0 = [Ea
1E

b
2]4k+4, k = 0, 1, 2, 3, 4, 5, 6,

we obtain (a, b) = (0, 0).

Proof of Theorem 1.1. (i) Let b ∈ Z. In the power series expansion of Eb
2 only

even powers of q occur. Thus [Eb
2]2k+1 = 0 for all k ∈ N0. Hence, for (a, b) = (0, b),

we have

[Ea
1E

b
2]4k+1 = [Eb

2]4k+1 = 0 for all k ∈ N0.

Part (i) of Theorem 1.1 now follows by Lemma 3.1.

(ii) Using MAPLE we find that the identity (2.8) of Lemma 2.4 with t = 2 holds
for

(r, s) = (3, 1), (1, 0), (0, 0), (0, 1), (1, 3)

so that by Lemma 2.4 we have [Ea
1E

b
2]4k+2 = 0 for

(a, b) = (−4, 14), (−2, 5), (0, 0), (2,−1), (4, 2),

respectively. Part (ii) of Theorem 1.1 now follows by Lemma 3.2.

(iii) Let b ∈ Z. First we consider a = 0. From the proof of (i) we have [Eb
2]2k+1 = 0

for all k ∈ N0 so that for (a, b) = (0, b), we have

[Ea
1E

b
2]4k+3 = [Eb

2]4k+3 = 0 for all k ∈ N0.
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Next we consider a �= 0. Using MAPLE we find that the identity (2.8) of Lemma 2.4
with t = 3 holds for

(r, s) = (5, 1), (2, 0), (1, 0), (0, 1), (0, 2), (1, 5)

so that by Lemma 2.4 we have [Ea
1E

b
2]4k+3 = 0 for

(a, b) = (−8, 24), (−4, 10), (−2, 5), (2,−1), (4,−2), (8, 0),

respectively. Part (iii) of Theorem 1.1 now follows by Lemma 3.3.

(iv) Clearly for (a, b) = (0, 0) we have

[Ea
1E

b
2]4k+4 = [1]4k+4 = 0 for all k ∈ N0

and part (iv) of Theorem 1.1 now follows by Lemma 3.4.
This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

For l ∈ {1, 2, 3, 4, 5} we determine all (a, b, c) ∈ Z3 such that

[Ea
1E

b
2E

c
4]8k+l = 0 for all k ∈ N0.

For l ∈ {6, 7, 8} we give some triples (a, b, c) ∈ Z3 such that [Ea
1E

b
2E

c
4]8k+l = 0 for

all k ∈ N0 but we cannot be sure that we have all of them as MAPLE was unable
to solve the equations in a, b, c giving the candidate triples (a, b, c). We proceed as
in the proof of Theorem 1.1 except that Lemma 2.5 is used instead of Lemma 2.4.

Lemma 4.1. Let a, b, c ∈ Z. If

[Ea
1E

b
2E

c
4]8k+1 = 0 for all k ∈ N0

then

(a, b, c) = (0, b, c).

Proof. Suppose [Ea
1E

b
2E

c
4]8k+1 = 0 for all k ∈ N0. Then [Ea

1E
b
2E

c
4]1 = 0. But

[Ea
1E

b
2E

c
4]1 = −a, so a = 0.

Lemma 4.2. Let a, b, c ∈ Z. If

[Ea
1E

b
2E

c
4]8k+2 = 0 for all k ∈ N0

then

(a, b, c) = (−6, 27,−6), (−4, 14, c), (−2, 5, c), (0, 0, c), (2,−1, c), (4, 2, c), (6, 9, 0).

Proof. Using MAPLE to solve the four equations

[Ea
1E

b
2E

c
4]m = 0, m = 2, 10, 18, 26,

in the three unknowns a, b, c, we obtain the seven solutions stated in the lemma.



April 5, 2017 16:45 WSPC/S1793-0421 203-IJNT 1750059

1110 A. Alaca et al.

Lemma 4.3. Let a, b, c ∈ Z. If

[Ea
1E

b
2E

c
4]8k+3 = 0 for all k ∈ N0

then

(a, b, c) = (−10, 33,−10), (−8, 24, c), (−4, 10, c), (−2, 5, c),

(0, b, c), (2,−1, c), (4,−2, c), (8, 0, c), (10, 3, 0).

Proof. Using MAPLE to solve the five equations

[Ea
1E

b
2E

c
4]m = 0, m = 3, 11, 19, 27, 35,

in the three unknowns a, b, c, we obtain the nine solutions stated in the lemma.

Lemma 4.4. Let a, b, c ∈ Z. If

[Ea
1E

b
2E

c
4]8k+4 = 0 for all k ∈ N0,

then

(a, b, c) = (−6, 15, 0), (−4, 10, 0), (−4, 12,−9), (−4, 14,−14),

(−4, 16,−15), (−4, 18,−12), (−2, 1, 14), (−2, 3, 5),

(−2, 5, 0), (−2, 7,−1), (−2, 9, 2), (0,−4, 14), (0,−2, 5), (0, 0, 0),

(0, 2,−1), (0, 4, 2), (2,−5, 16), (2,−3, 7), (2,−1, 2),

(2, 1, 1), (2, 3, 4), (4,−2, 4), (4, 0,−5), (4, 2,−10),

(4, 4,−11), (4, 6,−8), (6,−3, 6).

Proof. Using MAPLE to solve the four equations

[Ea
1E

b
2E

c
4]m = 0, m = 4, 12, 20, 28,

in the three unknowns a, b, c, we obtain the 27 solutions stated in the lemma.

Lemma 4.5. Let a, b, c ∈ Z. If

[Ea
1E

b
2E

c
4]8k+5 = 0 for all k ∈ N0

then

(a, b, c) = (−8, 20,−2), (−8, 22,−11), (−8, 24,−16), (−8, 26,−17),

(−8, 28,−14), (−6, 15,−2), (−4, 6, 12), (−4, 8, 3),

(−4, 10,−2), (−4, 12,−3), (−4, 14, 0), (−2, 1, 12),

(−2, 3, 3), (−2, 5,−2), (−2, 7,−3), (−2, 9, 0), (0, b, c),
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(2,−5, 14), (2,−3, 5), (2,−1, 0), (2, 1,−1),

(2, 3, 2), (4,−6, 16), (4,−4, 7), (4,−2, 2),

(4, 0, 1), (4, 2, 4), (6,−3, 4), (8,−4, 6),

(8,−2,−3), (8, 0,−8), (8, 2,−9), (8, 4,−6).

Proof. Using MAPLE to solve the three equations

[Ea
1E

b
2E

c
4]m = 0, m = 5, 13, 21,

in the three unknowns a, b, c, we obtain the 33 solutions stated in the lemma.

In searching for the solutions (a, b, c) ∈ Z3 of [Ea
1E

b
2E

c
4]8k+6 = 0,

[Ea
1E

b
2E

c
4]8k+7 = 0 and [Ea

1E
b
2E

c
4]8k+8 = 0 for small values of k, MAPLE was

unable to find all the solutions.

Proof of Theorem 1.2. (i) Let b, c ∈ Z. In the power series expansion of Eb
2E

c
4

only even powers of q occur. Thus [Eb
2E

c
4]2k+1 = 0 for all k ∈ N0. Hence, for

(a, b, c) = (0, b, c), we have

[Ea
1E

b
2E

c
4]8k+1 = [Eb

2E
c
4]8k+1 = 0 for all k ∈ N0.

Part (i) of Theorem 1.2 now follows by Lemma 4.1.

(ii) Let

(a, b) = (−4, 14), (−2, 5), (0, 0), (2,−1), (4, 2)

and c ∈ Z. Then, by Theorem 1.1(ii), we have

[Ea
1E

b
2]4k+2 = 0 for all k ∈ N0.

Hence, by Lemma 2.1, we have

[Ea
1E

b
2E

c
4]8k+2 = 0 for all k ∈ N0.

Using MAPLE we find that the identity (2.9) of Lemma 2.5 with l = 2 is satisfied
for (r, s, t, u) = (7, 4, 2, 1) and (4, 7, 2, 1) so that by Lemma 2.5, we have

[E−6
1 E27

2 E−6
4 ]8k+2 = 0, [E6

1E
9
2E

0
4 ]8k+2 = 0 for all k ∈ N0.

Part (ii) of Theorem 1.2 now follows by Lemma 4.2.

(iii) Let

(a, b) = (−8, 24), (−4, 10), (−2, 5), (0, b), (2,−1), (4,−2), (8, 0),

where b ∈ Z. By Theorem 1.1(iii) we have

[Ea
1E

b
2]4k+3 = 0 for all k ∈ N0.

Hence, by Lemma 2.1, we have for c ∈ Z

[Ea
1E

b
2E

c
4]4k+3 = 0 for all k ∈ N0.
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Table 1. Values of (a, b, c) for which
[Ea

1Eb
2Ec

4]8k+4 = 0.

No. r s t u a b c

1 4 1 2 1 −6 15 0
2 3 1 2 2 −4 10 0
3 3 1 1 4 −4 12 −9
4 3 1 0 4 −4 14 −14
5 4 2 1 6 −4 16 −15
6 4 2 0 2 −4 18 −12
7 2 1 4 1 −2 1 14
8 2 1 3 3 −2 3 5
9 2 1 2 3 −2 5 0

10 2 1 1 1 −2 7 −1

11 3 2 2 1 −2 9 2
12 1 1 4 2 0 −4 14
13 0 0 1 0 0 −2 5
14 0 0 0 0 0 0 0
15 1 1 1 2 0 2 −1
16 2 2 2 2 0 4 2
17 1 2 4 1 2 −5 16
18 1 2 3 3 2 −3 7
19 1 2 2 3 2 −1 2
20 1 2 1 1 2 1 1
21 2 3 2 1 2 3 4
22 1 3 2 2 4 −2 4
23 1 3 1 4 4 0 −5
24 1 3 0 4 4 2 −10
25 2 4 1 6 4 4 −11
26 2 4 0 2 4 6 −8
27 1 4 2 1 6 −3 6

Thus

[Ea
1E

b
2E

c
4]8k+3 = 0 for all k ∈ N0.

Using MAPLE we find that the identity (2.9) of Lemma 2.5 with l = 3 is satisfied
for (r, s, t, u) = (8, 3, 2, 2) and (3, 8, 2, 2). Hence, by Lemma 2.5, we have

[E−10
1 E33

2 E−10
4 ]8k+3 = 0, [E10

1 E3
2E

0
4 ]8k+3 = 0 for all k ∈ N0.

Part (iii) of Theorem 1.2 now follows by Lemma 4.3.

(iv) Using MAPLE we find that the identity (2.9) of Lemma 2.5 with l = 4 is
satisfied for the 27 values of (r, s, t, u) listed in Table 1. The corresponding 27
values of (a, b, c) for which [Ea

1E
b
2E

c
4]8k+4 = 0, for all k ∈ N0, are also given.

Part (iv) of Theorem 1.2 now follows by Lemma 4.4.

(v) Let b, c ∈ Z. From the proof of part (i) we have for (a, b, c) = (0, b, c)

[Ea
1E

b
2E

c
4]8k+5 = [Eb

2E
c
4]8k+5 = 0 for all k ∈ N0.
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Table 2. Values of (a, b, c) for which
[Ea

1Eb
2Ec

4]8k+5 = 0.

No. r s t u a b c

1 5 1 2 1 −8 20 −2
2 5 1 1 3 −8 22 −11
3 5 1 0 3 −8 24 −16
4 6 2 1 5 −8 26 −17
5 6 2 0 1 −8 28 −14
6 4 1 2 2 −6 15 −2
7 3 1 4 1 −4 6 12
8 3 1 3 3 −4 8 3
9 3 1 2 3 −4 10 −2

10 3 1 1 1 −4 12 −3

11 4 2 2 1 −4 14 0
12 2 1 4 2 −2 1 12
13 1 0 1 0 −2 3 3
14 1 0 0 0 −2 5 −2
15 2 1 1 2 −2 7 −3
16 3 2 2 2 −2 9 0
17 1 2 4 2 2 −5 14
18 1 2 3 4 2 −3 5
19 0 1 0 0 2 −1 0
20 1 2 1 2 2 1 −1
21 2 3 2 2 2 3 2
22 1 3 4 1 4 −6 16
23 1 3 3 3 4 −4 7
24 1 3 2 3 4 −2 2
25 1 3 1 1 4 0 1
26 2 4 2 1 4 2 4
27 1 4 2 2 6 −3 4
28 1 5 2 1 8 −4 6
29 1 5 1 3 8 −2 −3
30 1 5 0 3 8 0 −8
31 2 6 1 5 8 2 −9
32 2 6 0 1 8 4 −6

Using MAPLE we find that the identity (2.9) of Lemma 2.5 with l = 5 is satisfied for
the 32 values of (r, s, t, u) listed in Table 2. The corresponding 32 values of (a, b, c)
for which [Ea

1E
b
2E

c
4]8k+5 = 0, for all k ∈ N0, are also given.

Part (v) of Theorem 1.2 now follows by Lemma 4.5.

(vi) Using MAPLE we find that the identity (2.9) of Lemma 2.5 with l = 6 is
satisfied for the 44 values of (r, s, t, u) listed in Table 3. The corresponding 44
values of (a, b, c) for which [Ea

1E
b
2E

c
4]8k+6 = 0, for all k ∈ N0, are also given.

Part (vi) of Theorem 1.2 now follows.

(vii) Let

(a, b) = (−8, 24), (−4, 10), (−2, 5), (0, b), (2,−1), (4,−2), (8, 0),
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Table 3. Values of (a, b, c) for which
[Ea

1Eb
2Ec

4]8k+6 = 0.

No. r s t u a b c

1 7 1 0 2 −12 34 −18
2 6 1 2 1 −10 25 −4
3 9 4 4 1 −10 33 0
4 5 1 2 2 −8 20 −4
5 4 1 4 1 −6 11 10
6 4 1 2 3 −6 15 −4
7 5 2 2 1 −6 19 −2
8 3 1 4 2 −4 6 10
9 2 0 0 0 −4 10 −4

10 3 1 1 4 −4 12 −9
11 4 2 1 6 −4 16 −15
12 4 2 0 4 −4 18 −16
13 5 3 0 2 −4 22 −14
14 2 1 6 1 −2 −3 24
15 2 1 4 3 −2 1 10
16 2 1 3 3 −2 3 5
17 2 1 1 1 −2 7 −1
18 3 2 2 3 −2 9 −2
19 4 3 2 1 −2 13 0
20 1 1 6 2 0 −8 24
21 0 0 2 0 0 −4 10
22 0 0 1 0 0 −2 5
23 1 1 1 2 0 2 −1
24 1 1 0 0 0 4 −2
25 3 3 2 2 0 8 0
26 1 2 6 1 2 −9 26
27 1 2 4 3 2 −5 12
28 1 2 3 3 2 −3 7
29 1 2 1 1 2 1 1
30 2 3 2 3 2 3 0
31 3 4 2 1 2 7 2
32 1 3 4 2 4 −6 14
33 0 2 0 0 4 −2 0
34 1 3 1 4 4 0 −5
35 2 4 1 6 4 4 −11
36 2 4 0 4 4 6 −12
37 3 5 0 2 4 10 −10

38 1 4 4 1 6 −7 16
39 1 4 2 3 6 −3 2
40 2 5 2 1 6 1 4
41 1 5 2 2 8 −4 4
42 1 6 2 1 10 −5 6
43 4 9 4 1 10 3 10
44 1 7 0 2 12 −2 −6
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where b ∈ Z. By Theorem 1.1(iii) we have

[Ea
1E

b
2]4k+3 = 0 for all k ∈ N0.

Hence, by Lemma 2.1, we have for c ∈ Z

[Ea
1E

b
2E

c
4]4k+3 = 0 for all k ∈ N0.

Thus

[Ea
1E

b
2E

c
4]8k+7 = 0 for all k ∈ N0.

As we have already mentioned MAPLE was unable to solve the equations in a, b, c
resulting from [Ea

1E
b
2E

c
4]8k+7 = 0 for several small values of k ∈ N0. Thus instead

we ran through (r, s, t, u) ∈ N
4
0 satisfying

0 ≤ r, s, t, u ≤ 9

and determined which quadruples (r, s, t, u) satisfied the identity (2.9) of Lemma 2.5.
The computer found 50 quadruples (r, s, t, u) that satisfied (2.9). They are listed in
Table 4 along with the corresponding values of (a, b, c).

Table 4. Values of (a, b, c) for which
[Ea

1Eb
2Ec

4]8k+7 = 0.

No. r s t u a b c

1 9 1 0 1 −16 44 −20
2 7 1 2 1 −12 30 −6
3 6 1 2 2 −10 25 −6
4 5 1 4 1 −8 16 8
5 5 1 2 3 −8 20 −6
6 5 1 1 3 −8 22 −11
7 6 2 1 5 −8 26 −17
8 6 2 0 3 −8 28 −18
9 7 3 0 1 −8 32 −16

10 4 1 4 2 −6 11 8
11 3 0 0 0 −6 15 −6
12 5 2 2 2 −6 19 −4
13 8 5 4 2 −6 27 0
14 3 1 6 1 −4 2 22
15 3 1 4 3 −4 6 8
16 3 1 3 3 −4 8 3
17 3 1 1 1 −4 12 −3

18 4 2 2 3 −4 14 −4
19 5 3 2 1 −4 18 −2
20 2 1 6 2 −2 −3 22
21 1 0 2 0 −2 1 8
22 1 0 1 0 −2 3 3
23 2 1 1 2 −2 7 −3
24 2 1 0 0 −2 9 −4
25 5 4 4 6 −2 13 −2

(Continued)
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Table 4. (Continued)

No. r s t u a b c

26 1 2 6 2 2 −9 24
27 0 1 2 0 2 −5 10
28 0 1 1 0 2 −3 5
29 1 2 1 2 2 1 −1
30 1 2 0 0 2 3 −2
31 3 4 2 2 2 7 0
32 1 3 6 1 4 −10 26
33 1 3 4 3 4 −6 12
34 1 3 3 3 4 −4 7
35 1 3 1 1 4 0 1
36 2 4 2 3 4 2 0
37 3 5 2 1 4 6 2

38 1 4 4 2 6 −7 14
39 0 3 0 0 6 −3 0
40 2 5 2 2 6 1 2
41 5 8 4 2 6 9 6
42 1 5 4 1 8 −8 16
43 1 5 2 3 8 −4 2
44 1 5 1 3 8 −2 −3
45 2 6 1 5 8 2 −9
46 2 6 0 3 8 4 −10
47 3 7 0 1 8 8 −8
48 1 6 2 2 10 −5 4
49 1 7 2 1 12 −6 6
50 1 9 0 1 16 −4 −4

Part (vii) of Theorem 1.2 now follows.

(viii) This part is trivial.
This completes the proof of Theorem 1.2.

It is possible that the lists of parts (vi), (vii) and (viii) of Theorem 1.2 are
complete but we cannot prove this.

5. Final Remarks

In principle the methods of this paper can be used to find the quadruples (a, b, c, d) ∈
Z4 such that

[Ea
1E

b
2E

c
4E

d
8 ]16k+l = 0 for all k ∈ N0, (5.1)

where l ∈ {1, 2, . . . , 15}, but the details would be quite challenging! It uses

ϕr(q)ϕs(−q)ϕt(q2)ϕu(q4)ϕv(q8)

= E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 E−2t+5u−2v

8 E−2u+5v
16 E−2v

32
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and

[E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 E−2t+5u−2v

8 E−2u+5v
16 E−2v

32 ]16k+l

= [E−2r+2s
1 E5r−s−2t

2 E−2r+5t−2u
4 E−2t+5u−2v

8 ]16k+l,

and requires the parametrizations in terms of A and B of ϕ(±ωhq), ϕ(ω2hq2),
ϕ(ω4hq4) and ϕ(ω8hq8), where

ω = e
2πi
16 =

√
2 +

√
2

2
+ i

√
2 −√

2
2

and h ∈ {0, 1, 2, . . . , 15}. There are identities of the type (5.1) to be discovered. We
give just one such example.

Theorem 5.1.

[E4
1E

9
4E

−2
8 ]16k+13 = 0 for all k ∈ N0.

Proof. We prove this result by appealing to a recent theorem of the fourth author
[2, Theorem 1.1, p. 80]. We take

r = t = u = v = w = x = 0, s = y = 1,

in this theorem to obtain

[qE4
1E

9
4E

−2
8 ]n =

∑
(x1, x2, x3) ∈ Z

3

x2
1 + x2

2 + 2x2
3 = n

(x4
1 − 3x2

1x
2
2),

which is valid for all n ∈ N. As x2
1 + x2

2 + 2x2
3 �≡ 14 (mod 16) we deduce that

[qE4
1E

9
4E

−2
8 ]16k+14 = 0 for all k ∈ N0.

The asserted result follows on dividing by q.

Further examples of this type are given in [3], as well as references to related
results in the literature.
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