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Ayşe Alaca, Şaban Alaca and Kenneth S. Williams∗

Centre for Research in Algebra and Number Theory, School of Mathematics
and Statistics, Carleton University, Ottawa, Ontario, Canada K1S 5B6

Abstract

The (p, k)-parametrization of theta functions introduced by the authors is used
to prove some new theta function identities from which formulae for the number of
representations of a positive integer by each of the sextenary quadratic formsx2
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1. Introduction. Borwein, Borwein and Garvan, in their paper [6] on some cubic modular
identities of Ramanujan, defined the functions

a(q) :=
∞∑

m,n=−∞
qm2+mn+n2

, (1.1)

b(q) :=
∞∑

m,n=−∞
ωm−nqm2+mn+n2

, (1.2)

c(q) :=
∞∑

m,n=−∞
q(m+ 1

3
)2+(m+ 1

3
)(n+ 1

3
)+(n+ 1

3
)2 , (1.3)

whereq is a complex variable satisfying|q| < 1, ω = e2πi/3, and in (1.3) the principal
value of the cube rootq1/3 is taken. They proved a number of beautiful identities involving
the functionsa, b andc, including [6, Theorem 2.3, p. 38]

a3(q) = b3(q) + c3(q) (1.4)
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∗E-mails: aalaca@connect.carleton.ca; salaca@connect.carleton.ca; kwilliam@connect.carleton.ca. The
second and third authors were supported by research grants from the Natural Sciences and Engineering Re-
search Council of Canada.
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and [6, Theorem 2.6, p. 40]

a(q)a(q2) = b(q)b(q2) + c(q)c(q2). (1.5)

In this paper we prove in Section 2 three new identities involving the functionsb andc and
the theta functionϕ (Ramanujan’s notation [5, p. 6]) given by

ϕ(q) =
∞∑

n=−∞
qn2

. (1.6)

Theorem 1..1.

(i) ϕ5(q)ϕ(q3) =
1
9
b3(−q) +

8
9
b3(q2) − 1

3
c3(−q) +

8
3
c3(q2).

(ii) ϕ3(q)ϕ3(q3) =
1
9
b3(q) +

8
9
b3(q4) +

1
9
c3(q) +

8
9
c3(q4)

+4q
∞∏

n=1

(1 − q2n)3(1 − q6n)3.

(iii) ϕ(q)ϕ5(q3) =
1
9
b3(−q) +

8
9
b3(q2)− 1

27
c3(−q) +

8
27

c3(q2).

We then use these three identities to give formulae for the number of representations of
a positive integer by each of the three sextenary quadratic formsx2
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Let N denote the set of positive integers andZ the set of all integers. SetN0 = N∪{0}.

Fora1, a2, a3, a4, a5, a6 ∈ N andn ∈ N0 we set

N(a1, a2, a3, a4, a5, a6; n) = card{(x1, x2, x3, x4, x5, x6) ∈ Z6 | (1.7)

n = a1x
2
1 + a2x

2
2 + a3x

2
3 + a4x

2
4 + a5x

2
5 + a6x

2
6}.

Clearly

N(a1, a2, a3, a4, a5, a6; 0) = 1. (1.8)

Also

∞∑

n=0

N(a1, a2, a3, a4, a5, a6; n)qn =
6∏

r=1

ϕ(qar). (1.9)

We prove in Section 3

Theorem 1..2. Let n ∈ N. Setn = 2α3βN , whereα ∈ N0, β ∈ N0, N ∈ N and
gcd(N, 6) = 1. LetN =

∏
p|N pαp be the prime factorization ofN . Then

(i) N(1, 1, 1, 1, 1, 3;n)

=
(−1)2

α

5
(22α+2 − 9(−1)α)

(
32β+2 + (−1)α

(−3
N

))
N2
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×
∏

p|N

1−
(−3

p

)αp+1

p−2αp−2

1 −
(−3

p

)
p−2

.

(ii) N(1, 1, 1, 3, 3, 3;n)

=
1
10

(
3(22α+1 + 3(−1)α)(1 + (−1)2

α
) + 5(1− (−1)2

α
)
)

×
(
32β+1 − (−1)α

(−3
N

))
N2

∏

p|N

1 −
(−3

p

)αp+1

p−2αp−2

1−
(−3

p

)
p−2

+ 4k(n),

where the integersk(n) (n ∈ N) are defined by

q

∞∏

n=1

(1− q2n)3(1 − q6n)3 =
∞∑

n=1

k(n)qn. (1.10)

(iii) N(1, 3, 3, 3, 3, 3;n)

=
(−1)2

α

5
(22α+2 − 9(−1)α)

(
32β + (−1)α

(−3
N

))
N2

×
∏

p|N

1 −
(−3

p

)αp+1

p−2αp−2

1 −
(−3

p

)
p−2

.

The first ten values ofk(n) are

k(1) = 1, k(2) = 0, k(3) = −3, k(4) = 0, k(5) = 0,

k(6) = 0, k(7) = 2, k(8) = 0, k(9) = 9, k(10) = 0.

Clearly

k(n) = 0, if n ≡ 0 (mod 2). (1.11)

Liouville [11], [12] stated without proof formulae equivalent to (i) and (iii) of Theorem
1.2. Proofs of (i) and (iii) have been given by Kogan [10], Petersson [14] and Berkovich
and Yeşilyurt [4]. Formula (ii) is due to Berkovich and Yeşilyurt [4]. We thank them for
providing us with a statement of their theorem. We also thank an unknown referee for
her/his suggestions for improving the first version of this paper.

2. Proof of Theorem 1.1.Following [1, p. 178] we set

p = p(q) :=
ϕ2(q) − ϕ2(q3)

2ϕ2(q3)

(
so that1 + 2p =

ϕ2(q)
ϕ2(q3)

)
(2.1)
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and

k = k(q) :=
ϕ3(q3)
ϕ(q)

. (2.2)

Ramanujan’s discriminant function∆(q) [15] is defined by

∆(q) := q

∞∏

n=1

(1− qn)24. (2.3)

In [2, p. 36] each of∆(qr) (r = 1, 2, 3, 4, 6, 12) was expressed in terms ofp andk, namely

∆(q) =
1
16

p(1− p)12(1 + p)4(1 + 2p)3(2 + p)3k12, (2.4)

∆(q2) =
1

256
p2(1− p)6(1 + p)2(1 + 2p)6(2 + p)6k12, (2.5)

∆(q3) =
1
16

p3(1 − p)4(1 + p)12(1 + 2p)(2 + p)k12, (2.6)

∆(q4) =
1

65536
p4(1 − p)3(1 + p)(1 + 2p)3(2 + p)12k12, (2.7)

∆(q6) =
1

256
p6(1− p)2(1 + p)6(1 + 2p)2(2 + p)2k12, (2.8)

∆(q12) =
1

65536
p12(1− p)(1 + p)3(1 + 2p)(2 + p)4k12. (2.9)

From (2.3)-(2.9) we can solve for
∏∞

n=1(1 − qrn) (r = 1, 2, 3, 4, 6, 12) to obtain the fol-
lowing values.

∞∏

n=1

(1− qn) = q−1/242−1/6p1/24(1 − p)1/2(1 + p)1/6(1 + 2p)1/8(2 + p)1/8k1/2.(2.10)

∞∏

n=1

(1− q2n) = q−1/122−1/3p1/12(1− p)1/4(1 + p)1/12(1 + 2p)1/4(2 + p)1/4k1/2.(2.11)

∞∏

n=1

(1− q3n) = q−1/82−1/6p1/8(1 − p)1/6(1 + p)1/2(1 + 2p)1/24(2 + p)1/24k1/2.(2.12)

∞∏

n=1

(1− q4n) = q−1/62−2/3p1/6(1 − p)1/8(1 + p)1/24(1 + 2p)1/8(2 + p)1/2k1/2.(2.13)

∞∏

n=1

(1− q6n) = q−1/42−1/3p1/4(1 − p)1/12(1 + p)1/4(1 + 2p)1/12(2 + p)1/12k1/2.(2.14)

∞∏

n=1

(1− q12n) = q−1/22−2/3p1/2(1 − p)1/24(1 + p)1/8(1 + 2p)1/24(2 + p)1/6k1/2.(2.15)
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It is shown in [6, Prop. 2.2, p. 37] that

b(q) =
∞∏

n=1

(1− qn)3

1− q3n
(2.16)

and

c(q) = 3q1/3
∞∏

n=1

(1 − q3n)3

1 − qn
. (2.17)

Next forn ∈ N we define

G3(n) =
∑

d ∈ N
d | n

( −3
n/d

)
d2, H3(n) =

∑

d ∈ N
d | n

(−3
d

)
d2, (2.18)

where
(−3

k

)
(k ∈ N) is the Legendre-Jacobi-Kronecker symbol for discriminant−3, that

is

(−3
k

)
=





1, if k ≡ 1 (mod 3),
−1, if k ≡ 2 (mod 3),

0, if k ≡ 0 (mod 3).
(2.19)

In [3, Theorems 2.2 and 2.3] we used a formula of Carlitz [7, eq. (1.3), p. 168] to prove
the following two formulae

∞∑

n=1

G3(n)qn = q

∞∏

n=1

(1 − q3n)9

(1− qn)3
(2.20)

and

1− 9
∞∑

n=1

H3(n)qn =
∞∏

n=1

(1 − qn)9

(1 − q3n)3
. (2.21)

We remark that Dobbie [8] has given an elementary proof of Carlitz’s formula. Thus

∞∑

n=1

G3(n)qn =
1
27

c3(q) (2.22)

and

1− 9
∞∑

n=1

H3(n)qn = b3(q). (2.23)

From (2.10), (2.12) and (2.20), we deduce

∞∑

n=1

G3(n)qn =
1
2
p(1 + p)4k3 (2.24)
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and from (2.10), (2.12) and (2.21)

1 − 9
∞∑

n=1

H3(n)qn =
1
2
(1− p)4(1 + 2p)(2 + p)k3. (2.25)

From (2.23) and (2.25) we deduce

b(q) = 2−1/3(1− p)4/3(1 + 2p)1/3(2 + p)1/3k (2.26)

and from (2.22) and (2.24)

c(q) = 2−1/33p1/3(1 + p)4/3k. (2.27)

From (2.16) we obtain

b(−q) =
∞∏

n=1

(1− (−1)nqn)3

(1− (−1)nq3n)

=
∞∏

n=1

(1− q2n)3(1 + q2n−1)3

(1 − q6n)(1 + q6n−3)

=
∞∏

n=1

(1− q2n)3

(1 − q6n)
(1 + qn)3

(1 + q2n)3
(1 + q6n)
(1 + q3n)

=
∞∏

n=1

(1− q2n)3

(1 − q6n)
(1− q2n)3

(1− qn)3
(1 − q2n)3

(1 − q4n)3
(1− q12n)
(1 − q6n)

(1− q3n)
(1− q6n)

=
∞∏

n=1

(1− q2n)9(1 − q3n)(1− q12n)
(1− qn)3(1 − q4n)3(1− q6n)3

.

Appealing to (2.10)-(2.15), we deduce

b(−q) = 2−1/3(1− p)1/3(1 + 2p)4/3(2 + p)1/3k. (2.28)

Similarly we deduce

c(−q) = −2−1/33p1/3(1 + p)1/3k, (2.29)

b(q2) = 2−2/3(1 − p)2/3(1 + 2p)2/3(2 + p)2/3k, (2.30)

c(q2) = 2−2/33p2/3(1 + p)2/3k, (2.31)

b(q4) = 2−4/3(1 − p)1/3(1 + 2p)1/3(2 + p)4/3k, (2.32)

c(q4) = 2−4/33p4/3(1 + p)1/3k. (2.33)

The values in (2.26)-(2.33) are in agreement with those in [1, pp. 178-179]. (In Theorem 8
of [1] 21/3 should be replaced by2−1/3.) From (2.28)-(2.31), (2.1) and (2.2), we have

1
9
b3(−q) +

8
9
b3(q2) − 1

3
c3(−q) +

8
3
c3(q2)
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=
1
18

(1− p)(1 + 2p)4(2 + p)k3 +
2
9
(1− p)2(1 + 2p)2(2 + p)2k3

+
9
2
p(1 + p)k3 + 18p2(1 + p)2k3

= (1 + 2p)4k3

=
(

ϕ2(q)
ϕ2(q3)

)4 (
ϕ3(q3)
ϕ(q)

)3

= ϕ5(q)ϕ(q3),

which is identity (i) of Theorem 1.1. Identity (iii) follows in a similar manner using the
identity

1
18

(1 − p)(1 + 2p)4(2 + p) +
2
9
(1− p)2(1 + 2p)2(2 + p)2

+
1
2
p(1 + p) + 2p2(1 + p)2

= (1 + 2p)2.

Finally we prove identity (ii). By (2.26), (2.32), (2.27), (2.33), (2.11), (2.14), (2.1) and
(2.2), we have

1
9
b3(q) +

8
9
b3(q4) +

1
9
c3(q) +

8
9
c3(q4) + 4q

∞∏

n=1

(1− q2n)3(1 − q6n)3

=
1
18

(1 − p)4(1 + 2p)(2 + p)k3 +
1
18

(1 − p)(1 + 2p)(2 + p)4k3

+
3
2
p(1 + p)4k3 +

3
2
p4(1 + p)k3 + p(1− p)(1 + p)(1 + 2p)(2 + p)k3

= (1 + 2p)3k3

=
(

ϕ2(q)
ϕ2(q3)

)3 (
ϕ3(q3)
ϕ(q)

)3

= ϕ3(q)ϕ3(q3),

as required.

3. Proof of Theorem 1.2.We just prove (ii) as (i) and (iii) can be proved similarly.
Recall that the integersk(n) (n ∈ N) are defined in (1.10). By (1.8), (1.9), Theorem

1.1(ii), (2.23), (2.22) and (1.10), we have

1 +
∞∑

n=1

N(1, 1, 1, 3, 3, 3; n)qn

=
∞∑

n=0

N(1, 1, 1, 3, 3, 3;n)qn

= ϕ3(q)ϕ3(q3)
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=
1
9
b3(q) +

8
9
b3(q4) +

1
9
c3(q) +

8
9
c3(q4) + 4q

∞∏

n=1

(1− q2n)3(1 − q6n)3

=
1
9
(
1 − 9

∞∑

n=1

H3(n)qn
)

+
8
9
(
1 − 9

∞∑

n=1

H3(n)q4n
)

+3
∞∑

n=1

G3(n)qn + 24
∞∑

n=1

G3(n)q4n + 4
∞∑

n=1

k(n)qn

= 1 +
∞∑

n=1

(3G3(n) + 24G3(n/4) − H3(n) − 8H3(n/4) + 4k(n))qn.

Equating coefficients ofqn (n ∈ N), we obtain

N(1, 1, 1, 3, 3, 3;n) = 3G3(n) + 24G3(n/4)− H3(n) − 8H3(n/4) + 4k(n).

Writing n = 2α3βN , whereα, β ∈ N0, N ∈ N and gcd(N, 6) = 1, it is easy to show that

G3(n) =
1
5
(22α+2 + (−1)α)32βG3(N),

H3(n) =
1
5
(−1)α(22α+2 + (−1)α)H3(N),

G3(N) =
(−3

N

)
H3(N).

Set

f(n) =
{

0, if n ≡ 1 (mod 2) or n ≡ 2 (mod 4),
1, if n ≡ 0 (mod 4).

Then

3G3(n) + 24G3(n/4)− H3(n) − 8H3(n/4)

=
(1

5
(22α+2 + (−1)α)32β+1 +

1
5
f(n)(22α+1 + (−1)α8)32β+1

−1
5
(−1)α(22α+2 + (−1)α)

(−3
N

)

−1
5
f(n)(−1)α(22α+1 + (−1)α8)

(−3
N

))
G3(N)

=
1
5

(
(22α+2 + (−1)α) + f(n)(22α+1 + (−1)α8)

)

×
(
32β+1 − (−1)α

(−3
N

))
G3(N).

Now

(22α+2 + (−1)α) + f(n)(22α+1 + (−1)α8)

=





5, if α = 0,

15, if α = 1,
3 · 22α+1 + 9(−1)α, if α ≥ 2,
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=
{

5, if α = 0,
3 · 22α+1 + 9(−1)α, if α ≥ 1,

=
1
2
(3 · 22α+1 + 9(−1)α)(1 + (−1)2

α
) +

5
2
(1− (−1)2

α
)

and

G3(N) =
∑

d ∈ N
d | N

( −3
N/d

)
d2

= N2
∑

d ∈ N
d | N

(−3
d

) 1
d2

= N2
∏

p|N

( αp∑

r=0

(−3
p

)r

p−2r
)

= N2
∏

p|N

1 −
(−3

p

)αp+1

p−2αp−2

1 −
(−3

p

)
p−2

.

Putting these results together, we obtain part (ii) of Theorem 1.2.

4. Concluding remark. We show that the identity (1.4) of Borwein, Borwein and Garvan
in conjuction with (2.22) and (2.23) gives an explicit formula for

N(n) := card{(x1, x2, x3, x4, x5, x6) ∈ Z6 |
n = x2

1 + x1x2 + x2
2 + x2

3 + x3x4 + x2
4 + x2

5 + x5x6 + x2
6}.(4.1)

Appealing to (4.1), (1.1), (1.4), (2.23) and (2.22), we obtain

∞∑

n=0

N(n)qn = a3(q)

= b3(q) + c3(q)

= 1 − 9
∞∑

n=1

H3(n)qn + 27
∞∑

n=1

G3(n)qn

= 1 +
∞∑

n=1

(27G3(n) − 9H3(n))qn.

Equating coefficients ofqn (n ∈ N) we obtain

N(n) = 27G3(n) − 9H3(n), n ∈ N. (4.2)

The formula (4.2) is given in Lomadze [13, p. 12] with a reference to Petersson [14].
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