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is a (nonconstant) arithmetic progression of positive integers. We consider a general 
binary quadratic form ax2  + bxy + cy' ( a ,  b ,  c E Z )  and ask the question "Can the 
form ax' + hxy + ry' represen1 every inleger in 1he arithmetic progression kNo + 1 
for any natural numbers k and l?" In a sampling of books containing a discussion of 
binary quadratic forms [2]-[9], we did not find this qustlon treated. In answering our 
question we shall see that the discriminant d = b' - 4ac E Z of the form ax' + bxy + 
cy2 plays a key role. We prove: 

Theorem. A binary quadratic form ax2 + bxy + cy' (a ,  h ,  c E Z )  can represent all 
the irzlegers in some arifhmetic progression kNo + 1 (k, 1 E N) if and orlly i f i is  dis- 
crirniilanf is a nonzero perfect square. 

Before beginning the proof we note that if r (# 0 )  E Z and s E Z then kNo + 1 C 
r Z  + s with k = Irl E N and 1 any positive integer in rZ  + s.  

Proof: Clearly the zero form (a = b = c = 0 )  has discriminant equal to 0 and it only 
represents 0. Thus we need only consider nonzero forms. 

We begin by observing that if A is a lixed nonzero inieger then the set ol' values ul- 
AX' ( x  E W )  cannot contain an infinite arithmetic progression of integers as it contains 
unbounded gaps of integers. Since a nonzero binary quadratic form ax' + bxy + cy2 
(a ,  b,  c E Z) of discriminant equal to 0 is of the form A ( B x  + Cy )2 for some integers 
A(# O), B, and C with gcd(B, C )  = 1, it cannot represent all the integers in kNo + 1 
for any k, 1 E Pi. 

If the form ax' + D x y  + cy2 (a ,  b,  c E Z )  has a discriminant which is a nonzero 
perfect square and a # O then 

a(ax2  + bxy + cy2 )  = ( a x  + gy) (ax  + h y )  
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for some integers g and h with g # h and at least one of g and h nonzero, say g # 0. 
Set n~ = gcd(a, g )  E N. Let .ro, yo E Z be such that ax0 + gyo = am. Choose x = 
xo + g t / m  and y = yo - at /m,  where t E Z, so that x, y E Z and a x  + gy = am. 
Then ux' + hxy + cy2 = m(ax + hjl) = u(g - /z)t + m(axo + h y ~ )  takes on all the 
values in the arithmetic progression r Z  + s, where r = cl(g - 1 1 )  E Z\(O) and s = 
m(axo + /zyo) E Z. Thus, by the remark preceding the proof, ax2 + bxy + cy2 takes 
on all the values in the arithmelic progression kNO + I ,  where k = J r J  E N and 1 is any 
positive integer in r Z  + s. 

If the form ax2 + bxy + cy2 (a, h. c E Z) has a discriminant which is a nonzero 
perfect square and (1 = 0 then b # 0 and we see that a s 2  + hsy + cy2 = y(hx + cy) 
represents every integer in the arithmetic progression bZ + c by taking p = 1 .  Thus, 
by the remark preceding the proof, ax2 + hxy + cy2 takes on all the values in the 
arithmetic progression kNo + I,  where k = (hi E N and I  is any positive integer in 
bZ + c. 

Finally we show that a binary quadratic form ax2 + bxy + cy2 (a, b, c E Z) hav- 
ing a discriminant which is not a perfect square cannot represent all the integers in 
kNo + I for any k, I  E N. Suppose on the contrary that the binary quadratic form 
ax2 + hxy + cv2 (a, h,  c E Z) of nonsquare discriminant d = h2 - 4ac represents 
all the integers in kN0 + I for some k, I  E N. Let ($) denote the Kronecker symbol 
for discriminant d 11, p. 2901, It is a well-known result that as d is not a perfect 
square there exists an integer I H  such that ($) = -1; see for example [ I ,  p. 2921. 
As gcd(ld(, in) = 1, by Dirichlet's theorem on primes in arithmetic progression [I ,  
p. 231 there exist infinitely many prinles congruent to m (mod (dl). We can therefore 
choose a prime p >max(4la), in, k, I )  such that p - m (mod Idl). Next we recall that 

ifrnI.  m2 e W a n d ~ n ~  - in2 (mod 1dl)then (k) = ($);see forexample I1,p. 2911. 

Hence 

As 1.' is a prime and p > k ,  we have p + k, so there are integers r and u such Lhat 

Set n = t (p2 + p - 1) E N. A short calculation shows that 

krt + I  = p ( l  + ( I  - 1u)p + up' + up3) 

so that p / kn + I  and p2  + kiz + 1. By assumption there exist integers x and y such lhat 
kn + I = clx2 + bxy + cy2. Hence 

(2ax + by)' = 4a(kn + I )  + dy2 = dy' (mod p) .  

Suppose p + y. Then there exists an integer z such Lhat yz = 1 (mod p) and 

((2ax +  by).^)^ = dy2z2 = d (mod p )  

so that (f) = 0 or I, contradicting ($) = - 1 .  Hence p I y. Thus p I 2 a r  + l?y and 

so p2  1 b ( k n  f 1 ) .  But p > 41al so p 'i 4a. Thus p2 I kn + I .  This is the required 
contradiction. 

The proof is now complete. rn 
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