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Abstract 

Liouville’s asserted formulae for the number of representations of a 

positive integer by each of the sextenary quadratic forms 222 zyx ++  

,22 222 vut +++  222222 2222 vutzyx +++++  and 222 22 zyx ++  

222 422 vut +++  are proved.  

1. Introduction 

Let Z  and N  denote the sets of integers and positive integers, 

respectively. Let { }.00 ∪NN =  For N∈654321 ,,,,, aaaaaa  and 0N∈n  
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we set 

( )naaaaaaN ;,,,,, 654321  

{( ) 2
22

2
11

6
654321 ,,,,,card xaxanxxxxxx +=|∈= Z  

}.2
66

2
55

2
44

2
33 xaxaxaxa ++++  (1.1) 

Clearly 

 ( ) .10;,,,,, 654321 =aaaaaaN  (1.2) 

Formulae for ( )naaN ;...,, 61  for ( ) ( ),2,2,1,1,1,1...,, 61 =aa ( )2,2,2,2,1,1  

and ( )4,2,2,2,2,1  valid for all N∈n  were originally conjectured by 

Liouville ([6], [7], [8]). It is the purpose of this paper to give simple proofs 

of these formulae. 

2. Determination of ( ) ( )nNnN ;2,2,2,2,1,1,;2,2,1,1,1,1  and 

( )nN ;4,2,2,2,2,1  

Following Ramanujan [3, p. 6] we set 

 ( ) ( ) ( )∑ ∑
∈ ∈

+=ψ=ϕ
Z Nn n

nnn qqqq

0

2
., 21  (2.1) 

The basic identities satisfied by ϕ and ψ are 

( ) ( ) ( ),2 4qqq ϕ=−ϕ+ϕ  (2.2) 

( ) ( ) ( ),2 2222 qqq ϕ=−ϕ+ϕ  (2.3) 

( ) ( ) ( ),22 qqq −ϕ=−ϕϕ  (2.4) 

( ) ( ) ( ),4 8qqqq ψ=−ϕ−ϕ  (2.5) 

( ) ( ) ( ),22 qqq ψ=ψϕ  (2.6) 

see [3, pp. 15, 71, 72]. From (2.2)-(2.6) we obtain the following identities. 

Theorem 2.1. 

 (i) ( ) ( ) ( ) ( ) ( ).16 242426 qqqqqq ψϕ+−ϕϕ=ϕ  
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 (ii) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).8
2
1

2
1 2422442224 qqqqqqqqq ψϕ+−ϕϕ+−ϕϕ=ϕϕ  

 (iii) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).4
2
1

2
1 2422442242 qqqqqqqqq ψϕ+−ϕϕ+−ϕϕ=ϕϕ  

 (iv) ( ) ( ) ( ) ( ) ( ) ( ) ( ).2 2424442424 qqqqqqqq ψϕ+−ϕϕ=ϕϕϕ  

Proof. It is convenient to set 

( ) ( ).:,: qbqa −ϕ=ϕ=  

Then, from (2.2)-(2.6), we obtain 

( ) ( ) ( ) ( ),
2
1

,
2
1 42222 baqbaq +=ϕ+=ϕ  

( ) ( ) ( ),
2
1, 334422 abbaqabq +=−ϕ=−ϕ  

( ) ( ) ( ) ( ),
16
1

,
16
1 44244488 baqqbaaqq −=ψ−=ψ  

( ) ( ) ( ) ( ).
4
1

,
8
1 82242 baqqbaqq −=ψ−=ψ  

 (i) We have 

( ) ( ) ( ) ( ) ( ) ( ).16 664424224242 qabaabaqqqqq ϕ==−+=ψϕ+−ϕϕ  

(ii) We have 

( ) ( ) ( ) ( ) ( ) ( )2422442 8
2
1

2
1 qqqqqqq ψϕ+−ϕϕ+−ϕϕ  

( )4422442
2
1

2
1

2
1 baababa −++=  

( )224

2
1

baa +=  

( ) ( ).224 qq ϕϕ=  
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(iii) We have 

( ) ( ) ( ) ( ) ( ) ( )2422442 4
2
1

2
1 qqqqqqq ψϕ+−ϕϕ+−ϕϕ  

( )4422442

4
1

2
1

2
1

baababa −++=  

( )2222

4
1

baa +=  

( ) ( ).242 qq ϕϕ=  

(iv) We have 

( ) ( ) ( ) ( ) ( ) ( ) ( )4423322424442
8
1

8
12 baaabbabaqqqqq −+++=ψϕ+−ϕϕ  

( ) ( )222
8
1 babaa ++=  

( ) ( ) ( ).424 qqq ϕϕϕ=  

This completes the proof of Theorem 2.1.  

In [2, Theorems 2.4, 2.5] we used a formula of Carlitz [4, eq. (1.3), 

p. 168] to prove the following formulae: 

 ( ) ( ) ( )
( )∑ ∏

∞

=

∞

= −

−−
=

1 1
4

4462

4
1

11

n n
n

nn
n

q

qq
qqnG  (2.7) 

and 

 ( ) ( ) ( )
( )∑ ∏

∞

=

∞

= −

−−
=−

1 1
44

624

4 ,
1

11
41

n n
n

nn
n

q

qq
qnH  (2.8) 

where for N∈n  the arithmetic functions 4G  and 4H  are defined by 

 ( ) ( )∑ ∑
∈ ∈






 −=






 −=

nd nd
d d

d
d

nHd
dn

nG

| |

.4:,4: 2
4

2
4

N N
 (2.9) 
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If ,N∉m  then we define ( ) ( ) .044 == mHmG  Jacobi [5] has shown in his 

famous paper on elliptic functions that 

 ( ) ( )
( ) ( )∏

∞

= −−

−
=ϕ

1
242

52
,

11

1

n
nn

n

qq

q
q   ( ) ( )

( )∏
∞

= −

−
=ψ

1

22
.

1

1

n
n

n

q

q
q  (2.10) 

From (2.10) we deduce 

 ( ) ( )
( )∏

∞

= −

−
=ψ

1
2

24
2 ,

1

1

n
n

n

q

q
q   ( ) ( )

( )∏
∞

= −

−
=−ϕ

1
2

2
.

1

1

n
n

n

q

q
q  (2.11) 

Hence, from (2.7), (2.8), (2.10) and (2.11), we obtain the following result. 

Theorem 2.2. 

 (i) ( ) ( ) ( )∑
∞

=
ψϕ=

1

242
4 .

n

n qqqqnG  

(ii) ( ) ( ) ( )∑
∞

=
−ϕϕ=−

1

42
4 .41

n

n qqqnH  

We are now ready to determine ( ) ( )nNnN ;2,2,2,2,1,1,;2,2,1,1,1,1  

and ( )nN ;4,2,2,2,2,1  in terms of ( )nG4  and ( )nH4  for all .N∈n  In 

addition we reprove Jacobi’s formula for ( ),;1,1,1,1,1,1 nN  see for 

example [1]. 

Theorem 2.3. For N∈n  

 (i) ( ) ( ) ( ).416;1,1,1,1,1,1 44 nHnGnN −=  

 (ii) ( ) ( ) ( ( ) ) ( ).1128;2,2,1,1,1,1 44 nHnGnN n−+−=  

 (iii) ( ) ( ) ( ( ) ) ( ).1124;2,2,2,2,1,1 44 nHnGnN n−+−=  

 (iv) ( ) ( ) ( ).442;4,2,2,2,2,1 44 nHnGnN −=  

Proof. (i) By Theorems 2.1(i) and 2.2 we have 

( ) ( )∑
∞

=

ϕ=
0

6;1,1,1,1,1,1
n

n qqnN  

( ) ( ) ( ) ( )24242 16 qqqqq ψϕ+−ϕϕ=  
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( ) ( )∑ ∑
∞

=

∞

=

+−=
1 1

44 .1641
n n

nn qnGqnH  

Equating coefficients of ( ),N∈nqn  we obtain 

( ) ( ) ( ).416;1,1,1,1,1,1 44 nHnGnN −=  

(ii) By Theorems 2.1(ii) and 2.2 we have 

( )∑
∞

=0

;2,2,1,1,1,1
n

nqnN  

( ) ( )224 qq ϕϕ=  

( ) ( ) ( ) ( ) ( ) ( )2422442 8
2
1

2
1 qqqqqqq ψϕ+−ϕϕ+−ϕϕ=  

( ) ( ) ( ) ( )∑∑∑
∞

=

∞

=

∞

=

+












−−+













−=

1
4

1
4

1
4 .841

2
141

2
1

n

n

n

n

n

n qnGqnHqnH  

Equating coefficients of ( ),N∈nqn  we obtain 

( ) ( ) ( ( ) ) ( ).1128;2,2,1,1,1,1 44 nHnGnN n−+−=  

(iii) By Theorems 2.1(iii) and 2.2 we deduce 

( )∑
∞

=0

;2,2,2,2,1,1
n

nqnN  

( ) ( )242 qq ϕϕ=  

( ) ( ) ( ) ( ) ( ) ( )2422442 4
2
1

2
1 qqqqqqq ψϕ+−ϕϕ+−ϕϕ=  

( ) ( ) ( ) ( )∑∑∑
∞

=

∞

=

∞

=

+












−−+













−=

1
4

1
4

1
4 .441

2
141

2
1

n

n

n

n

n

n qnGqnHqnH  

Equating coefficients of ( ),N∈nqn  we obtain 

( ) ( ) ( ( ) ) ( ).1124;2,2,2,2,1,1 44 nHnGnN n−+−=  

(iv) By Theorems 2.1(iv) and 2.2 we have 
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( ) ( ) ( ) ( )424

0

;4,2,2,2,2,1 qqqqnN
n

n ϕϕϕ=∑
∞

=

 

( ) ( ) ( ) ( )2424442 2 qqqqq ψϕ+−ϕϕ=  

( ) ( )∑ ∑
∞

=

∞

=

+−=
1 1

4
4

4 .241
n n

nn qnGqnH  

Equating coefficients of ( ),N∈nqn  we obtain 

( ) ( ) ( ).442;4,2,2,2,2,1 44 nHnGnN −=  

This completes the proof of Theorem 2.3.  

We close by giving an alternative formulation of Theorem 2.3. 

Theorem 2.4. Let .N∈n  Set ,2 Nn α=  where NN ∈∈α N,0  and 

( ).2mod1≡N  Let 

∏
|

α=
Np

ppN  

be the prime factorization of N. Then 

  (i) ( ) ∏
| −

−α−

+α







 −−







 −−















 −−=

Np p
p

p
pN

N
nN

p

.
4

1

4
1

4
42;1,1,1,1,1,1

2

22

242  

 (ii) ( )nN ;2,2,1,1,1,1  

( ( ) ) ∏
| −

−α−
+α

+α







 −−







 −−















 −−+−=

α

Np p
p

p
pN

N

p
p

.
4

1

4
1

4
1122

2

22
1

2232  

(iii) ( )nN ;2,2,2,2,1,1  

( ( ) ) ∏
| −

−α−
+α

+α







 −−







 −−















 −−+−=

α

Np p
p

p
pN

N

p
p

.
4

1

4
1

4
1122

2

22
1

2222  
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 (iv)  ( )nN ;4,2,2,2,2,1  

( ) ∏
| −

−α−
+α

+α







 −−







 −−















 −α−=

Np p
p

p
pN

N
c

p
p

,
4

1

4
1

4
42

2

22
1

212  

where 

( )




≥α
=α

=α
.2,1

,1,0,0
if

if
c  

Proof. It is easy to show that 

( ) ( ) ( ) ( ) ( ) ( ).4,,2 44444
2

4 NH
N

NGNHnHNGnG 




 −=== α  

Next, as 24 d
d 




 −  is a multiplicative function of d, we have 

( ) ∑
|







 −=

Nd

d
dN

NG 2
4

4  

∑
|






 −=

Nd dd
N

2
2 14  

∏ ∑
|

α

=β

β−
β




















 −=

Np

p

p
p

N
0

22 4
 

∏
|

−

−α−
+α







 −−







 −−

=
Np p

p

p
p

N

p
p

.
4

1

4
1

2

22
1

2  

Thus 

( ) ∏
|

−

−α−
+α

α







 −−







 −−

=
Np p

p

p
p

NnG

p
p

2

22
1

22
4 4

1

4
1

2  
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and 

( ) ∏
|

−

−α−
+α







 −−







 −−







 −=

Np p
p

p
p

N
N

nH

p
p

.
4

1

4
1

4
2

22
1

2
4  

Using these two formulae in Theorem 2.3 we obtain Theorem 2.4.  

For N∈u  and p an odd prime we have 

0
9
8111141

22
2 >≥−≥−≥





 −− −

pp
p

p u
u  

so 

∏
|

−

−α−

>






 −−






 −−

Np p
p

p
p

p

.0
4

1

41

2

22

 

Also it is easy to check that each of 

( ( ) ) ,41122,442 23242 




 −−+−





 −−

α+α+α
NN

 

( ( ) ) ( ) 




 −α−





 −−+− +α+α α

N
c

N
442,41122 12222  

is positive. Thus we have the following result. 

Corollary 2.1. For N∈n  

( ) ,0;1,1,1,1,1,1 >nN  

( ) ,0;2,2,1,1,1,1 >nN  

( ) ,0;2,2,2,2,1,1 >nN  

( ) .0;4,2,2,2,2,1 >nN  
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