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Abstract 

A very simple proof is given of Jacobi’s formula for the number of 
representations of a positive integer as the sum of six squares. 

1. Introduction 

For a nonnegative integer n and a positive integer k, we let ( )nrk  

denote the number of representations of n as the sum of k squares, that 
is, 

( ) {( ) }....,,card: 22
11 k

k
kk xxnxxnr ++=|∈= Z  

Clearly ( ) .10 =kr  Jacobi [11] gave formulae for ( )nrk  ( )N∈n  for 

6,4,2=k  and 8. Berndt [2, p. 63] has expressed the view that perhaps 

the most difficult of these formulae to prove is that for ( ).6 nr  We present 
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what we believe to be the simplest proof of Jacobi’s formula for ( ).6 nr  

Analytic proofs of Jacobi’s formula are given in [2, pp. 63-67], [4], [5], [6], 
[7] and [9, p. 121], and arithmetic proofs in [12] and [13, pp. 436-440]. 
None of these proofs is particularly simple and most are quite long. 

Jacobi’s formula for ( ) ( )N∈nnr6  is (see for example [10, p. 314]) 
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where d runs through the positive integers dividing n, and for a positive 
integer k 
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is the Legendre-Jacobi-Kronecker symbol for discriminant –4. 

2. Notation and Elementary Properties 

Our proof of (1) is based on elementary properties of the theta 
functions ϕ and ψ defined by 

( ) ( ) ( )∑ ∑
∞
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see [2, p. 6], as well as a classical identity due to Carlitz [3, eq. (1.3), p. 
168], which is a limiting form of an identity of Bailey [1, eq. (5), p. 159], 
namely, 
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An elementary proof of (2) has been given by Dobbie [8, pp. 194-195]. 
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The basic properties of ( )qϕ  and ( )qψ  that we need are the following 

 ( ) ( ) ( ) [ ],71.p,2,2 4qqq ϕ=−ϕ+ϕ  (3) 

 ( ) ( ) ( ) [ ],72.p,2,2 2222 qqq ϕ=−ϕ+ϕ  (4) 

 ( ) ( ) ( ) [ ].71.p,2,4 8qqqq ψ=−ϕ−ϕ  (5) 

In addition we need Jacobi’s infinite product representations of ( )qϕ  and 

( ).qψ  It is convenient to set 

 ( ) ( ) .,1:
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In the notation of (6), Jacobi proved 
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see for example [10, pp. 283-284]. 

3. Two Lemmas 

Our proof of (1), which is given in Section 4, will follow immediately 
from the two lemmas proved in this section. 

Lemma 1. 
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Proof. Taking qz =  and ia =  in (2), we obtain after a little 

simplification 
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Using ∑
∞

=
=

− 11 m

mn
n

n
q

q

q  in the left hand side of (8), we see that the left 

hand side of (8) is the right hand side of the asserted formula. The right 
hand side of (8) is equal to the left hand side of the asserted formula by 
(7). 
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Lemma 2. 
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Proof. Taking 4qz =  and qa =  in (2), we obtain after a little 

simplification 
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The left hand side of (9) is 
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Thus (9) becomes 
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Next, appealing to (3), (4), (5) and (7), we obtain 
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( ) ( ( ) ( )) ( ) ( )( ) ( ) ( ) ( )( )qqqqqqqq −ϕ−ϕ−ϕ−ϕ+ϕ−ϕ+ϕϕ= 16224  

( ) ( ) ( ( ) ( ))qqqq −ϕ−ϕ−ϕϕ= 44164  
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Finally, by (10), (11) and (7), we deduce 
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4. Proof of Jacobi’s Six Squares Formula 

Appealing to Lemmas 1 and 2, we obtain 
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Equating coefficients of ( ),N∈nqn  we obtain (1). 



www.p
phm

j.c
om

AYŞE ALACA, ŞABAN ALACA and KENNETH S. WILLIAMS 192

References 

 [1] W. N. Bailey, A further note on two of Ramanujan’s formulae, Quart. J. Math. 
(Oxford) (2) 3 (1952), 158-160. 

 [2] B. C. Berndt, Number Theory in the Spirit of Ramanujan, Amer. Math. Soc., 
Providence, RI, USA, 2006. 

 [3] L. Carlitz, Note on some partition formulae, Quart. J. Math. (Oxford) (2) 4 (1953), 
168-172. 

 [4] L. Carlitz, Note on sums of four and six squares, Proc. Amer. Math. Soc. 8 (1957), 
120-124. 

 [5] S. H. Chan, An elementary proof of Jacobi’s six squares theorem, Amer. Math. 
Monthly 111 (2004), 806-811. 

 [6] S. Cooper, On sums of an even number of squares, and an even number of triangular 

numbers: an elementary approach based on Ramanujan’s 11ψ  summation formula, 

Contemp. Math. 291 (2001), 115-137. 

 [7] S. Cooper and H. Y. Lam, Sums of two, four, six and eight squares and triangular 
numbers: an elementary approach, Indian J. Math. 44 (2002), 21-40. 

 [8] J. M. Dobbie, A simple proof of some partition formulae of Ramanujan, Quart. J. 
Math. (Oxford) (2) 6 (1955), 193-196. 

 [9] E. Grosswald, Representations of Integers as Sums of Squares, Springer-Verlag, 
New York, 1985. 

 [10] G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Fourth 
Edition, Oxford University Press, 1960. 

 [11] C. G. J. Jacobi, Fundamenta nova theoriae functionum ellipticarum, 1829, 
Gesammelte Werke, Erster Band, Chelsea Publishing Co., New York, 1969, pp. 49-
239. 

 [12] E. McAfee and K. S. Williams, Sums of six squares, Far East J. Math. Sci. (FJMS) 
16(1) (2005), 17-41. 

 [13] M. B. Nathanson, Elementary Methods in Number Theory, Springer-Verlag, New 
York, 2000. 


