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Abstract
Jacobi’s identity
> n i n n(n+1)
[Ta=-¢)’=> (-D"@n+1q = (al<1)
n=1 n=0

is used to determine the number of representations of a positive integer by each of
nineteen quaternary quadratic forms z% +by? + cz® 4+ dt* with b, ¢, d € {1,2,4,8, 16}
and b < ¢ <d.
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1 Introduction

In a series of papers [7]- [25], Liouville gave without proof formulae for the number of
representations of a positive integer n by each of the thirty-five quaternary quadratic forms
2% + by? + c2? + dt? with b, ¢, d € {1,2,4,8,16} and b < ¢ < d. In [2] we determined
the number of such representations for each of the ten forms 22 + by? + cz? + dt? with

(b7cﬁd) = (17172)7 (17178)’ (1’274)7 (17478)7 (27272)’
(2,2,8), (2,4,4), (2,8,8), (4,4,8), (8,8,8). (1.1

In [3] we did the same for the six forms (among others) given by

(b,c,d) = (1,1,1), (1,1,4), (1,2,2), (1,4,4), (2,2,4), (4,4,4). (1.2

The fourth author was supported by research grant A-7233 from the Natural Sciences and Engineering Re-
search Council of Canada.
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In this paper we use Jacobi’s identity [6, p. 37]

s i > n(n+1)
[Ta-¢’=> (-1n"@n+1)q =, lgl <1, (1.3)
n=1 n=0

to give the first proofs of Liouville’s formulae for the number of representations of a posi-
tive integer n by the remaining nineteen quaternary quadratic forms x2 + by? + c2? + dt?,
that is, those given by

(b,c,d) = (1,1,16), (1,2,8), (1,2,16), (1,4,16), (1,8,8), (1,8,16),

1,16,16), (2,2,16), (2,4,8), (2,4,16), (2,8,16), (2,16, 16),

(
(
(4,4,16), (4,8,8), (4,8,16), (4,16,16), (8,8,16), (8,16,16),(1.4)
(16, 16,16),

see Theorems 4.1-4.19. The authors have treated representations of positive integers by
other quaternary quadratic forms in [1] and [4].

2 Preliminary Results

We denote the sets of positive integers, nonnegative integers, and integers by N, Ny, and
Z respectively. We let C denote the field of complex numbers. Throughout this paper ¢ € C
is such that |g| < 1. We also set w := €27/ so that w = (1 +1)/v/2, w? =i, w? = —1
and w® = 1.

We define Ramanujan’s theta functions ¢ and i by

P(q) = f: " @1
and _

Y(q) = i)q"“?”, (2.2)

see, e.g., [5, p. 6]. It is known that n

- s

olq) = nll i E;,L)Qfl _)q4n)2, 23)
o(—q) = ﬁﬁ‘j)) 4

and i
¥(g) = ﬁ m (2.5)
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see, e.g., [5, p. 11]. We make use of the following properties of ¢, all of which follow
easily from (2.1). We remark that (2.6) is given in [5, p. 71] and (2.7) in [5, p. 72]. We

have
o(q) + o(—q) = 2¢(q"),
X (@) + ©*(—q) = 20%(¢°),
o(q)e(—q) = ©*(—=¢°),
S g = () — pl-a),
S (1" = p(-q),
plxia) = p(a") = 2 (p(a) — $(~a)).
and

2 (p(a) = p(=a)),
3

p(+w’q) = p(—q¢*) + %(w(q) —o(—q)).

p(+wq) = p(—q*) £

We also need the following relationship between ¢ and v

p(a) — p(—q) = 4q(¢%),
which is a simple consequence of (2.2) and (2.9).

Theorem 2.1.

Proof. By (2.5) and (2.13) we have

1 1612

B )
5@ —e(-0) =2 [ TR

n=1
Hence, appealing to (2.4), (2.14) and (1.3), we obtain

16n

2(1

N|—

(p(a) — o(=0)*(—¢*) =24 ][] %_qqsn;

(1 =g

(2.6)
2.7)

(2.8)

(2.9)

(2.10)

@2.11)

2.12)

(2.13)

(2.14)
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as asserted.
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8n

27’L+1 4n(n+1)

=2 Z(—l)”(?n +1)g@n D

n=0
oo

ST (=120 + 1)@’

n=—oo

For m,n € N with n = 1 (mod 2), we define

K, (n):=

(r,s) ENXZ
r = 1(mod 2)

_ .2 2
n=r"+2ms

(_1) 2 mqma
m = _(rgod 2)
1 -
S D S e
(r,s) €EZ X7
r = 1(mod 2)

n =r?+4 2ms?

We make use of K7 (n) and K3(n). The values of K1(n) and Kz(n) (n € N, nodd, n <
49) are given in the table.

n | Ki(n) | Ka(n) || n | Ki(n) | Ka(n) || n | Ki(n) | Ka(n)
1 1 1 19 2 0 37 0 2

3 2 0 21 0 0 39 0 0

5 0 2 23 0 0 41| —6 10
7 0 0 25 5 -1 43 10 0

9 -1 -3 27 4 0 45 0 —6
11| -6 0 29 0 10 47 0 0
13 0 —6 31 0 0 49 | -7 -7
15 0 0 33 12 0

17| —6 2 35 0 0

Asr?4+2s2=0,1,2,3,4,6 (mod 8) for r, s € Z, we see thatif n € Nis such thatn = 5,7
(mod 8), then n # r? + 2s? for any 7, s € Z. So

Similarly, as r2 4 442

Ki(n) =0, ifn=5,7 (mod 8).

(2.16)

= 0,1 (mod 4) for r, s € Z, we see thatif n € Nis such thatn =3
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(mod 4), then n # r2 4 452 for any r, s € Z. So

Ks(n) =0, if n = 3 (mod 4). 2.17)
Theorem 2.2.
. - L1
(i) Y. EKim)e" = 1(e(9) — e(=0)e(a?)e? (—a).
n=1
n = 1(mod 2)
(i) >, Ein)g"= >, K"
nETll(Tnidél) nz?(fn(lde)
1
= 1 (0(@) = e(-0)e(a)¢*(=¢")
@ > KM= Y Kime
n = n=1
nES(m:’d 4) n = 3(mod 8)

Proof. Appealing to (2.16), (2.15), Theorem 2.1, and (2.1), we obtain

oo 1 r=t .
> okme=lY X e
n=1 n=l (rs)€Zx1

n = 1(mod 2) r=1 (mod 22)

n=r +2s

reZ SEZL
1
= 71(¢(9) = (=) (a)¢*(=¢"),
which is (i). Thus by (2.16) we have
o0 o0 1
Y. Kt YL Kam)e = 1(e(9) - o(-0)e(d?) e’ (-a)
nEqL(TnidS) nEZ(TnidS)

Next we observe that if n = r2 + 252 with » = 1 (mod 2) then the Jacobi symbol

2 2 2 ,
(J:<ﬂﬁw>:@+w>:“”~
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Hence, by (2.16), (2.15), Theorem 2.1, and (2.10), we deduce

> Ki(n)g" - > Ki(n)g®
n=1 n=1
n = 1(mod 8) n = 3(mod 8)
= 2
= K n
> <n> 1(n)q
n=1

n = 1(mod 2)

SR e

n=1 (r,s) EL XL
r = 1(mod 2)
n = r2 + 22
1 . r—1 s r242s2
> D S e
n=l (rs)eZxZ
r =1 (mod 2)
n=r2+2s?
1 r—1 2 2
=30 X o) ()
rec? SEZ
r =1 (mod 2)
1
= 7(#(0) = ¢(=0)p(=¢*)¢*(—¢")
Adding and subtracting these two results, and appealing to (2.6) and (2.16), we obtain (ii)
and (iii). O
Theorem 2.3.
(i) Y Kxn)g" = > Kyn)g"
n=1 n=1
n = 1(mod 2) n = 1(mod 4)
1
= (0@ = e(-0)e(d")*(=¢")
> 1
@ Y KM = 6@ - e(-a)eH(—a*)e(d)
n=1
n = 1(mod 8)
- N 1
(i) Y. Kt = (@) - e(-0)eld") - e(-a")e?(—d")
n=1

n = 5(mod 8)
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(iv) Z(i)Kz(n)q” = =(p(q) — p(=0)e(—¢" )¢’ (—¢%).

Proof. The proof is similar to that of Theorem 2.2. ]
For n € N we define

o(n) = Z d,
d|n

where d runs through the positive integers dividing n. If n ¢ N we set o(n) = 0.
The Eisenstein series Fs is defined by

Es(q):=1—-24 Z o(n)q", (2.18)
n=1

see for example [5, p. 87].
Theorem 2.4.
. n 1
0 D o = (el0) — (-0 ([@)elg"):

n=1
n = 1(mod 2)

() Y o' = 1) - p(-0)e ()
n Eq(fnid 4)

n=1
n = 3 (mod 4)

n=1
n = 1(mod 8)

n=1
n = 3(mod 8)

n=1
n = 7(mod 8)
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Proof. It is known that

dz

Ey(q) = (1 —5z)2* + 122(1 — x)z% (2.19)
and
Eo(—q) = (1 —2z)2% 4+ 122(1 — x)z;i—;, (2.20)
where
r=1- <p4(—q)7 2 = 02(q), 2.21)

©*(q)
see for example [5, Section 5.4]. Hence, by (2.18)—(2.21), we obtain

S ot =5 Yo~ 5> ol)(-a)"
nzrll(fncl)d 2)

1 E
478( 2(—q) — E2(q))

_ 1 2

= T6$Z
1 4 4

=16 (@) ¢ (=)

Now, by (2.6) and (2.7), we obtain

This completes the proof of part (i).
Next, by part (i), we have

oo oo

) (O S (O
n=1 n=1
n = 1(mod 4) n = 3(mod 4)
_ 1 - s AN
n=1
n = 1(mod 2)
1

= 4 (#lia) - o(—iq))e* (—a*)e(q"),



Jacobi’s Identity and Certain Quadratic Forms 151

that is by (2.11)

o0 o0 1
Yo o)t =D on)g" = 10(@) = p(=0)e*(=a*)e(d"). (2.22)
nETIL(Tnidél) nzggnid4)

Also, by part (i), we have

o0 o0 1
Y. o'+ Y o) = 1(e() — e(-0)e*(aP)eld). 2.23)
nzrll(jﬂ})dél) nzg:nid4)

Adding and subtracting (2.22) and (2.23), and using (2.6), we obtain parts (ii) and (iii).
Appealing to part (ii) and (2.12), we obtain

MO DR OV SR Ol
n ETIL(Tnid 8) n Eg(fnid 8)
Y em)wa)”
nzrll(?ml)dél)
= 1) — p(~w)e*(~a*)
= 20(ela) — o(~0)¢*(~a")
so that
> e - Y ol = (el o) (—ah). @29)
nzylL(TnidS) nEZ(Tml)d&

Again by part (ii) we have

o0 oo 1

Y. omgt+ Y am)e" = 1(e(e) —e(-a)$(dh). 225
nE?(Tn:)dS) nzg(fntljd&

Adding and subtracting (2.24) and (2.25), we obtain parts (iv) and (vi) of the theorem.

Parts (v) and (vii) follow in a similar fashion from part (iii). O

Finally in this section we define

Sn) =" % (3) neN, (2.26)
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2
where (d) is the Kronecker symbol. It was shown in [2, Theorem 4.2(b)] that

> S(n)g" = %wz(q)w(qQ)w(q“) - %@(q)«)(qﬂﬁ(q“)
n=1
so by (2.6) we have
S Sm)a" = 1(pla) — o(-)e(@e()ele") @.27)

It was also noted in [2, Theorem 4.1(b)] that if n = 2N, n € N, a@ € Ny, N € N and
N = 1 (mod 2) then

S(n) = 2*S(N). (2.28)
Theorem 2.5.
0 Y S =16 - p-a)el)e )
n = nl (Tn(l)d 2)

n EZ(?nod 4)
(i) > S = i(s@(Q) — (=) (d")e(d®)
n EylL(Tnid 4)

(v) Y S = 1(#(@) = #(=9)#°(¢")
n 7T1L(Tnid 8)
()Y S = S e(a) — =) (le?) — e(~)Fe)
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i) Y 8" = 5(6(0) — o-0)(() — o)

n = 7(mod 8) X(Sp(qél) - @(_q4))@(q

Proof. Appealing to (2.27) and (2.6), we obtain

> S =5 s - (-1
n Erll(Tnid 2)
IS S = LS smy(—g)”
2 &~ 24
= é(s@(q) —o(—9)e(@)p(a®)e(q*)
< (o(=0) — ela)p(-)p(a)e(a?)
= 1 (9(0) - p(-)pla)eld)p(a")
+5(0l0) — p(-0))e(~a)p(@)la")
_ é(sp(q) — o(=0)(2a) + (~0)e(a®)p(a")
= i(@(q) — o(—=a)e(q*)*(g"),

which is part (i).
For n = 2 (mod 4) we can write n = 2N, where N = 1 (mod 2). Then, by (2.28), we
have S(n) = 25(N). Hence, by part (i), we obtain

> St = 2 > S(N)g*N
n=1 N=1
n = 2(mod 4) N = 1(mod 2)
1
= 5(e(@®) = e(=a))e(d")e* (@),

which is part (ii).
Appealing to Theorem 2.7, we obtain

(oo} oo

Yoo St - Y Sh)g

n=1 n=1
n = 1(mod 4) n = 3 (mod 4)
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[e.9]

D RO IE

n=1
n = 1(mod 2)

1
= 4 (#lia) - o(—iq))e(—a*)* (¢"),
that is by (2.11)
o St - > S
nE?(Tn(l)d4) nEg(Tntl)d4)
1
= 1(#(0) = p(=0)p(=a*)#*(¢")- (2.29)
Also, by part (i), we have
S S+ Y. Sg"
n E”i (Tml)d 4) n Eg:ml)d 4)
1
= 7(¢(0) = (=) (a*)¢*(a"). (2.30)

2 Y S = (e(0) — e (e(a) + o~ (e)
n EZ(Tntljd 4)
= %(w(q) —o(=a)e(a)*(d"),

1
2 D St = (e —e(-a)(e(d®) - (=) (g,
n=1
n = 3(mod 4)
which gives part (iv).
By part (iii) we obtain
Y. Smet- YT Sh)e
n=1 n=1

n = 1(mod 8) n = 5(mod 8)
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1 - n
== Zl §(n)(wg)
n=1 (?nod 4)
_ i oA 2/ 4 8
= 4w(<p(wq) e(=wa))e™(—q")p(q°),
that is
Z S(n)q" — Z S(n)q"
nzq(fnzl)d& nEZ(Tncl)dB)
1
= 7 (%la) - (—0)*(—q")e(d®). (2.31)
Also, by part (iii), we have
o0 o0 1
Y. Sgt+ Y S)e" = (e(a) — e(-0)e*(d)p(e) 232)
nzrll(Tn})dS) nEZ(Tn})dS)
Adding (2.31) and (2.32), we obtain by (2.7)
> 1
Y. St =@ - e(-a)*(a") + ' (—a")e(d”)
n 77;(Tnc1)d 8)
1
= 5(0(0) = p(=0))¢*(a%),

2 Y S = 1(ela) — P(-0)(#(a") — P (a)eld®)
n EZ(Tn(l)d 8)

which gives part (vii).
Parts (vi) and (viii) can be proved similarly from part (iv). O

3 Theta Function Identities

In this section we prove a number of identities involving . These identities will be

used in the proofs of Theorems 4.1-4.19.
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Theorem 3.1.
(1) w(@e(@®)elq") = %wQ(Q)w(qQ) + %w(—q2)s@2(—q4)-
() $@)e(0) = 5°(0) + 50(-0)* ()
() p(0)¢?(a") = 19°(0) + 50(0)e*(~¢*) + o(~0)o*(~)
(v) elaela) = 5°(0) + 567 (~")
1, 1

a=¢(q), b=9(—q), c=¢(¢*), d=p(—¢°), e = ¢(q*),
f=0(=q", 9=0(d®), h=0(—4¢%), j = ¢(q
From (2.6)-(2.8), we obtain

a+b=2e, c+d=2g, e+ f=2j,
a? + 0% =262, A +d? =262, e? + f? =247,
ab=d?, cd = f?, ef = h>.

We have

gwg(q“) + () — o(=a*)e(d®)p(qa"®) + gw(q“)@Q(—qg)
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= ge?’ +(c—d)gj + ;eh2

3 3
563 +(c—d)gj+ 562f
3 o2

=e“(e+ f)+(c—d)gj
J(3e* + (¢ — d)g)
= j(3e* + %(02 —d?)

l\D

Clath)? + 1 +1) — gab)

j
= (a® 4 ab +b?)j
= (¥*(q) + e(@)e(—q) + ©*(—q))(q"°).

4 Representations by Quaternary Quadratic Forms
Forn € Ngand A, B,C,D € N we set
N(A, B,C,D;n) = card{(z,y, 2,t) € Z* | n = A2z® + By® + C2*> + Dt*}. (4.1)
Clearly
N(A,B,C,D;0) = 1. 4.2)

Also if Ay, By, C4, D is any permutation of A, B, C, D, we have

N(Al,Bl,Cl,Dl;n):N(A,B,C,D;n), NENo. (43)
Further

> N(A,B,C,Din)q" = o(a™®)e(a®)e(a)p(q"). “4)

n=0

Moreover, if B = C = D = 0 (mod 2) then any (z,vy,2,t) € Z* satisfying n = 2? +
By? + Cz? + Dt? withn = 1 (mod 2) has z = 1 (mod 2) and so by (2.9) we have

oo

S N(LB.C D" = 5(6l0) - e(-a)eld)ela®)e(”), 43)
nz?;gdg) if B=C =D =0(mod 2).
Similarly
> N(,B,C,Din)g" = %(s@(q) —¢(=a)e(a”)p(a9)p(d"), (4.6)

n=20
n = 1(mod 4) if B=C =D =0(mod 4).
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and
- 1
Y. N@B.CDing" =5 (pla) — p(=0)ea”)e(a)e(a”), 47)
n = (e if B=C =D =0(mod 8).

Next we give some elementary properties of N(1,b,¢,d;n) (n € N, be,d €
{1,2,4,8,16}).

Proposition 4.1. Letb,c,d € {1,2,4,8,16}. Letn € N.

() Ifd=0(mod 4) then

N(1,1,1,d;n) = N(1,1,1,d/4;n/4), ifn = 0 (mod 4).
@ii) Ifd =0 (mod 4) then

N(1,1,1,d;n) =3N(1,1,2,d/2;n/2), if n = 2 (mod 4).
(i) Ifc=d =0 (mod 2) then

N(1,1,¢,d;n) = N(1,1,¢/2,d/2;n/2), ifn = 0(mod 2).
(iv) Ifc=d =0 (mod 2) then

N(1,1,¢,d;n) =2N(1,4,¢,d;n), ifn =1 (mod 2).
) Ifc=d=0(mod4) then
N(1,1,¢,d;n) =0, ifn =3 (mod 4).
(vi) Ifc=d =0 (mod 8) then
N(1,1,¢,d;n) =0, ifn = 3,6,7 (mod 8).

(vii) Ifc=d =0 (mod 2) then

N(1,2,¢,d;n) = N(1,2,¢/2,d/2;n/2), ifn = 0(mod 2).
(viii) Ifc=d =0 (mod 8) then

N(1,2,¢,d;n) =0, ifn =5,7 (mod 8).

(ix) Ifb=c=d =0 (mod 2) then

N(1,b,c,d;n) = N(2,b/2,¢/2,d/2;n/2), if n = 0 (mod 2).
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x) Ifb=c=d=0(mod4) then
N(1,b,e,d;n) = N(1,b/4,¢/4,d/4;n/4), if n = 0(mod 4).
xi) Ifb=c=d=0(mod4) then
N(1,b,¢c,d;n) =0, if n = 2,3 (mod 4).
xii) Ifb=c=d =0 (mod 8) then
N(1,b,¢c,d;n) =0, ifn=2,3,5,6,7 (mod 8).
Proof. 'We just give the proof of part (i) as the remaining parts can be proved in a similar

(or easier) manner.
Letn = d = 0 (mod 4). Set

S ={(z,y,2,t) €Z* | n = 2* + y* + 2% + dt*}
and

d
T ={(z,y,2,1) € Z" | % =a® +y’ +2° + 7).

Define A : T' — S by
/\((x,y,z,t)) - (QZ,Qy,QZ,t).

Clearly ) is injective. Suppose (z,y,z,t) € S. Then n = 2% + y? + 22 + dt?. As
n=d=0(mod4) wehave 22 + 4> + 22 =0 (mod 4) so z = y = z = 0 (mod 2). Then
(x/2,y/2,2/2,t) € T and A\((2/2,y/2,2/2,t)) = (x,y, z,t). Hence A is surjective. Thus

A is a bijection and

N(1,1,1,d;n) = card S = card AS = card T = N(1,1,1,d/4;n/4).

The results of the next proposition were proved in [3].

Proposition 4.2. Let n € N. Setn = 2*N, where o € Ng, N € Nand N = 1 (mod 2).
Then

60(N), ifa=0, N=1(mod4),

20(N), ifa=0, N =3(mod4),

(i) N(1,1,1,4;n) =4 120(N), ifa=1,

80 (N), ifa=2,

240(N), ifa >3,
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40(N), ifa =0,
(i) N(1,1,2,2;n) ={ 8a(N), ifa=1,
240(N), ifa>2,

40(N), ifa=0, N =1(mod 4),
0, ifa=0, N=3(mod4),
(iii) N(1,1,4,4;n) =< 40(N), ifa=1,
8o(N), ifa=2,
240(N), ifa>3,
20(N), ifa=0,
40(N), ifa=1,
) No22am={ T
8a(N), ifa=2,
240(N), ifa >3,
20(N), ifa=0, N=1(mod 4),
0, ifa =0, N =3(mod 4),
(v) N(1,4,4,4;n) =1 o0, ifo=1,

SU(N)v l.fOt = 27
20(N), ifa> 3.

The results of the final proposition of this section were proved in [2].

Proposition 4.3. Let n € N. Setn = 2*N, where o € Ng, N € Nand N = 1 (mod 2).

Then
6S(N), ifa=0, N=1(mod 4),
4S(N), ifa =0, N =3(mod 8),
() N(L1.1,8n) 0, ifa =0, N =7 (mod 8),
125(N), fa=1,
oo o(2) v e
4S(N)a ifa =0,

(ii) N(1,1,2,4;n) = <2a+2_2<;>>5(]\/), ifa>1.
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4S(N), ifa=0, N =1(mod 4),
0, ifa =0, N =3(mod 4),
(i) N(L,1,4,8n) = ¢ 45(N), ifoa=1,
oo o(2) v e
25(N), ifa=0, N=1(mod 4),
4S(N), ifa =0, N =3(mod 8),
(iv) N(1.2.2.8:n) = 0, ifa =0, N =7(mod 8),
4S(N)a fa=1,
<2a+l 2<;>>S(N)7 Fa>2.
25(N), ifo =0,
N(1,2,4,4:n) =
(v) ( n) <2a+1 _ 2<2>>S(N), ifa>1.
N
25(N), ifa=0, N=1,3(mod 8),
0, ifa =0, N=5,7(mod 8),
(vi) N(L,2,8,8;n) = 25(N), ifa=1,

(r-3(2))sco o2

We are now ready to determine N(1,b,¢,d;n) for the nineteen quaternary quadratic
forms listed in (1.2). It is convenient to do this in the following order in order to exploit
results from earlier theorems in the proofs of later theorems:

22 + 2y + 42% + 8t Theorem 4.1
22 4 9% + 822 4+ 8t> Theorem 4.2

22 4 9% + 222 4+ 8t> Theorem 4.3

22 + 4y? + 82% + 8t* Theorem 4.4
2?2 + 4y® + 162% 4 16t> Theorem 4.5

22 +y? +162% + 16t Theorem 4.6
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x? + 4y* + 422 + 16t> Theorem 4.7

z? +y? 4+ 422 + 161> Theorem 4.8

z? 4+ 2y% + 222 + 16> Theorem 4.9

z? +y? + 2% +16t> Theorem 4.10

z? + 8y% + 822 + 16> Theorem 4.11

2% + 16y + 162% + 16t> Theorem 4.12

22 4 2y? + 82% +16t> Theorem 4.13

22 4 4y? 4+ 82% + 16t> Theorem 4.14

22 + % 4 22% + 16t> Theorem 4.15

22 4+ 9% + 822 4+ 16t Theorem 4.16

22 4 2y? 4+ 42% +16t> Theorem 4.17

x? + 2y* + 1622 4 16t> Theorem 4.18

22 4 8y? 4+ 162% + 16> Theorem 4.19
We give full details for the proofs of Theorems 4.1, 4.2, 4.10 and 4.19, and brief details

for the remaining theorems, all of which can be proved similarly. All these results were
claimed by Liouville in [7]- [25] without proof.

Theorem 4.1. Letn € N. Set n = 2N, where a € Ng, N € Nand N = 1 (mod 2).
Then

o(N) + (fV)Kz(N), ifa =0, N =1(mod 4),

a(N), ifa =0, N =3 (mod 4),
N(1,2,4,8;n) = 20(N), fa=1,

40(N), ifoa =2,

8a(N), ifo =3,

245(N), ifa> 4

Proof. We have by (4.5), Theorem 3.1(i), Theorem 2.4(i) and Theorem 2.3(iv)

> N(1,2,4,8n)" = %(w(q) — o(=9)e(@)e(a")e(d®)

n=1
n = 1(mod 2)
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n=1 n=1
n = 1(mod 2) n = 1(mod 2)

Equating coefficients of ¢” (n € N, n = 1 (mod 2)), we obtain
2 .
N(1,2,4,8;n) = o(n) + <>K2(n), ifn =1 (mod 2),
n

which in view of (2.17) gives the assertion of the theorem when o = 0.
When n = 0 (mod 2), by Proposition 4.1(ix), we have
N(1,2,4,8;n) = N(1,2,2,4;n/2), if n = 0 (mod 2),
and the result now follows from Proposition 4.2(iv). O

Theorem 4.2. Letn € N. Set n = 2N, where a € Ng, N € Nand N = 1 (mod 2).

Then

2(7(N)—|—2<]%7>K2(N)7 ifa =0, N =1(mod 4),
0, ifa=0, N =3(mod 4),
40(N), ifa=1, N =1 (mod 4),

N(1,1,8,8n) =14 0, ifao=1, N = 3(mod 4),
4o (N), if =2,
8c(N), ifa =3,
240(N), ifa>4.

Proof. By Proposition 4.1(iv), (4.5), Theorem 3.1(ii), Theorem 2.4(ii) and Theorem
2.3(iv), we have

S NAL8 8"
n=1
n = 1(mod 2)
=2 > N(1,4,8,8n)q"
n=1

n = 1(mod 2)

= (plq) — e(—)e(d")¥*(¢®)
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= 2 (0(0) ~ 2(~0)$*(a") + 5(6(0) — - D)p(~)P* ()
=2 Z U(n)q"+22 (i) Ky(n)q".
n Eri(r:ncl)d 4) "

Equating coefficients of ¢" (n € N, n = 1 (mod 2)), we deduce by (2.17),

2
20(N) + 2<n>K2(n), ifn =1 (mod 4),
N(1,1,8,8;n) = )
2( Ks(n) =0, if n = 3(mod 4).

n
If n = 0 (mod 2) then
N(1,1,8,8;n) = N(1,4,4;n/2),

by Proposition 4.1(iii), and the result follows from Proposition 4.2(iii).

O

Theorem 4.3. Letn € N. Setn = 2N, where a € Ny, N € Nand N = 1 (mod 2).

Then

2U(N)+2<J%]_>K2(N)7 ifa=0, N =1(mod 4),
20(N), ifa =0, N =3(mod 4),
6o (N), ifa=1, N=1(mod 4),

N(1,1,2,8n) = { 24(N), ifa =1, N = 3(mod 4),
120(N), ifa=2,
80 (N), ifo =3,
240(N), ifa>4.

Proof. If o = 0 by Proposition 4.1(iv) we have

N(1,1,2,8;n) = 2N(1,2,4,8;n).

Appealing to Theorem 4.1 we obtain the first two assertions of the theorem. If o > 1, by

Proposition 4.1(iii), we have
N(1,1,2,8;n) = N(1,1,1,4;n/2),

and the remaining assertions of the theorem follow from Proposition 4.2(i).
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Theorem 4.4. Let n € N. Set n = 2N, where « € Ny, N € Nand N = 1 (mod 2).
Then

o(N) + <;>K2(N), ifa =0, N =1(mod 4),

0, ifa =0, N =3(mod 4),
N1 A48, 80 =] fo=1,

40(N), ifoa =2,

8a(N), if =3,

240(N), ifa>4.

Proof. If a = 0, by Proposition 4.1(iv), we have
N(1,1,8,8;n) = 2N(1,4,8,8;n),

and, by Theorem 4.2, we obtain the case a = 0 of the theorem. If o = 1, by Proposition
4.1(xi), we have N(1,4,8,8;n) = 0. If a > 2, by Proposition 4.1(x), we have

N(1,4,8,8;n) = N(1,1,2,2;n/4),
and the rest of the theorem follows from Proposition 4.2(ii). O

Theorem 4.5. Let n € N. Set n = 2N, where a € Ng, N € Nand N = 1 (mod 2).

Then
Lo+ (24 [ 2) ) Ka(NV), ifa=0, N =1(mod 4)
59 5 N 2(N), ifa=0, N =1(mod 4),
0, ifa =0, N =3(mod 4),
0, fa=1,
40(N ifa=2 N=1 d 4
0, ifa =2, N =3(mod 4),
4U(N)7 ifo=3,
8a(N), if o = 4,
240 (N), if a > 5.

Proof. The case a = 0, N = 1 (mod 4) follows using (4.6), Theorem 3.1(iii), Theorem
2.4(ii) and Theorem 2.3(i)(iv). The cases @« = 0, N = 3 (mod 4) and o = 1 follow
from Proposition 4.1(xi). The case o > 2 follows from Proposition 4.1(x) and Proposition
4.2(iii). O
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Theorem 4.6. Let n € N. Set n = 2*N, where a« € Ny, N € Nand N = 1 (mod 2).

Then

o(N) + (2 + (;»KQ(N), ifa =0, N =1(mod 4),
0, ifa =0, N =3(mod 4),
20(N) + 2<;>K2(N), ifa=1, N =1(mod 4),
0, ifa=1, N =3 (mod 4),

N L16,16m) =4 o, ifa =2, N =1(mod 4),
0, ifa =2, N =3(mod 4),
4o (N), ifa =3,
8o(N), ifa = 4,
240(N), ifa > 5.

Proof. By Proposition 4.1(iv) we have
N(1,1,16,16;n) = 2N(1,4,16,16;n), if n = 1 (mod 2).

Appealing to Theorem 4.5 we obtain the case o = 0 of the theorem.

If n = 2 (mod 4) then, by Proposition 4.1(iii) and Theorem 4.2, we obtain the case
a = 1 of the theorem.

If n = 0 (mod 4) then, by Proposition 4.1(iii) and Theorem 4.2(iii), we obtain the case
a > 2 of the theorem. (|

Theorem 4.7. Let n € N. Set n = 2°N, where « € Ny, N € Nand N = 1 (mod 2).
Then

o(N)+ K2(N), ifa=0, N=1(mod 4),

0, ifa =0, N =3 (mod 4),

0, ifa=1,

60(N), ifa=2, N=1(mod 4),
N4 4161 =3 o . ifa =2, N =3(mod 4),

120(N), ifa =3,

8a(N), fa=4,

240(N), ifa > 5.
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Proof. The case a = 0 of the theorem follows on using (4.5), Theorem 3.1(iv), Theorem
2.4(i1) and Theorem 2.3(i). The case a = 1 follows from Proposition 4.1(xi). The case

«a > 2 follows from Proposition 4.1(x) and Proposition 4.2(i).

Theorem 4.8. Letn € N. Set n = 2N, where a € Ng, N € Nand N = 1 (mod 2).

Then

20(N) + 2K5(N),
07

25(N) + 2 (;) Ky (N),

20(N),
N(1,1,4,16;n) = 6a(N),
20(N),
120(N),
8a(N),

240(N),

fa=0,
fa=0,
fa=1,
fa=1,
fa=2,
foa=2,
fo=3,
fa=4,
ifa > 5.

Proof. If n =1 (mod 2) we have by Proposition 4.1(iv)

N(1,1,4,16;n) = 2N(1,4,4,16;n)

and the case o = 0 of the theorem follows from Theorem 4.7.

If n = 0 (mod 2) then by Proposition 4.1(iii) we have

N(1,1,4,16;n) = N(1,1,2,8;n/2)

and the case a > 1 of the theorem follows from Theorem 4.3.

Theorem 4.9. Let n € N. Setn = 2N, where a € Ng, N € Nand N = 1 (mod 2).

= 1(mod 4),
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Then

o(N) + Kz(N), ifa =0, N =1(mod 4),
20(N), ifa =0, N =3(mod 8),
0, ifa =0, N =7(mod 8),
20(N)+2<;>K2(N), ifa=1, N =1(mod 4),

N(1,2,2,16:n) 20(N), ifa=1, N =3(mod 4),
60(N), ifa =2, N=1(mod 4),
20(N), ifa =2, N =3(mod 4),
120(N), fa=3,
8c(N), ifa=4,
245(N), ifa > 5.

Proof. The case a = 0 of the theorem follows from (4.5), Theorem 3.1(v), Theorem
2.4(ii1), Theorem 2.3(i) and Theorem 2.4(v). The case o > 1 follows from Proposition
4.1(vii), (4.3) and Theorem 4.3. O

Theorem 4.10. Let n € N. Set n = 2N, where a € Ng, N € Nand N = 1 (mod 2).
Then

30(N) + 3K5(N), ifoa=0, N =1(mod 4),

20(N), ifa =0, N =3 (mod 8),

0, ifa =0, N =7(mod 8),

60(N) + 6<;>K2(N), ifa =1, N =1(mod 4),
N(LL116m) = 60 (N), ifa=1, N =3(mod 4),

6o (N), ifa =2, N =1(mod 4),

20(N), ifa =2, N =3(mod 4),

120(N), ifa=3,

8a(N), ifor =14,

245(N), ifo> 5.

Proof. Appealing to (4.4), Theorem 3.1(vi), Theorem 2.4(ii)(v) and Theorem 2.3(i), we
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obtain

oo

Z N(1,1,1,16;n)¢"

n=20
n =1 (mod 2)

%i N(1,1,1,16;n)q %i N(1,1,1,16;n)(—q)"
1 3 16 1 3 16

= 59" (0)(¢7) =S¢ (=a)e(a™)

= 2 (65(0) ~ P -)ela"®)

= 2(pla) — ¢~ (@) + 20 () + $(~0)p(a"®)
1 3

=3 Z o(n)g™ +2 Z on)g" +3 Z Ks(n)q"™.
n=1 n=1 n=1
n =1 (mod 4) n = 3 (mod 8) n =1 (mod 4)

Equating coefficients of ¢" (n = 1 (mod 2)), we obtain

30(n) +3Ks(n), ifn=1(mod 4),

N(1,1,1,16;n) = { 20(N), if n = 3 (mod 8),
0, if n =7 (mod 8),

completing the case o = 0.
The case a = 1 follows from Proposition 4.1(ii) and Theorem 4.3.

The case o > 2 follows from Proposition 4.1(i) and Proposition 4.2(i). O
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Theorem 4.11. Letn € N. Set n = 2N, where a« € Ng, N € Nand N = 1 (mod 2).
Then

o(N)+ Kz(N), ifa=0, N=1(mod 8),
0, ifa =0, N =3,5,7(mod 8),
0, ifa=1,
N(1,8,8,16;n) = { 20(N), fa=2,
40(N), ifa =3,
8a(N), ifa =4,
240(N), ifa>5.

Proof. The case « = 0, N = 1 (mod 8) follows from (4.7), Theorem 3.1(vii), Theorem
2.4(iv) and Theorem 2.3(ii). The cases « = 0, N # 1 (mod 8) and o = 1 follow from
Proposition 4.1(xii). The case o > 2 follows from Proposition 4.1(x) and Proposition
4.2(iv). O

Theorem 4.12. Let n € N. Set n = 2N, where o € Ny, N € Nand N = 1 (mod 2).
Then

%U(N)+2K2(N), ifa =0, N =1 (mod 8),

0, ifa=0, N =3,5,7(mod 8),
0, ifa=1,

20(N), ifa=2, N=1(mod 4),

N(1,16,16,16;n) =

0, ifa =2, N =3(mod 4),

0, ifa=3,

8a(N), ifa=4,

240(N), ifa > 5.

Proof. The case « = 0, N = 1 (mod 8) follows from (4.7), Theorem 3.1(viii), Theorem
2.4(iv) and Theorem 2.3(ii). The cases & = 0, N # 1 (mod 8) and o = 1 follow from
Proposition 4.1(xii). The case o« > 2 follows from Proposition 4.1(x) and Proposition
4.2(v). O

Theorem 4.13. Letn € N. Set n = 2N, where a € Ny, N € Nand N = 1 (mod 2).
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Then

o(N) + Kz(N), ifa =0, N =1(mod 8),
o(N), ifa =0, N =3(mod 8),
0, ifa =0, N =5,7(mod 8),
o(N) + <]2V>K2(N), ifa—1, N=1(mod 4),

N(1,2,8,16;n) = ¢ o(N), ifa =1, N = 3(mod 4),
20(N), ifa =2,
40(N), ifa =3,
8a(N), ifa=4,
240 (N), ifa=>5.

Proof. The case a = 0 follows from (4.5), Theorem 3.1(ix), Theorem 2.4(iv)(v) and
Theorem 2.3(ii). The case o > 1 follows from Proposition 4.1(vii) and Theorem 4.1. [

Theorem 4.14. Letn € N. Set n = 2N, where a« € Ng, N € Nand N = 1 (mod 2).
Then

S(N) + K1 (N), ifa =0, N =1(mod 8),

S(N), ifa =0, N = 5(mod 8),

0, ifa =0, N = 3(mod 4),
N(1,4,8,16;m) = { g, fo=1,

AS(N), a2

<2a o (;»sw), ifa>3.

Proof. The case oo = 0 follows from (4.5), Theorem 3.1(i), (2.8), Theorem 2.5(iii) and
Theorem 2.2(ii). The case o = 1 follows from Proposition 4.1(xi). The case o > 2 follows
from Proposition 4.1(x) and Proposition 4.3(ii). O

Theorem 4.15. Let n € N. Set n = 2N, where o € Ng, N € Nand N = 1 (mod 2).
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ifa=1, N =1(mod 4),
ifa=1, N =3(mod 8),
ifa=1, N =7 (mod 8),
fo=2,
ifa > 3.
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Then
25(N) 4+ 2K (N),
6S(N),
45(N),
N(1,1,2,16;n) = 0,
125(N),
2
<2 - 2(N>)S<N),

Proof. The case o« = 0 follows from Proposition 4.1(iv), (4.3), (4.5), (2.6), (2.8), The-
orem 2.5(i) and Theorem 2.2(i). The case o > 1 follows from Proposition 4.1(iii) and

Proposition 4.3(i). O

Theorem 4.16. Let n € N. Set n = 2N, where o € Ny, N € Nand N = 1 (mod 2).

Then

25(N) + 2K, (N), ifa =0, N =1(mod 8),
25(N), ifa =0, N =5(mod 8),
0, ifa=0, N =3(mod 4),

N(1,1,8,16:n) = 4S(N), ifa=1, N =1 (mod 4),
0, ifa =1, N =3(mod 4),
45(N), ifoao=2,
(2“2(2>>S(N), iffo=3.

N

Proof. By Proposition 4.1(iv) we have
N(1,1,8,16;n) = 2N(1,4,8,16;n), if n = 1 (mod 2).

Appealing to Theorem 4.14 we obtain the case o = 0 of the theorem.

By Proposition 4.1(iii) we have
N(1,1,8,16;n) = 2N(1,1,4,8;n/2), if n = 0 (mod 2).

The case « > 1 now follows from Proposition 4.3(iii). O
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Theorem 4.17. Letn € N. Set n = 2N, where a« € Ng, N € Nand N = 1 (mod 2).

Then

S(N),

28(N),
N(1,2,4,16;n) = A5(N),
0,

4S(N),

Proof. The case «

2.2(i). The case o > 1 follows from Proposition 4.1(vii) and Proposition 4.3(iv).

S(N)+ K(N),

ifa=0, N =1,3(mod 8),
ifa=0, N =5,7(mod 8),
ifa=1, N =1(mod 4),
ifa=1, N =3 (mod 8),
ifa=1, N =7(mod 8),
ifa=2,

ifa > 3.

0 follows from (4.5), (2.6), (2.8), Theorem 2.5(i) and Theorem

O

Theorem 4.18. Let n € N. Set n = 2N, where o € Ng, N € Nand N = 1 (mod 2).

Then

0,
25(N),
N(1,2,16,16;n) = { ¢,

25(N),

S(N) + Ki(N),

ifa=0, N =1,3(mod 8),
ifa =0, N =5,7(mod 8),
ifa=1, N =1,3(mod 8),
ifa=1, N =5,7(mod 8),
fa=2,
ifa > 3.

O

Theorem 4.19. Let n € N. Set n = 2N, where a € Ny, N € Nand N = 1 (mod 2).
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Then
S(N) + K1(N), ifa=0, N=1(mod 8),
0, ifa=0, N =3,5,7(mod 8),
0 ifa =1
N(1,8,16,16;n) = { fa=1
25(N), ifa=2,
20-1 _o[ 2} ) s(), ifa >3
N ’ -

Proof. By (4.7), (2.7), Theorem 2.5(v) and Theorem 2.2(ii), we obtain

i N(1,8,16,16;n)q"
n Eq(zlid 8)
= 2 (9(0) — #(~0)p(*)2* (")
= 16(0) ~ el (@) + ()
= i(@(Q) —o(—9)¢*(¢®) + i(‘ﬂ(Q) —o(=0)e(q®)e*(—4¢%)
- Y Sme+ Y K
n Eq(inid 8) n Eq(in;d 8)

Equating coefficients of ¢" (n = 1 (mod 8)), we obtain the case « = 0, N = 1 (mod 8) of
the theorem.

By Proposition 4.1(xii) we have
N(1,8,16,16;n) =0, if n = 2,3,5,6, 7 (mod 8),

giving the cases « = 0, N = 3, 5,7 (mod 8) and o = 1 of the theorem.

By Proposition 4.1(x) we have
N(1,8,16,16;n) = N(1,2,4,4;n/4), if n = 0 (mod 4),

and the case a > 2 of the theorem now follows from Proposition 4.3(v). O
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