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Abstract. Let K be a cyclic quartic field. Let i(K) denote the index of K. It is known that
i(K)2 {1, 2, 3, 4, 6, 12}. In Part 1 of this paper we show that i(K) assumes all of these values and
we give necessary and sufficient conditions for each to occur. In Part 2 an asymptotic formula is given
for the number of cyclic quartic fields with discriminant 4 x and i(K)¼ i for each i2 {1, 2, 3, 4, 6, 12}.
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Part 1: Characterization of Cyclic Quartic Fields of Given Index

1.1. Introduction. Let K be an algebraic number field of degree n over the rational
field Q. Let OK denote the ring of integers of the field K. Let {!1(¼ 1),!2, . . . ,!n} be
an integral basis of K. The discriminant of the field K is denoted by d(K). If �2K we
denote the minimal polynomial of� over Q by f� and set d(�)¼ disc( f�). An element
�2OK is called a generator of K if K¼Q(�). It is known that�2OK is a generator of
K if and only if d(�) 6¼ 0. For � a generator of K, the index i(�) of � is the positive
integer given by

ið�Þ ¼

ffiffiffiffiffiffiffiffiffiffi

dð�Þ
dðKÞ

s

:

If �2OK is not a generator of K, we set i(�)¼ 0. Thus

dð�Þ ¼ ið�Þ2dðKÞ for all �2OK :

The index of K is defined by

iðKÞ ¼ gcdfið�Þj �2OKg ¼ gcdfið�Þj � a generator of Kg:
Next we define the index form i(x1, . . . , xn� 1) of the algebraic number field K

with respect to the integral basis {!1, . . . ,!n}. Let x1, . . . , xn2Z. Set

� ¼ x1!2 þ � � � þ xn�1!n2OK :
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Hence we can define fi1, . . . , fin2Z (i¼ 0, 1, . . . , n� 1) by

�i ¼ fi1!1 þ fi2!2 þ � � � þ fin!n; i ¼ 0; 1; . . . ; n� 1;

so that

f01 ¼ 1; f02 ¼ 0; . . . ; f0n ¼ 0;

f11 ¼ 0; f12 ¼ x1; . . . ; f1n ¼ xn�1:

Each nonzero fij is a homogeneous polynomial in x1; . . . ; xn�1 with coefficients in
Z of degree i. We define the n� n matrix F by

F ¼

f01 f02 � � � f0n

f11 f12 � � � f1n

� � � � � �
fn�11 fn�12 � � � fn�1n

2

6

6

4

3

7

7

5

:

The index form of K with respect to the integral basis f!1; . . . ; !ng is defined by

iðx1; . . . ; xn�1Þ ¼ det F ¼

x1 x2 � � � xn�1

f22 f23 � � � f2n

� � � � � �
fn�12 fn�13 � � � fn�1n

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

:

Thus iðx1; . . . ; xn�1Þ is a homogeneous polynomial in x1; . . . ; xn�1 of degree
ðn� 1Þn=2 with coefficients in Z. Next we observe that

½1 � � � � �n�1�T ¼ F½!1 !2 � � � !n�T ;
so that

ið�Þ2dðKÞ ¼ dð�Þ ¼ ðdet FÞ2dð!1; . . . ; !nÞ ¼ iðx1; . . . ; xn�1Þ2dðKÞ:

Hence ið�Þ ¼ j iðx1; . . . ; xn�1Þ j. Now let x02Z and set

� ¼ x0!1 þ x1!2 þ � � � þ xn�1!n ¼ x0 þ �2OK :

As dð�Þ ¼ dð�þ kÞ for any integer k, we have dð�Þ ¼ dð�� x0Þ ¼ dð�Þ, so that

ið�Þ2dðKÞ ¼ dð�Þ ¼ dð�Þ ¼ ið�Þ2dðKÞ

and thus ið�Þ ¼ ið�Þ. Hence we have

iðx0!1 þ � � � þ xn�1!nÞ ¼ j iðx1; . . . ; xn�1Þ j ð1:1:1Þ

for all integers x0; x1; . . . ; xn�1, and

iðKÞ ¼ gcdfiðx1; . . . ; xn�1Þ j x1; . . . ; xn�12Zg: ð1:1:2Þ
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If K is a quadratic field (so that n ¼ 2) it is easy to show that iðKÞ ¼ 1. If K is a
cubic field ðn ¼ 3Þ Engstrom has shown that iðKÞ ¼ 1 or 2 [2, p. 234]. Cubic fields
with index 2 have been discussed by the authors in [17]. If K is a quartic field ðn ¼ 4Þ
Engstrom has shown that

iðKÞ ¼ 1; 2; 3; 4; 6 or 12: ð1:1:3Þ

Funakura [3, Theorem 5, p. 36] has shown that in the case of a pure quartic field
iðKÞ ¼ 1 or 2. Gaál, Peth€oo and Pohst proved in [4] for bicyclic quartic fields that
the index i(K) can take each of the values in (1.1.3) and they gave necessary and
sufficient conditions for each case, see also [5–7].

In Part 1 of this paper we show for cyclic quartic fields K that i(K) assumes
each of the values 1, 2, 3, 4, 6, 12. In addition we determine necessary and
sufficient conditions for each to occur, see Theorem A in Section 1.2.

In Part 2 we determine an asymptotic formula for the number of cyclic quartic
fields K with dðKÞ4 x and iðKÞ ¼ i for i2f1; 2; 3; 4; 6; 12g, see Theorem B in
Section 2.1.

1.2. Representation of a cyclic quartic field. Hardy, Hudson, Richman,
Williams and Holtz [8] have shown that each cyclic quartic field K can be expressed
uniquely in the form

K ¼ Q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðDþ B
ffiffiffiffi

D
p
Þ

q

�

; ð1:2:1Þ

where A, B, C, D are integers such that

A is squarefree and odd; ð1:2:2Þ

D ¼ B2 þ C2 is squarefree; B> 0; C> 0; ð1:2:3Þ

ðA;DÞ ¼ 1: ð1:2:4Þ

Moreover each field of the form (1.2.1) satisfying (1.2.2) – (1.2.4) is a cyclic
quartic field. It is convenient to distinguish five cases as follows (see [11, Theorem,
p. 146]):

case (i) D� 0 ðmod 2Þ,
case (ii) D� 1 ðmod 2Þ, B� 1 ðmod 2Þ,
case (iii) D� 1 ðmod 2Þ, B� 0 ðmod 2Þ, Aþ B� 3 ðmod 4Þ,
case (iv) D� 1ðmod 2Þ, B� 0 ðmod 2Þ, Aþ B� 1 ðmod 4Þ, A�C ðmod 4Þ,
case (v) D� 1 ðmod 2Þ, B� 0 ðmod 2Þ, Aþ B� 1 ðmod 4Þ, A� �C ðmod 4Þ.

We observe that

D� 2ðmod 4Þ; in case ðiÞ;
D� 1ðmod 4Þ; C� 0ðmod 2Þ; in case ðiiÞ;
D� 1ðmod 4Þ; C� 1ðmod 2Þ; in cases ðiiiÞ; ðivÞ; ðvÞ:

The main result of Part 1 is the following theorem which gives necessary and
sufficient conditions for each of iðKÞ ¼ 1; 2; 3; 4; 6; 12.
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Note that in the table a (mod b) has been abbreviated to a ðbÞ. Results needed
for the proof of Theorem A are given in the remainder of this section as well as
Section 1.3, and the proof completed in Section 1.4.

Our first task is to find the index form iðx; y; zÞ of K. It is shown in [8] (see also
[16]) that

dðKÞ ¼ 2�A2D3; ð1:2:5Þ
where

� ¼

8; case ðiÞ;
6; case ðiiÞ;
4; case ðiiiÞ;
0; cases ðivÞ; ðvÞ:

8

>

>

<

>

>

:

ð1:2:6Þ

Set

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðDþ B
ffiffiffiffi

D
p
Þ

q

; � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

AðD� B
ffiffiffiffi

D
p
Þ

q

: ð1:2:7Þ
Hudson and Williams [11, Theorem, p. 146] have shown that an integral basis
f!1; !2; !3; !4g for K is given as follows:

f1;
ffiffiffiffi

D
p

; �; �g; case ðiÞ;
�

1;
1

2
ð1þ

ffiffiffiffi

D
p
Þ; �; �

�

; case ðiiÞ;

�

1;
1

2
ð1þ

ffiffiffiffi

D
p
Þ; 1

2
ð�þ �Þ; 1

2
ð�� �Þ

�

; case ðiiiÞ;

�

1;
1

2
ð1þ

ffiffiffiffi

D
p
Þ; 1

4
ð1þ

ffiffiffiffi

D
p
þ�þ�Þ; 1

4
ð1�

ffiffiffiffi

D
p
þ���Þ

�

;case ðivÞ;

Theorem A.

A B D i(K)

1 (12) �1, �2, �5 (12) 1
3 (12) 1
5 (12) �1, �2, �5 (12) 2 (3) 1
5 (12) �3, 6 (12) 1
7 (12) �1 (3) 1
9 (12) �1, 2 (4) 1
11 (12) 0 (3) 1
11 (12) �1 (3) 2 (3) 1
1 (24) �4 (24) 2
5 (24) 0 (24) 2
5 (24) �8 (24) 2 (3) 2
9 (24) 4 (8) 2
13 (24) �8 (24) 2
17 (24) �4 (24) 2 (3) 2
17 (24) 12 (24) 2
21 (24) 0 (8) 2
1 (12) �3, 6 (12) 3

A B D i(K)

5 (12) �1, �2, �5 (12) 1 (3) 3
7 (12) 0 (3) 3
11 (12) �1 (3) 1 (3) 3
1 (24) �8 (24) 4
5 (24) �4 (24) 2 (3) 4
5 (24) 12 (24) 4
9 (24) 0 (8) 4
13 (24) �4 (24) 4
17 (24) 0 (24) 4
17 (24) �8 (24) 2 (3) 4
21 (24) 4 (8) 4
1 (24) 12 (24) 6
5 (24) �8 (24) 1 (3) 6
13 (24) 0 (24) 6
17 (24) �4 (24) 1 (3) 6
1 (24) 0 (24) 12
5 (24) �4 (24) 1 (3) 12
13 (24) 12 (24) 12
17 (24) �8 (24) 1 (3) 12
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�

1;
1

2
ð1þ

ffiffiffiffi

D
p
Þ; 1

4
ð1þ

ffiffiffiffi

D
p
þ���Þ; 1

4
ð1�

ffiffiffiffi

D
p
þ�þ�Þ

�

;case ðvÞ: ð1:2:8Þ

Using MAPLE we find that the index form iðx; y; zÞ of K with respect to the
integral basis f!1; !2; !3; !4g given in (1.2.8) is given by

iðx; y; zÞ ¼ ðCy2 � 2Byz� Cz2ÞðDð2x2 � Ay2 � Az2Þ2

� A2ðCy2 � 2Byz� Cz2Þ2Þ; case ðiÞ;

iðx; y; zÞ ¼ 1

2
ðCy2 � 2Byz� Cz2ÞðDðx2 � 2Ay2 � 2Az2Þ2

� 4A2ðCy2 � 2Byz� Cz2Þ2Þ; case ðiiÞ;

iðx; y; zÞ ¼ 1

2
ð�By2 þ 2Cyzþ Bz2ÞðDðx2 � Ay2 � Az2Þ2

� A2ð�By2 þ 2Cyzþ Bz2Þ2Þ; case ðiiiÞ;

iðx; y; zÞ ¼ 1

32
ð�By2 þ 2Cyzþ Bz2ÞðDð4x2 þ ð1� AÞy2

þ ð1� AÞz2 þ 4xy� 4xz� 2yzÞ2

� A2ð�By2 þ 2Cyzþ Bz2Þ2Þ; case ðivÞ;

iðx; y; zÞ ¼ 1

32
ðBy2 þ 2Cyz� Bz2ÞðDð4x2 þ ð1� AÞy2

þ ð1� AÞz2 þ 4xy� 4xz� 2yzÞ2

� A2ðBy2 þ 2Cyz� Bz2Þ2Þ; case ðvÞ:
For x; y; z2Z, we define

R ¼ Rðx; y; zÞ ¼
Cy2 � 2Byz� Cz2; case ðiÞ;
2Cy2 � 4Byz� 2Cz2; case ðiiÞ;
�By2 þ 2Cyzþ Bz2; cases ðiiiÞ; ðivÞ;
By2 þ 2Cyz� Bz2; case ðvÞ;

8

>

>

<

>

>

:

ð1:2:9Þ

and

S ¼ Sðx; y; zÞ ¼

2x2 � Ay2 � Az2; case ðiÞ;
x2 � 2Ay2 � 2Az2; case ðiiÞ;
x2 � Ay2 � Az2; case ðiiiÞ;
4x2 þ ð1� AÞy2 þ ð1� AÞz2

þ 4xy� 4xz� 2yz; cases ðivÞ; ðvÞ:

8

>

>

>

>

<

>

>

>

>

:

ð1:2:10Þ

Then
iðx; y; zÞ ¼ kRðDS2 � A2R2Þ; ð1:2:11Þ

where

k ¼

1; case ðiÞ;

1

4
; case ðiiÞ;

1

2
; case ðiiiÞ;

1

32
; cases ðivÞ; ðvÞ:

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

ð1:2:12Þ
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From (1.1.2) we see that the index i(K) of K is given by

iðKÞ ¼ gcdfiðx; y; zÞ j x; y; z2Zg: ð1:2:13Þ

1.3. Conditions for divisibility of iðKÞ by 2; 3 and 4. Let K be a cyclic quartic
field given in the form (1.2.1). First we prove the following lemma.

Lemma 1.3.1. If 2 j dðKÞ then 2 j iðKÞ.
Proof. Suppose 2 j dðKÞ. Then, by Dedekind’s theorem, 2 ramifies in OK .

If 2 j iðKÞ then by [2, p. 234] either 2OK ¼ P1P2P3P4 or P1P2, where P1, P2,
P3, P4 are distinct prime ideals. This contradicts that 2 ramifies in OK . Hence
2 j iðKÞ. &

We are now ready to give a necessary and sufficient condition for i(K) to be
divisible by 2.

Theorem 1.3.2. 2 j iðKÞ()A� 1 ðmod 4Þ;B� 0 ðmod 4Þ.
Proof. Suppose that 2 j iðKÞ. Then, by Lemma 1.3.1, we have 2 jdðKÞ so that

by (1.2.5) either case (iv) or case (v) holds. Then, by (1.2.9)–(1.2.12), we have

ið0; 1; 0Þ ¼ � �B
32
ðDð1� AÞ2 � A2B2Þ; ð1:3:1Þ

where

� ¼ 1; case ðivÞ;
�1; case ðvÞ:

�

ð1:3:2Þ

Next we define integers M, N and T by

B ¼ 2M; C ¼ �Aþ 4T ; A ¼ 1þ 4N � 2M:

Using these together with D ¼ B2 þ C2 in (1.3.1), we obtain in both cases

ið0; 1; 0Þ�MN2 þM2N þM5 ðmod 2Þ
so that

ið0; 1; 0Þ�M ðmod 2Þ:
As 2 j iðKÞ, by (1.2.13) we have ið0; 1; 0Þ� 0 ðmod 2Þ so that M� 0 ðmod 2Þ, and
thus

A� 1 ðmod 4Þ; B� 0 ðmod 4Þ: ð1:3:3Þ
Now suppose that (1.3.3) holds. As ðB;CÞ ¼ 1 we have C� 1 ðmod 2Þ. Hence

D ¼ B2 þ C2� 1 ðmod 2Þ. Since B� 0 ðmod 2Þ and Aþ B� 1 ðmod 4Þ, either case
(iv) or case (v) holds. We define integers T, U and V by

A ¼ 1þ 4T ; B ¼ 4U; C ¼ �Aþ 4V ;

where � is defined in (1.3.2). Substituting these and D ¼ B2 þ C2 into iðx; y; zÞ and
reducing the coefficients modulo 2 and the powers by x n� x ðmod 2Þ
ðn ¼ 1; 2; . . .Þ, we obtain

iðx; y; zÞ� 0 ðmod 2Þ for all integers x; y; z:
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Hence

iðKÞ� 0 ðmod 2Þ:
This completes the proof of the theorem. &

Now we turn to the divisibility of i(K) by 3. We require some preliminary
results.

Lemma 1.3.3. If iðKÞ� 0 ðmod 3Þ then A 6� 0 ðmod 3Þ.
Proof. Suppose that iðKÞ� 0 ðmod 3Þ. If A� 0 ðmod 3Þ then dðKÞ� 0 ðmod 3Þ

by (1.2.5), so that, by Dedekind’s theorem, 3OK ramifies, contradicting [2, p. 234]
that 3OK splits completely. Hence A 6� 0 ðmod 3Þ. &

Lemma 1.3.4. If iðKÞ� 0 ðmod 3Þ then either B� 0 ðmod 3Þ and C 6� 0 ðmod 3Þ
or B 6� 0 ðmod 3Þ and C� 0 ðmod 3Þ.

Proof. Suppose that iðKÞ� 0 ðmod 3Þ. Then iðx; y; zÞ� 0 ðmod 3Þ for all x, y,
z2Z. Thus in particular we have

ið0; 1; 0Þ� 0 ðmod 3Þ; cases ðiÞ; ðiiÞ; ðiiiÞ;
ið0; 1; 1Þ� 0 ðmod 3Þ; cases ðivÞ; ðvÞ:

Now

Rð0; 1; 0Þ ¼
C; case ðiÞ;

2C; case ðiiÞ;
�B; case ðiiiÞ;

8

>

<

>

:

Rð0; 1; 1Þ ¼ 2C; cases ðivÞ; ðvÞ;

Sð0; 1; 0Þ ¼
�A; case ðiÞ;
�2A; case ðiiÞ;
�A; case ðiiiÞ;

8

>

<

>

:

Sð0; 1; 1Þ ¼ �2A; cases ðivÞ; ðvÞ;
so that modulo 3 we have

Rð0; 1; 0ÞðDSð0; 1; 0Þ2 � A2Rð0; 1; 0Þ2Þ

�
CðDA2 � A2C2Þ; case ðiÞ;

2Cð4DA2 � 4A2C2Þ; case ðiiÞ;
�BðDA2 � A2C2Þ; case ðiiiÞ;

8

>

<

>

:

�
A2B2C; case ðiÞ;
�A2B2C; case ðiiÞ;
�A2BC2; case ðiiiÞ;

8

>

<

>

:

and in cases (iv) and (v)

Rð0; 1; 1ÞðDSð0; 1; 1Þ2 � A2Rð0; 1; 1Þ2Þ� 2Cð4DA2 � 4A2C2Þ� �A2B2C:
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Hence by (1.2.11) in all cases we have ABC� 0 ðmod 3Þ. But by Lemma 1.3.3 we
have A 6� 0 ðmod 3Þ. Thus BC� 0 ðmod 3Þ. But ðB;CÞ ¼ 1 so that either
B� 0 ðmod 3Þ, C 6� 0 ðmod 3Þ or B 6� 0 ðmod 3Þ, C� 0 ðmod 3Þ. &

Lemma 1.3.5. If iðKÞ� 0 ðmod 3Þ and B� 0 ðmod 3Þ then we have
A� 1 ðmod 3Þ.

Proof. Suppose that iðKÞ� 0 ðmod 3Þ and B� 0 ðmod 3Þ. Then C 6� 0 ðmod 3Þ
and D ¼ B2 þ C2� 1 ðmod 3Þ. Also, by (1.2.13), we have

ið1; 1; 0Þ� 0 ðmod 3Þ; cases ðiÞ; ðiiÞ;
ið1; 1; 1Þ� 0 ðmod 3Þ; cases ðiiiÞ; ðivÞ; ðvÞ:

Now by (1.2.9) and (1.2.10) we have

Rð1; 1; 0Þ ¼ C; case ðiÞ;
Rð1; 1; 0Þ ¼ 2C; case ðiiÞ;
Rð1; 1; 1Þ ¼ 2C; cases ðiiiÞ; ðivÞ; ðvÞ;

and

Sð1; 1; 0Þ ¼ 2� A; case ðiÞ;
Sð1; 1; 0Þ ¼ 1� 2A; case ðiiÞ;
Sð1; 1; 1Þ ¼ 1� 2A; case ðiiiÞ;
Sð1; 1; 1Þ ¼ 4� 2A; cases ðivÞ; ðvÞ:

Hence, by (1.2.11), in all cases we have

ð2� AÞ2 � A2� 0 ðmod 3Þ;

so that

A� 1 ðmod 3Þ;
as asserted. &

Lemma 1.3.6. If iðKÞ� 0 ðmod 3Þ and C� 0 ðmod 3Þ then we have
A� 2 ðmod 3Þ.

Proof. Suppose that iðKÞ� 0 ðmod 3Þ and C� 0 ðmod 3Þ. Then B 6� 0 ðmod 3Þ
and D ¼ B2 þ C2� 1 ðmod 3Þ. By (1.2.13) we have

ið1; 1; 1Þ� 0 ðmod 3Þ; cases ðiÞ; ðiiÞ;
ið1; 1; 0Þ� 0 ðmod 3Þ; case ðiiiÞ;
ið0; 1; 0Þ� 0 ðmod 3Þ; cases ðivÞ; ðvÞ:

Now, by (1.2.9) and (1.2.10), we have

Rð1; 1; 1Þ ¼ �2B; case ðiÞ;
Rð1; 1; 1Þ ¼ �4B; case ðiiÞ;
Rð1; 1; 0Þ ¼ �B; case ðiiiÞ;
Rð0; 1; 0Þ ¼ �B; case ðivÞ;
Rð0; 1; 0Þ ¼ B; case ðvÞ;
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and

Sð1; 1; 1Þ ¼ 2� 2A; case ðiÞ;
Sð1; 1; 1Þ ¼ 1� 4A; case ðiiÞ;
Sð1; 1; 0Þ ¼ 1� A; case ðiiiÞ;
Sð0; 1; 0Þ ¼ 1� A; case ðivÞ;
Sð0; 1; 0Þ ¼ 1� A; case ðvÞ:

Hence, by (1.2.11), in all cases we have

ð1� AÞ2 � A2� 0 ðmod 3Þ;
and thus

A� 2 ðmod 3Þ;
as claimed. &

Lemma 1.3.7. If A� 1 ðmod 3Þ and B� 0 ðmod 3Þ then we have
iðKÞ� 0 ðmod 3Þ.

Proof. Suppose that A� 1 ðmod 3Þ and B� 0 ðmod 3Þ so that C 6� 0 ðmod 3Þ and
D ¼ B2 þ C2� 1 ðmod 3Þ.

Cases (i), (ii). We have

Rðx; y; zÞ� �Cðy2 � z2Þ ðmod 3Þ; Sðx; y; zÞ� �ðx2 þ y2 þ z2Þ ðmod 3Þ:
If y2� z2 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) iðx; y; zÞ� 0 ðmod 3Þ. If
y2 6� z2 ðmod 3Þ then Rðx; y; zÞ 6� 0 ðmod 3Þ and Sðx; y; zÞ� �ðx2 þ 1Þ� �1
6� 0 ðmod 3Þ so that DSðx; y; zÞ2 � A2Rðx; y; zÞ2� 1� 1� 0 ðmod 3Þ and thus by
(1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.

Case (iii). We have

Rðx; y; zÞ� �Cyz ðmod 3Þ; Sðx; y; zÞ� x2 � y2 � z2 ðmod 3Þ:
If yz� 0 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) we have
iðx; y; zÞ� 0 ðmod 3Þ. If yz 6� 0 ðmod 3Þ then y2� z2� 1 ðmod 3Þ so that Rðx; y; zÞ 6�
0 ðmod 3Þ and Sðx; y; zÞ� x2 � 2 6� 0 ðmod 3Þ so that DSðx; y; zÞ2 � A2Rðx; y; zÞ2�
1� 1� 0 ðmod 3Þ and thus by (1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.

Cases (iv), (v). We have

Rðx; y; zÞ� �Cyz ðmod 3Þ; Sðx; y; zÞ� x2 þ xy� xzþ yz ðmod 3Þ:
If yz� 0 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) we see that
iðx; y; zÞ� 0 ðmod 3Þ. If yz 6� 0 ðmod 3Þ then Rðx; y; zÞ 6� 0 ðmod 3Þ and

Sðx; y; zÞ� x2 þ 1 6� 0 ðmod 3Þ; if y� z ðmod 3Þ;
ðxþ yÞ2 þ 1 6� 0 ðmod 3Þ; if y� � z ðmod 3Þ;

�

so that

DSðx; y; zÞ2 � A2Rðx; y; zÞ2� 1� 1� 0 ðmod 3Þ
and thus by (1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.
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Hence in all five cases we have shown that iðx; y; zÞ� 0 ðmod 3Þ for all integers
x, y, z so that by (1.2.13) iðKÞ� 0 ðmod 3Þ. &

Lemma 1.3.8. If A� 2 ðmod 3Þ and C� 0 ðmod 3Þ then we have iðKÞ�
0 ðmod 3Þ.

Proof. Suppose that A� 2 ðmod 3Þ and C� 0 ðmod 3Þ so that B 6� 0 ðmod 3Þ and
D ¼ B2 þ C2� 1 ðmod 3Þ.

Cases (i), (ii). We have

Rðx; y; zÞ� �Byz ðmod 3Þ; Sðx; y; zÞ� �ð�x2 þ y2 þ z2Þ ðmod 3Þ:

If yz� 0 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) we have
iðx; y; zÞ� 0 ðmod 3Þ. If yz 6� 0 ðmod 3Þ then Rðx; y; zÞ 6� 0 ðmod 3Þ and Sðx; y; zÞ�
�ðx2 þ 1Þ 6� 0 ðmod 3Þ so that DSðx; y; zÞ2 � A2Rðx; y; zÞ2� 1� 1� 0 ðmod 3Þ and
thus by (1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.

Case (iii). We have

Rðx; y; zÞ� �Bðy2 � z2Þ ðmod 3Þ; Sðx; y; zÞ� x2 þ y2 þ z2 ðmod 3Þ:

If y2� z2 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) we have iðx; y; zÞ�
0 ðmod 3Þ. If y2 6� z2 ðmod 3Þ then Rðx; y; zÞ 6� 0 ðmod 3Þ and Sðx; y; zÞ� x2 þ 1 6�
0 ðmod 3Þ so that DSðx; y; zÞ2 � A2Rðx; y; zÞ2� 1� 1� 0 ðmod 3Þ and thus by
(1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.

Cases (iv), (v). We have

Rðx; y; zÞ� �Bðy2 � z2Þ ðmod 3Þ;
Sðx; y; zÞ� x2 � y2 � z2 þ xy� xzþ yz ðmod 3Þ:

If y2� z2 ðmod 3Þ then Rðx; y; zÞ� 0 ðmod 3Þ and by (1.2.11) we have
iðx; y; zÞ� 0 ðmod 3Þ. If y2 6� z2 ðmod 3Þ then Rðx; y; zÞ 6� 0 ðmod 3Þ and

Sðx; y; zÞ� ðxþ zÞ2 þ 1 ðmod 3Þ; if y� 0 ðmod 3Þ;
ðx� yÞ2 þ 1 ðmod 3Þ; if z� 0 ðmod 3Þ;

�

so that Sðx; y; zÞ 6� 0 ðmod 3Þ. Hence DSðx; y; zÞ2 � A2Rðx; y; zÞ2� 1� 1� 0 ðmod 3Þ
and thus by (1.2.11) iðx; y; zÞ� 0 ðmod 3Þ.

Hence in all five cases we have shown that iðx; y; zÞ� 0 ðmod 3Þ for all integers
x, y, z so that by (1.2.13) we have iðKÞ� 0 ðmod 3Þ. &

We can now give a necessary and sufficient condition for i(K) to be divisible
by 3.

Theorem 1.3.9.

3 j iðKÞ()A� 1 ðmod 3Þ; B� 0 ðmod 3Þor A� 2 ðmod 3Þ; C� 0 ðmod 3Þ:

Proof. This result follows immediately from Lemmas 1.3.3–1.3.8. &
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As

D� 1 ðmod 3Þ()B2 þ C2� 1 ðmod 3Þ
() exactly one of B or C� 0 ðmod 3Þ;

we can reformulate Theorem 1.3.9 as

Theorem 1.3.9.

3 j iðKÞ()A� 1 ðmod 3Þ; B� 0 ðmod 3Þ or

A� 2 ðmod 3Þ; B� �1 ðmod 3Þ; D� 1 ðmod 3Þ:
Next we determine a necessary and sufficient condition for i(K) to be divisible

by 4.

Theorem 1.3.10.

4 j iðKÞ()A� 1 ðmod 8Þ; B� 0 ðmod 8Þ or

A� 5 ðmod 8Þ; B� 4 ðmod 8Þ:
Proof. Assume 4 j iðKÞ. By Theorem 1.3.2 we have A� 1 ðmod 4Þ, B� 0 ðmod 4Þ

so that either case (iv) or case (v) holds. Define integers M, N and T by

A ¼ 1þ 4M; B ¼ 4N; C ¼ �Aþ 4T ; ð1:3:4Þ
where � is defined in (1.3.2). From (1.2.9) and (1.2.10) we obtain

Rð0; 1; 0Þ ¼ ��B; Sð0; 1; 0Þ ¼ 1� A;

so that by (1.2.11) we have

ið0; 1; 0Þ ¼ � �B
32
ðDð1� AÞ2 � A2B2Þ:

Appealing to (1.3.4) we obtain

ið0; 1; 0Þ ¼ �2�NðDM2 � A2N2Þ� 2NðM2 � N2Þ� 2NðM þ 1Þ ðmod 4Þ:
Also from (1.2.9) and (1.2.10) we obtain

Rð0; 1; 2Þ ¼ 3�Bþ 4C; Sð0; 1; 2Þ ¼ 1� 5A;

so that by (1.2.11) we have

ið0; 1; 2Þ ¼ ð3�Bþ 4CÞ
32

ðDð1� 5AÞ2 � A2ð3�Bþ 4CÞ2Þ:

Appealing to (1.3.4) we obtain

ið0; 1; 2Þ ¼ 2ð3�N þ CÞðDðAþMÞ2 � A2ð3�N þ CÞ2Þ
� 2ð�N þ �ÞðAþM � Að�N þ CÞÞ ðmod 4Þ
� 2ðN þ 1Þð1þM � N � 1Þ ðmod 4Þ
� 2MðN þ 1Þ ðmod 4Þ:

As 4 j iðKÞ we have by (1.2.13) ið0; 1; 0Þ� ið0; 1; 2Þ� 0 ðmod 4Þ so that

ðM þ 1ÞN�MðN þ 1Þ� 0 ðmod 2Þ;
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that is

M�N� 0 ðmod 2Þ or M�N � 1 ðmod 2Þ:
Thus by (1.3.4) we have

A� 1 ðmod 8Þ; B� 0 ðmod 8Þ or A� 5 ðmod 8Þ; B� 4 ðmod 8Þ:
Conversely suppose that

A� 1 ðmod 8Þ; B� 0 ðmod 8Þ or A� 5 ðmod 8Þ; B� 4 ðmod 8Þ:
As B� 0 ðmod 4Þ and ðB;CÞ ¼ 1 we have C� 1 ðmod 2Þ so that D ¼
B2 þ C2� 1 ðmod 8Þ. Also Aþ B� 1 ðmod 8Þ. Hence either case (iv) or case (v)
occurs. We can define integers T, U and V by

A ¼ 1þ 4T ; B ¼ 8U � 4T ; C ¼ �ð1þ 4TÞ þ 4V;

where � is defined in (1.3.2).
First we determine D modulo 16. We have

D ¼ B2 þ C2 ¼ ð8U � 4TÞ2 þ ð�þ 4�T þ 4VÞ2� 1þ 8ðT þ VÞ ðmod 16Þ:
Secondly

R ¼ Rðx; y; zÞ ¼ ��By2 þ 2Cyzþ �Bz2

¼ ��ð8U � 4TÞy2 þ 2ð�þ 4�T þ 4VÞyzþ �ð8U � 4TÞz2

¼ 2�yzþ 4�Tðy2 � z2Þ þ 8ð�Uðz2 � y2Þ þ ð�T þ VÞyzÞ;
so that

R

2
¼ �yzþ 2�Tðy2 � z2Þ þ 4ð�Uðz2 � y2Þ þ ð�T þ VÞyzÞ;

�

R

2

�2

� y2z2 þ 4ðT2ðy2 � z2Þ2 þ Tðy2 � z2ÞyzÞ

þ 8�yzð�Uðz2 � y2Þ þ ð�T þ VÞyzÞ ðmod 16Þ
� y2z2 þ 4Tðy2 � z2ÞðTðy2 � z2Þ þ yzÞ þ 8y2z2ðT þ VÞ ðmod 16Þ;

as yzðz2 � y2Þ� 0 ðmod 2Þ. Thirdly

S ¼ Sðx; y; zÞ ¼ 4x2 þ ð1� AÞy2 þ ð1� AÞz2 þ 4xy� 4xz� 2yz

¼ 4x2 � 4Ty2 � 4Tz2 þ 4xy� 4xz� 2yz

¼ �2yzþ 4ðx2 � Ty2 � Tz2 þ xy� xzÞ
so that

S

2
¼ �yzþ 2ðx2 � Ty2 � Tz2 þ xy� xzÞ;

�

S

2

�2

¼ y2z2 � 4yzðx2 � Ty2 � Tz2 þ xy� xzÞ þ 4ðx2 � Ty2 � Tz2 þ xy� xzÞ2

¼ y2z2 þ 4ðx2 � Ty2 � Tz2 þ xy� xzÞðx2 � Ty2 � Tz2 þ xy� xz� yzÞ:
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Fourthly

D

�

S

2

�2

� y2z2 þ 4ðx2 � Ty2 � Tz2 þ xy� xzÞðx2 � Ty2 � Tz2 þ xy� xz� yzÞ

þ 8ðT þ VÞy2z2 ðmod 16Þ:
Fifthly

A2

�

R

2

�2

�ð1þ 8TÞðy2z2 þ 4Tðy2 � z2ÞðTðy2 � z2Þ þ yzÞ

þ 8y2z2ðT þ VÞÞ ðmod 16Þ
� y2z2 þ 4Tðy2 � z2ÞðTðy2 � z2Þ þ yzÞ þ 8Vy2z2 ðmod 16Þ:

Hence

D

�

S

2

�2

� A2

�

R

2

�2

� 4ððx2 � Ty2 � Tz2 þ xy� xzÞðx2 � Ty2 � Tz2 þ xy� xz� yzÞ
� Tðy2 � z2ÞðTðy2 � z2Þ þ yzÞ þ 2Ty2z2Þ ðmod 16Þ

� 4ðx4 � 2Tx2y2 � 2Tx2z2 � 2Txy3 þ 2Tyz3 þ 2Txz3 � 2Txyz2

þ 2Txy2zþ 2x3y� 2x3z� 2x2yzþ x2y2 þ x2z2 þ xyz2

� x2yz� xy2zþ 2Ty2z2Þ ðmod 16Þ
so that

1

4

�

D

�

S

2

�2

� A2

�

R

2

�2�

�ðx4 þ x2y2 þ x2z2 þ xyz2 � x2yz� xy2zÞ
þ 2Tð�x2y2 � x2z2 þ y2z2 � xy3 þ yz3 þ xz3 � xyz2 þ xy2zÞ
þ 2ðx3y� x3z� x2yzÞ ðmod 4Þ:

Then, by (1.2.11), we have

iðx; y; zÞ ¼ 1

4

�

R

2

��

D

�

S

2

�2

� A2

�

R

2

�2�

�ð�yzþ 2�Tðy2 � z2ÞÞ�
ðx4 þ x2y2 þ x2z2 þ xyz2 � x2yz� xy2zþ 2ðx3y� x3z� x2yzÞ
þ 2Tð�x2y2 � x2z2 þ y2z2 � xy3 þ yz3 þ xz3 � xyz2 þ xy2zÞÞ

� �ðyzðx4 þ x2y2 þ x2z2 þ xyz2 � x2yz� xy2zÞ
þ 2yzðx3y� x3z� x2yzÞ
þ 2Tyzð�x2y2 � x2z2 þ y2z2 � xy3 þ yz3 þ xz3 � xyz2 þ xy2zÞ
þ 2Tðy2 � z2Þðx4 þ x2y2 þ x2z2 þ xyz2 � x2yz� xy2zÞÞ ðmod 4Þ:
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Now, as

yzðy� zÞ; yzðy2 � z2Þ; ðy2 � z2Þðx4 þ x2y2 þ x2z2Þ
are all even, we have

2Tyzð�x2y2 � x2z2 þ y2z2 � xy3 þ yz3 þ xz3 � xyz2 þ xy2zÞ
¼ ð�2Tx2Þyzðy2 þ z2Þ þ ð2Tyz2Þyzðyþ zÞ � ð2Txy2Þyzðy� zÞ
� ð2Txz2Þyzðy� zÞ

� 0 ðmod 4Þ
and

2Tðy2 � z2Þðx4 þ x2y2 þ x2z2 þ xyz2 � x2yz� xy2zÞ
¼ ð2TÞððy2 � z2Þðx4 þ x2y2 þ x2z2ÞÞ þ ð2Txðz� x� yÞÞððyzÞðy2 � z2ÞÞ
� 0 ðmod 4Þ:

Hence

iðx; y; zÞ� �xyzðx3 þ xy2 þ xz2 þ yz2 � xyz� y2zþ 2x2y� 2x2z� 2xyzÞ
� �xyzðx3 þ 2ðyþ zÞx2 þ ðy2 þ yzþ z2Þxþ ðyz2 � y2zÞÞ
� �xyzððxþ yÞðxþ zÞðxþ yþ zÞ � 2yzðx� yÞÞ
� 0 ðmod 4Þ

as

xyzðxþ yÞðxþ zÞðxþ yþ zÞ� 0 ðmod 4Þ
and

xyðx� yÞ� 0 ðmod 2Þ:
Thus, by (1.2.13), we have 4 j iðKÞ.

This completes the proof of Theorem 1.3.10. &

1.4. Conditions for iðKÞ ¼ 1; 2; 3; 4; 6; 12: Proof of Theorem A. Theorems
1.4.1, 1.4.2 and 1.4.3 are immediate consequences of Theorems 1.3.2, 1.3.9 and 1.3.10.

Theorem 1.4.1.

2 j iðKÞ()A� 1 ðmod 4Þ; B� 1; 2; 3 ðmod 4Þ or

A� 3 ðmod 4Þ:
Theorem 1.4.2.

2 k iðKÞ()A� 1 ðmod 8Þ; B� 4 ðmod 8Þ; or

A� 5 ðmod 8Þ; B� 0 ðmod 8Þ:
Theorem 1.4.3.

3 j iðKÞ()A� 0 ðmod 3Þ or

A� 1 ðmod 3Þ; B� �1 ðmod 3Þ or

A� 2 ðmod 3Þ; C� �1 ðmod 3Þ:
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If D� 1 ðmod 3Þ then

B� 0 ðmod 3Þ; C� �1 ðmod 3Þ or B� �1 ðmod 3Þ; C� 0 ðmod 3Þ;

and if D� 2 ðmod 3Þ then

B� �1 ðmod 3Þ; C� �1 ðmod 3Þ:

Thus Theorem 1.4.3 can be reformulated as

Theorem 1.4.3.

3 j iðKÞ()A� 0 ðmod 3Þ or

A� 1 ðmod 3Þ; B� �1 ðmod 3Þ or

A� 2 ðmod 3Þ; B� 0 ðmod 3Þ or

A� 2 ðmod 3Þ; B� �1 ðmod 3Þ; D� 2 ðmod 3Þ:

Proof of Theorem A. We recall from (1.1.3) that for a cyclic quartic field K we
have iðKÞ ¼ 1, 2, 3, 4, 6 or 12. These possibilities can be recognized as follows:

iðKÞ ¼ 1() 2 j i ðKÞ; 3 j iðKÞ;
iðKÞ ¼ 2() 2 k iðKÞ; 3 j iðKÞ;
iðKÞ ¼ 3() 2 j iðKÞ; 3 j iðKÞ;
iðKÞ ¼ 4() 4 j iðKÞ; 3 j iðKÞ;
iðKÞ ¼ 6() 2 k iðKÞ; 3 j iðKÞ;

iðKÞ ¼ 12() 4 j iðKÞ; 3 j iðKÞ:

Appealing to Theorems 1.3.9, 1.3.10, 1.4.1, 1.4.2 and 1.4.3, we obtain
Theorem A. &

Part 2: Asymptotic Number of Cyclic Quartic Fields
with Discriminant 4 x and Given Index

2.1. Introduction. We define for a positive integer i

Nðx; iÞ ¼ number of cyclic quartic fields K with

dðKÞ4 x and iðKÞ ¼ i: ð2:1:1Þ
By Engstrom’s theorem [2, p. 234] we have

Nðx; iÞ ¼ 0 for i 6¼ 1; 2; 3; 4; 6; 12:

In Section 2.6 we prove the following theorem after some preliminary results in
Sections 2.2–2.5.

Theorem B. For i ¼ 1; 2; 3; 4; 6; 12 we have

Nðx; iÞ ¼ �ix
1
2 þ Oðx1

3log3xÞ;
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where

�1 ¼
1

128�2

	

ð208þ 13
ffiffiffi

2
p
Þcð3=2Þ � ð48� 3

ffiffiffi

2
p
Þcð3=2;�3Þ � 104cð3=2; 8Þ

þ 24cð3=2;�24Þ þ 16
ffiffiffi

2
p



;

�2 ¼
1

32�2
ð13cð3=2Þ þ 13cð3=2; 8Þ � 3cð3=2;�3Þ � 3cð3=2;�24ÞÞ;

�3 ¼
3

128�2

	

ð16þ
ffiffiffi

2
p
Þcð3=2Þ þ ð16�

ffiffiffi

2
p
Þcð3=2;�3Þ � 8cð3=2; 8Þ

� 8cð3=2;�24Þ



;

�4 ¼
1

32�2
ð13cð3=2Þ þ 13cð3=2; 8Þ � 3cð3=2;�3Þ � 3cð3=2;�24ÞÞ;

�6 ¼
3

32�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞ;

�12 ¼
3

32�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞ;

where the constants cð�Þ and cð�;�Þ are defined in (2.3.2) and (2.3.3)
respectively.

We note that

�1 � 0:0970153; �2 � 0:0067627; �3 � 0:0101764;
�4 � 0:0067627; �6 � 0:0006321; �12 � 0:0006321:

2.2. Some estimates involving dðnÞ: In this section we give some estimates for
certain sums involving the divisor function

dðnÞ ¼
X

djn
1;

which will be needed in Section 2.3.

Lemma 2.2.1. Let c1; c2; . . . be a sequence of real numbers and set

CðxÞ ¼
X

n4 x

cn; x5 1: ð2:2:1Þ

Let f ðtÞ be a real-valued function of t which has a continuous derivative for t5 1.
Then for x5 1

X

n4 x

cn f ðnÞ ¼ CðxÞf ðxÞ �
ðx

1

CðtÞf 0ðtÞdt:

Proof. This elementary lemma is well-known, see for example [9, Theorem
421, p. 346]. &

Our next lemma is a simple consequence of Lemma 2.2.1.
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Lemma 2.2.2. Let c1; c2; . . . be a sequence of real numbers and define CðxÞ as
in ð2:2:1Þ. Let f ðtÞ be a real-valued function of t such that

(a) f 0ðtÞ exists and is continuous for t 5 1,
(b) limx!1 CðxÞf ðxÞ ¼ 0,
(c)

Ð1
x

CðtÞf 0ðtÞdt converges for x5 1.

Then for x5 1
X

n> x

cn f ðnÞ ¼ �CðxÞf ðxÞ �
ð1

x

CðtÞf 0ðtÞdt:

Proof. Let x and y be real numbers such that 14 x< y. In view of condition (a)
we can apply Lemma 2.2.1 to obtain

X

n4 x

cn f ðnÞ ¼ CðxÞf ðxÞ �
ðx

1

CðtÞf 0ðtÞdt ð2:2:2Þ

and
X

n4 y

cn f ðnÞ ¼ CðyÞf ðyÞ �
ðy

1

CðtÞf 0ðtÞdt: ð2:2:3Þ

Subtracting (2.2.2) from (2.2.3) we deduce that
X

x< n4 y

cn f ðnÞ ¼ CðyÞf ðyÞ � CðxÞf ðxÞ �
ðy

x

CðtÞf 0ðtÞdt:

Letting y! þ1, in view of conditions (b) and (c), we obtain
X

x< n

cn f ðnÞ ¼ �CðxÞf ðxÞ �
ð1

x

CðtÞf 0ðtÞdt

as asserted. &

Lemma 2.2.3. Let �> 0: Then there exists a positive constant Að�Þ such that

dðnÞ4Að�Þn�

for all positive integers n.

Proof. See [9, Theorem 315, p. 260]. &

Lemma 2.2.4.
X

n4 x

dðnÞ ¼ x log xþ ð2� � 1Þxþ Oðx1
2Þ;

where � is Euler’s constant.

Proof. See [9, Theorem 320, p. 264]. &

Lemma 2.2.5. For � > 1

X

n> x

dðnÞ
n�
¼ O�

�

log x

x��1

�

;

where the constant implied by the O-symbol depends only on �.
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Proof. We choose cn ¼ dðnÞ and f ðtÞ ¼ 1
t�

. With this choice condition (a) of
Lemma 2.2.2 is satisfied. By Lemma 2.2.4 we have

CðxÞ ¼
X

n4 x

dðnÞ ¼ x log xþ ð2� � 1Þxþ Oðx1
2Þ: ð2:2:4Þ

Thus

lim
x!1

CðxÞf ðxÞ ¼ lim
x!1

�

log x

x��1
þ 2� � 1

x��1
þ O

�

1

x��
1
2

��

¼ 0;

as � > 1, so that condition (b) of Lemma 2.2.2 is satisfied. By (2.2.4) we have
CðtÞ ¼ Oðt log tÞ so that

CðtÞf 0ðtÞ ¼ O�

�

log t

ta

�

:

As
Ð1

x
log t
t�

dt converges for �> 1, the integral
Ð1

x
CðtÞf 0ðtÞdt also converges. Thus

condition (c) of Lemma 2.2.2 is satisfied. Now
ð1

x

log t

t�
dt ¼ log x

ð�� 1Þx��1
þ 1

ð�� 1Þ2x��1

so by Lemma 2.2.2 we have

X

n> x

dðnÞ
n�
¼ O

�

log x

x��1

�

þ O�

�

ð1

x

log t

t�
dt

�

¼ O�

�

log x

x��1

�

;

as asserted. &

Lemma 2.2.6.
X

n4 x

d 2ðnÞ ¼ Oðx log3 xÞ:

Proof. See [10, Theorem 5.3, p. 111], [15, p. 175]. &

Lemma 2.2.7. Let � > 0. Then

X

n4 x

d2ðnÞ
n�
¼ O�ðx1�� log3 xÞ; if � 6¼ 1;

Oðlog4 xÞ; if � ¼ 1:

�

Proof. We choose cn ¼ d2ðnÞ and f ðtÞ ¼ 1
t�

. By Lemma 2.2.6 we have
CðxÞ ¼ Oðx log3 xÞ. Appealing to Lemma 2.2.1 we obtain

X

n4 x

d2ðnÞ
n�
¼ Oðx1�� log3 xÞ �

ðx

1

O�

�

log3 t

t�

�

dt:

The asserted result follows as

ðx

1

O�

�

log3 t

t�

�

dt ¼ O�

�
ðx

1

log3 t

t�
dt

�

¼ O�

�

log3 x

ðx

1

dt

t�

�
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and
ðx

1

dt

t�
¼

x1��

1��� 1
1�� ; if � 6¼ 1;

log x; if � ¼ 1:

�

We remark that the case � ¼ 1 of Lemma 2.2.7 is a special case of [10, Theorem
5.3, p. 111]. &

2.3. Further estimates. Throughout this section � denotes a nonsquare integer
such that �� 0 or 1 (mod 4) and ð�

n
Þ ¼ ð�=nÞ is the Legendre-Jacobi-Kronecker

symbol. We define

} ¼ fn2N; n> 1j n ¼ product of distinct primes� 1ðmod 4Þg: ð2:3:1Þ
We emphasize that 1 2=}. We write ‘‘n sqf’’ to indicate that n is squarefree and
‘‘n ¼&’’ to denote that n is a perfect square. As usual p denotes a prime. �ðnÞ is
Euler’s phi function and 	ðnÞ is the M€oobius function.

For � > 1 we have
�

�

�

�

2

p��1ðpþ 1Þ

�

�

�

�

4
2

p�
;

�

�

�

�

2ð�=pÞ
p��1ðpþ 1Þ

�

�

�

�

4
2

p�
;

so that both of the infinite series
X

p� 1ðmod 4Þ

2

p��1ðpþ 1Þ ;
X

p� 1ðmod 4Þ

2ð�=pÞ
p��1ðpþ 1Þ ;

converge absolutely. Hence both of the infinite products
Y

p� 1ðmod 4Þ

�

1þ 2

p��1ðpþ 1Þ

�

;
Y

p� 1ðmod 4Þ

�

1þ 2ð�=pÞ
p��1ðpþ 1Þ

�

;

converge absolutely. We define

cð�Þ ¼
Y

p� 1ðmod 4Þ

�

1þ 2

p��1ðpþ 1Þ

�

� 1; ð2:3:2Þ

and

cð�;�Þ ¼
Y

p� 1ðmod 4Þ

�

1þ 2ð�=pÞ
p��1ðpþ 1Þ

�

� 1: ð2:3:3Þ

We note that if m2N is not divisible by a prime � 1ðmod 4Þ then

cð�;�Þ ¼ cð�;�m2Þ:
Lemma 2.3.1. For � > 1

(a)
X

1

n¼1
n 2 }

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ cð�Þ;

(b)
X

1

n¼1
n 2 }

�

�

n

�

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ cð�;�Þ:
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Before proving Lemma 2.3.1 we note that

0< n�1�ðnÞ
Y

pjn

�

1� 1

p2

��1

4 1 ð2:3:4Þ

for all positive integers n as

�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ n
Y

pjn

�

1� 1

p

��

1� 1

p2

��1

¼ n
Y

pjn

�

1þ 1

p

��1

:

Proof. We treat parts (a) and (b) together. We set

f ðnÞ ¼ 1; part ðaÞ;
	

�
n




; part ðbÞ;

�

ð2:3:5Þ

so that f ðnÞ is a multiplicative function of n satisfying j f ðnÞj4 1 for all n. As
� > 1 we can choose � so that �� 1 > � > 0. Set � ¼ �� � so that � > 1. By
Lemma 2.2.3 we have dðnÞ4Að�Þn�. Then

�

�

�

�

f ðnÞdðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1�
�

�

�

4
Að�Þ
n�

;

so that the infinite series

X

1

n¼1
n 2 }

f ðnÞdðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

converges absolutely. As

f ðnÞdðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

is a multiplicative function of n, we have as 1 2=},

X

1

n¼1
n 2 }

f ðnÞdðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼
Y

p� 1ðmod 4Þ

�

1þ f ðpÞdðpÞp���1�ðpÞ
�

1� 1

p2

��1�

� 1

¼
Y

p� 1ðmod 4Þ

�

1þ 2f ðpÞ
p��1ðpþ 1Þ

�

� 1

¼
cð�Þ; part ðaÞ;
cð�;�Þ; part ðbÞ;

�

as asserted. &
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Lemma 2.3.2. For � > 1

(a)
X

n> x
n 2 }

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ O�

�

log x

x��1

�

;

(b)
X

n> x
n 2 }

�

�

n

�

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ O�

�

log x

x��1

�

:

Proof. We define f ðnÞ as in (2.3.5). By (2.3.4) and Lemma 2.2.5 we have

X

n> x
n 2 }

f ðnÞdðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

4
X

n> x

dðnÞ
n�
¼ O�

�

log x

x��1

�

:

Lemma 2.3.3. For � > 1

(a)
X

n4 x
n 2 }

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ cð�Þ þ O�

�

log x

x��1

�

;

(b)
X

n4 x
n 2 }

�

�

n

�

dðnÞn���1�ðnÞ
Y

pjn

�

1� 1

p2

��1

¼ cð�;�Þ þ O�

�

log x

x��1

�

:

Proof. This follows immediately from Lemmas 2.3.1 and 2.3.2. &

Lemma 2.3.4. Let m be a positive integer. Then

(a)
X

n4 x
n sqf

ðn;mÞ¼1

1 ¼ 6

�2
x
�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

þ O
	

x
1
2dðmÞ




;

(b)
X

n4 x
n sqf

ðn;mÞ¼1

�

�

n

�

¼ O
	

j�jdðmÞx1
2




:

We will use the following two well-known results

X

djn
	ðdÞ ¼ 1; if n ¼ 1;

0; if n> 1;

�

ð2:3:6Þ

and

X

d2jn
	ðdÞ ¼ 1; if n is squarefree;

0; otherwise:

�

ð2:3:7Þ
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Proof. We have by (2.3.7) and (2.3.6)
X

n4 x
n sqf

ðn;mÞ¼1

1 ¼
X

n4 x

ðn;mÞ¼1

X

d2jn
	ðdÞ

¼
X

ad2 4 x

ðad2;mÞ¼1

	ðdÞ

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
X

a4 d�2x

ða;mÞ¼1

1

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
X

a4 d�2x

X

ejða;mÞ
	ðeÞ

¼
X

d 4 x1=2

ðd;mÞ¼1

	ðdÞ
X

ejm
	ðeÞ

X

a4 d�2x

eja

1

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
X

ejm
	ðeÞ

X

b4 d�2e�1x

1

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
X

ejm
	ðeÞ

�

x

d2e

�

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
X

ejm
	ðeÞ

�

x

d2e
þ Oð1Þ

�

¼ x
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
d2

X

ejm

	ðeÞ
e
þ Oðx1

2dðmÞÞ

¼ x
�ðmÞ

m

X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
d2
þ Oðx1

2dðmÞÞ:

Now

X

d 4 x1=2

ðd;mÞ¼1

	ðdÞ
d2
¼

X

d¼1
ðd;mÞ¼1

1 	ðdÞ
d2
�
X

d> x1=2

ðd;mÞ¼1

	ðdÞ
d2

¼
Y

p j m

�

1� 1

p2

�

þ O

�

1

x
1
2

�

¼ 6

�2

Y

pjm

�

1� 1

p2

��1

þ O

�

1

x
1
2

�

:
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Finally

X

n4 x
n sqf

ðn;mÞ¼1

1 ¼ x
�ðmÞ

m

�

6

�2

Y

pjn

�

1� 1

p2

��1

þ O

�

1

x
1
2

��

þ Oðx1
2dðmÞÞ

¼ 6

�2
x
�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

þ Oðx1
2dðmÞÞ:

(b) By (2.3.7) we have

X

n4 x
n sqf

ðn;mÞ¼1

�

�

n

�

¼
X

n4 x

ðn;mÞ¼1

�

�

n

�

X

d2jn
	ðdÞ

¼
X

ad2 4 x

ðad2;mÞ¼1

�

�

ad2

�

	ðdÞ

¼
X

d 4 x
1
2

ðd;mÞ¼1

	ðdÞ
�

�

d2

�

X

a4 x=d2

ða;mÞ¼1

�

�

a

�

¼
X

d 4 x
1
2

ðd;�mÞ¼1

	ðdÞ
X

a4 x=d2

ða;mÞ¼1

�

�

a

�

:

Next, by (2.3.6), we have

X

a4 x=d2

ða;mÞ¼1

�

�

a

�

¼
X

a4 x=d2

�

�

a

�

X

ejða;mÞ
	ðeÞ

¼
X

ejm
	ðeÞ

X

a4 x=d2

eja

�

�

a

�

¼
X

ejm
	ðeÞ

�

�

e

�

X

b4 d�2e�1x

�

�

b

�

:

Now, as
	

�
e




is a character modj�j ([10, Theorem 3.2, p. 305]), we have ([10,
Theorem 2.3, p. 155])

X

b4 d�2e�1x

�

�

b

�

�

�

�

�

�

�

�

�

�

�

4 j�j;
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so that

X

a4 d�2x

ða;mÞ¼1

�

�

a

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

4 j�jdðmÞ

and

X

n4 x
n sqf

ðn;mÞ¼1

�

�

n

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

4 j�jdðmÞx1
2:

This completes the proof of Lemma 2.3.4. &

Lemma 2.3.5. Let m be a positive integer with the following property:

if p j m then p 6� 1 ðmod 4Þ: ð2:3:8Þ

Let � > 1 and set

� ¼ 3; if � 6¼ 2;
4; if � ¼ 2:

�

Then

(a)
X

D4 y

D 2 }

dðDÞ
X

A4 zD��

A sqf

ðA;mDÞ¼1

1 ¼ 6

�2
cð�Þz�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

þO�

�

z log y

y��1

�

þ O�

	

dðmÞz1
2y1��

2 log� y



;

(b)
X

D4 y

D 2 }

�

�

D

�

dðDÞ
X

A4 zD��

A sqf

ðA;mDÞ¼1

1 ¼ 6

�2
cð�;�Þz�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

þO�

�

z log y

y��1

�

þ O�

	

dðmÞz1
2y1��

2 log� y



:

Proof. By (2.3.8) we see that

ðm;DÞ ¼ 1 for all D2}

so that

dðmDÞ ¼ dðmÞdðDÞ for all D2}:
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Thus, for D2}, we have by Lemma 2.3.4 (a)

X

A4 zD��

A sqf

ðA;mDÞ¼1

1 ¼ 6

�2
z
�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

D���1�ðDÞ
Y

pjD

�

1� 1

p2

��1

þ O
	

z
1
2D�

�
2dðmÞdðDÞ




:

(a) Hence

X

D4 y

D 2 }

dðDÞ
X

A4 zD��
1

A sqf

ðA;mDÞ¼1

¼ 6

�2
z
�ðmÞ

m

Y

pjm

�

1� 1

p2

��1
X

D4 y

D 2 }

dðDÞD���1�ðDÞ
Y

pjD

�

1� 1

p2

��1

þ O

�

z
1
2dðmÞ

X

D4 y

d2ðDÞ
D

�
2

�

:

Appealing to Lemma 2.3.3 (a), Lemma 2.2.7 and (2.3.4), we obtain

X

D4 y

D 2 }

dðDÞ
X

A4 zD��

A sqf

ðA;mDÞ¼1

1 ¼ 6

�2
z
�ðmÞ

m

Y

pjm

�

1� 1

p2

��1�

cð�Þ þ O�

�

log y

y��1

��

þ O�

	

z
1
2dðmÞy1��

2 log� y



¼ 6

�2
cð�Þz�ðmÞ

m

Y

pjm

�

1� 1

p2

��1

þ O�

�

z log y

y��1

�

þ O�

	

dðmÞz1
2y1��

2 log� y



:

(b) The proof is exactly the same as for part (a) except that Lemma 2.3.3 (b) is
used in place of Lemma 2.3.3 (a). &

Lemma 2.3.6. Let r and s be real numbers. Let �, �0 be nonsquare integers
such that ��0 is nonsquare and �, �0 � 0; 1 ðmod 4Þ. Then

(a)
X

D4 2�rx
1
3

D 2 }

dðDÞ
�

1�
�

�

D

��

X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1

¼ 4

2s�2
ðcð3=2Þ � cð3=2;�ÞÞx1

2 þ Or;sðx
1
3 log3 xÞ:
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(b)
X

D4 2�rx
1
3

D 2 }

dðDÞ
�

1�
�

�

D

��

X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

¼ 3

2s�2
ðcð3=2Þ � cð3=2;�ÞÞx1

2 þ Or;sðx
1
3 log3 xÞ:

(c)
X

D4x
1
3

D 2 }

dðDÞ
�

1þ
�

�

D

���

1þ
�

�0

D

��

X

14A4x
1
2D
�3

2

Asqf

ðA;6DÞ¼1

1

¼ 3

�2
ðcð3=2Þþcð3=2;�Þþcð3=2;�0Þþcð3=2;��0ÞÞx1

2þOðx1
3log3xÞ:

Proof. (a) Taking

y ¼ 2�rx
1
3; z ¼ 2�sx

1
2; � ¼ 3=2 ðso that � ¼ 3Þ; m ¼ 2;

in Lemma 2.3.5 (a) (b), we obtain
X

D4 2�rx
1
3

D 2 }

dðDÞ
X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1 ¼ 4

2s�2
cð3=2Þx1

2 þ Or;s

	

x
1
3 log3 x




and
X

D4 2�rx
1
3

D 2 }

�

�

D

�

dðDÞ
X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1 ¼ 4

2s�2
cð3=2;�Þx1

2 þ Or;s

	

x
1
3 log3 x




:

Adding and subtracting these equations, we obtain the asserted result.
(b) Taking

y ¼ 2�rx
1
3; z ¼ 2�sx

1
2; � ¼ 3=2; m ¼ 6;

in Lemma 2.3.5 (a) (b), we obtain in a similar manner the result of part (b).
(c) Taking

y ¼ x
1
3; z ¼ x

1
2; � ¼ 3=2; m ¼ 6;

in Lemma 2.3.5 (a) and in Lemma 2.3.5 (b) for �, �0 and ��0 and adding the
resulting equations, we obtain the result of part (c). &

Lemma 2.3.7. Let r and s be real numbers. Let m be a positive integer and let
� be a nonsquare integer � 0 or 1 ðmod 4Þ. Then

X

D4 2�rx
1
3

dðDÞ
�

�

�

�

X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;mDÞ¼1

�

�

A

�
�

�

�

�

¼ O�;m;r;sðx
1
3 log3 xÞ:
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Proof. By Lemma 2.3.4 (b) we have

X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;mDÞ¼1

�

�

A

�

¼ Oðj�jdðmDÞ2�s
2x

1
4D�

3
4Þ ¼ O�;m;sðx

1
4dðDÞD�3

4Þ;

as dðmDÞ4 dðmÞdðDÞ ([10, Theorem 5.1, p. 111]). Then, appealing to Lemma
2.2.7 with � ¼ 3

4
, we obtain

X

D4 2�rx
1
3

dðDÞ
X

14A4 2�sx
1
2D
�3

2

A sqf

ðA;mDÞ¼1

�

�

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

¼ O�;m;s x
1
4

X

D4 2�rx
1
3

d2ðDÞ
D

3
4

0

@

1

A

¼ O�;m;r;sðx
1
3 log3 xÞ;

as asserted. &

2.4. Representations by binary quadratic forms. A binary quadratic form is
an expression of the type ax2 þ bxyþ cy2, where a, b, c are real numbers. We write
ða; b; cÞ for ax2 þ bxyþ cy2. The discriminant d of ða; b; cÞ is the real number
d ¼ b2 � 4ac. The binary quadratic form ða; b; cÞ is said to be integral if a, b, c are
integers in which case d is an integer � 0 or 1 ðmod 4Þ. An integral binary quadratic
form is said to be primitive if gcdða; b; cÞ ¼ 1. A binary quadratic form is said to be
positive-definite if it only assumes positive values for ðx; yÞð6¼ ð0; 0ÞÞ2R2, equiva-
lently a> 0 and d< 0. By a form we shall mean a positive-definite primitive integral
binary quadratic form. Two forms ða; b; cÞ and ðA; B; CÞ are said to be equivalent if
there exist p, q, r, s 2Z with ps� qr ¼ 1 such that

ax2 þ bxyþ cy2 ¼ Aðpxþ qyÞ2 þ Bðpxþ qyÞðrxþ syÞ þ Cðrxþ syÞ2:
Equivalent forms have the same discriminant. The positive integer n is said to be
represented by the form ða; b; cÞ if there exist x, y 2Z such that n ¼ ax2 þ bxyþ
cy2. Equivalent forms represent the same positive integers. A form ða; b; cÞ is said
to be reduced [1, p. 68] if

�a< b4 a4 c with b5 0 if a ¼ c:

A classical result of Gauss asserts that every form is equivalent to one and only one
reduced form [1, p. 71]. We denote the finite set of reduced forms of discriminant d
by HðdÞ. We also set

Nða; b; cÞðnÞ ¼ number of ðx; yÞ2Z2 such that n ¼ ax2 þ bxyþ cy2:

Dirichlet has evaluated the sum
X

ða; b; cÞ 2HðdÞ
Nða;b;cÞðnÞ:
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Theorem 2.4.1. (Dirichlet) If ðn; dÞ ¼ 1 then

X

ða; b; cÞ 2HðdÞ
Nða; b; cÞðnÞ ¼ wðdÞ

X

kjn

�

d

k

�

;

where

wðdÞ ¼
6; if d ¼ �3;
4; if d ¼ �4;
2; if d< � 4:

8

<

:

Proof. A proof of Dirichlet’s theorem can be found for example in [1, Theorem
64, p. 78], [10, Theorem 4.1, p. 307], see also [12]. &

We now derive from Theorem 2.4.1 the results that we shall need for discri-
minants �36, �64, �144, �256, �576 and �2304. As the proofs are very
similar we just prove the results for discriminants �36 and �2304.

Lemma 2.4.2. Let D be a positive integer such that D2} and D� 2 ðmod 3Þ.
Then

Nð1; 0; 9Þð2DÞ ¼ Nð2; 2; 5ÞðDÞ ¼ 2dðDÞ:
Lemma 2.4.3. Let D be a positive integer such that D2} and D� 1 ðmod 8Þ.

Then

Nð1; 0; 16ÞðDÞ ¼ 2dðDÞ:
Lemma 2.4.4. Let D be a positive integer such that D2} and D� 1 ðmod 3Þ.

Then

Nð1; 0; 36ÞðDÞ þ Nð4; 0; 9ÞðDÞ ¼ 2dðDÞ:
Lemma 2.4.5. Let D be a positive integer such that D2} and D� 1 ðmod 8Þ.

Then

Nð1; 0; 64ÞðDÞ þ Nð4; 4; 17ÞðDÞ ¼ 2dðDÞ:
Lemma 2.4.6. Let D be a positive integer such that D2} and D� 1 ðmod 3Þ.

Then

Nð1; 0; 144ÞðDÞ þ Nð4; 4; 37ÞðDÞ þ Nð9; 0; 16ÞðDÞ þ Nð13; 10; 13ÞðDÞ ¼ 2dðDÞ:
If in addition D� 1 ðmod 8Þ then

Nð1; 0; 144ÞðDÞ þ Nð9; 0; 16ÞðDÞ ¼ 2dðDÞ:
Lemma 2.4.7. Let D be a positive integer such that D2} and D� 1 ðmod 24Þ.

Then

Nð1; 0; 576ÞðDÞ þ Nð4; 4; 145ÞðDÞ þ Nð9; 0; 64ÞðDÞ þ Nð25; 14; 25ÞðDÞ ¼ 2dðDÞ:
Proof of Lemma 2.4.2. Let

A ¼ fðx; yÞ2Z2 j 2D ¼ x2 þ 9y2g
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and

B ¼ fðx; yÞ2Z2 j D ¼ 2x2 þ 2xyþ 5y2g:
The mapping f : A! B given by

f ððx; yÞÞ ¼
�

x� y

2
; y

�

is a bijection. Hence

Nð1; 0; 9Þð2DÞ ¼ Nð2; 2; 5ÞðDÞ:
The set of reduced forms of discriminant �36 is

Hð�36Þ ¼ fð1; 0; 9Þ; ð2; 2; 5Þg:
Let n be a positive integer with ðn;�36Þ ¼ 1. Then, by Theorem 2.4.1, we have

Nð1; 0; 9ÞðnÞ þ Nð2; 2; 5ÞðnÞ ¼ 2
X

kjn

�

�36

k

�

:

Now

x2 þ 9y2� x2� 0 or 1 ðmod 3Þ
so that the form ð1; 0; 9Þ does not represent integers � 2 ðmod 3Þ. Hence

Nð1; 0; 9ÞðDÞ ¼ 0

and so

Nð2; 2; 5ÞðDÞ ¼ 2
X

kjD

�

�36

k

�

:

Now D is a product of distinct primes � 1 ðmod 4Þ so that

X

kjD

�

�36

k

�

¼
X

kjD

�

�2232

k

�

¼
X

kjD

�

�1

k

�

¼
X

kjD
1 ¼ dðDÞ:

Hence

Nð2; 2; 5ÞðDÞ ¼ 2dðDÞ;
as asserted. &

Proof of Lemma 2.4.7. The set of reduced forms of discriminant �2304 is

Hð�2304Þ ¼ fð1; 0; 576Þ; ð4; 4; 145Þ; ð5; 4; 116Þ; ð5; �4; 116Þ;
ð9; 0; 64Þ; ð9; 6; 65Þ; ð9; �6; 65Þ; ð13; 6; 45Þ;
ð13; �6; 45Þ; ð16; 8; 37Þ; ð16; �8; 37Þ; ð17; 12; 36Þ;
ð17; �12; 36Þ; ð20; 4; 29Þ; ð20; �4; 29Þ; ð25; 14; 25Þg:

Let n be a positive integer satisfying ðn;�2304Þ ¼ 1. Then, by Theorem 2.4.1, we
obtain

Nð1; 0; 576ÞðnÞ þ Nð4; 4; 145ÞðnÞ þ � � � þ Nð25; 14; 25ÞðnÞ ¼ 2
X

kjn

�

�2304

k

�

:
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Clearly

9x2 � 6xyþ 65y2� 0; 2 ðmod 3Þ;
17x2 � 12xyþ 36y2� 0; 2 ðmod 3Þ;

5x2 � 4xyþ 116y2� 1

5
ðð5x� 2yÞ2 þ 576y2Þ� 0; 2 ðmod 3Þ;

20x2 � 4xyþ 29y2� 1

5
ðð10x� yÞ2 þ 144y2Þ� 0; 2 ðmod 3Þ;

so that none of these forms represents an integer � 1 ðmod 3Þ. Hence

Nð9; �6; 65ÞðDÞ ¼ Nð17; �12; 36ÞðDÞ ¼ Nð5; �4; 116ÞðDÞ ¼ Nð20; �4; 29ÞðDÞ ¼ 0:

Also

16x2 � 8xyþ 37y2� 0; 4; 5 ðmod 8Þ;

13x2 � 6xyþ 45y2� 1

5
ððx� 15yÞ2 þ 64x2Þ� 0; 4; 5 ðmod 8Þ;

so that none of these forms represents an integer � 1 ðmod 8Þ. Hence

Nð16; �8; 37ÞðDÞ ¼ Nð13; �6; 45ÞðDÞ ¼ 0:

Thus

Nð1; 0; 576ÞðDÞ þ Nð4; 4; 145ÞðDÞ þ Nð9; 0; 64ÞðDÞ þ Nð25; 14; 25ÞðDÞ ¼ 2
X

kjD

�

�2304

k

�

:

As D is a product of distinct primes � 1 ðmod 4Þ, we have

X

kjD

�

�2304

k

�

¼
X

kjD

�

�2832

k

�

¼
X

kjD

�

�1

k

�

¼
X

kjD
1 ¼ dðDÞ:

Finally

Nð1; 0; 576ÞðDÞ þ Nð4; 4; 145ÞðDÞ þ Nð9; 0; 64ÞðDÞ þ Nð25; 14; 25ÞðDÞ ¼ 2dðDÞ;
as asserted. &

2.5. Number of cyclic quartic fields with discriminant 4 x and index
divisible by 2; 3; 4; 6 or 12: Let a and b be integers with 04 a< b. We define
for x> 0

Nðx; a; bÞ ¼ number of cyclic quartic fields K with

dðKÞ4 x and iðKÞ� a ðmod bÞ: ð2:5:1Þ
First we determine an asymptotic formula for Nðx; 0; 2Þ valid for large x.

Theorem 2.5.1.

Nðx; 0; 2Þ ¼ 1

�2
ðcð3=2Þ þ cð3=2; 8ÞÞx1

2 þ Oðx1
3 log3 xÞ;

where cð�Þ and cð�;�Þ are defined in (2.3.2) and (2.3.3) respectively.
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Proof. By (1.2.1)–(1.2.6) and Theorem 1.3.2 we have

Nðx; 0; 2Þ ¼ number of ðA;B;DÞ2Z�N�N such that

A2D3 4 x

A� 1 ðmod 4Þ; B� 0 ðmod 4Þ
A sqf

B5 1; D5 2; D sqf

D� B2 ¼&

ðA;DÞ ¼ 1

so that

Nðx; 0; 2Þ ¼
X

24D4 x
1
3

D sqf

X

jAj4 x
1
2D
�3

2

A� 1ðmod 4Þ
A sqf

ðA;DÞ¼1

X

B> 0
B� 0ðmod 4Þ

D�B2¼&

1:

As D5 2 is squarefree and D ¼ B2 þ C2 with B� 0 (mod 4) and C odd, we see
that D2} and D� 1 (mod 8) so that

Nðx; 0; 2Þ ¼
X

D4 x
1
3

D 2 }
D� 1ðmod 8Þ

X

jAj4 x
1
2D
�3

2

A� 1ðmod 4Þ
A sqf

ðA;DÞ¼1

X

B> 0
B� 0ðmod 4Þ

D�B2¼&

1:

Next
X

B> 0
B� 0ðmod 4Þ

D�B2¼&

1 ¼
X

B> 0

D�16B2¼&

1 ¼
X

B< 0

D�16B2¼&

1

¼ 1
2

X

B 6¼ 0

D�16B2¼&

1 ¼ 1
2

X

B
D�16B2¼&

1

¼ 1
4

X

B;C

D�16B2¼C2

1 ¼ 1
4

Nð1;0;16ÞðDÞ

¼ 1
2

dðDÞ;
by Lemma 2.4.2. Thus

Nðx; 0; 2Þ ¼ 1

2

X

D4 x
1
3

D 2 }
D� 1ðmod 8Þ

dðDÞ
X

jAj4 x
1
2D
�3

2

A� 1 ðmod 4Þ
A sqf

ðA;DÞ¼1

1:
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For A odd, exactly one of A and �A is � 1 ðmod 4Þ, so that

Nðx; 0; 2Þ ¼ 1

2

X

D4 x
1
3

D 2 }
D� 1ðmod 8Þ

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1:

For D2} we have D� 1 ðmod 4Þ and
�

8

D

�

¼
�

2

D

�

¼ 1; if D� 1 ðmod 8Þ;
�1; if D� 5 ðmod 8Þ;

�

so that

Nðx; 0; 2Þ ¼ 1

4

X

D4 x
1
3

D 2 }

dðDÞ
�

1þ
�

8

D

��

X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1:

Appealing to Lemma 2.3.6 (a) (with r ¼ 0, s ¼ 0 and � ¼ 8), we obtain

Nðx; 0; 2Þ ¼ 1

�2
ðcð3=2Þ þ cð3=2; 8ÞÞx1

2 þ Oðx1
3 log3 xÞ;

as asserted. &

Next we determine an asymptotic formula for Nðx; 0; 3Þ.
Theorem 2.5.2.

Nðx; 0; 3Þ ¼ 3

128�2
ðð24þ

ffiffiffi

2
p
Þcð3=2Þ þ ð24�

ffiffiffi

2
p
Þcð3=2;�3ÞÞx1

2

þ Oðx1
3 log3 xÞ:

Proof. By (1.2.1)–(1.2.6) and Theorem 1.3.9 we have

Nðx; 0; 3Þ ¼ number ofðA; B; DÞ2Z�N�N such that

2�A2D3 4 x with � given by ð1:2:6Þ;
A sqf and odd;

B5 1; D5 2; D sqf;

D� B2 ¼&;

ðA;DÞ ¼ 1;

A� 1 ðmod 3Þ; B� 0 ðmod 3Þ; or

A� 2 ðmod 3Þ; D� B2� 0 ðmod 9Þ:
We observe that D ¼ 2 does not contribute to Nðx; 0; 3Þ. Taking the four possibi-
lities for � (¼ 0; 4; 6; 8Þ together with the two possibilities A� 1 ðmod 3Þ, B�
0 ðmod 3Þ and A� 2 ðmod 3Þ, D� B2� 0 ðmod 9Þ, we can express Nðx; 0; 3Þ as the
sum of eight subsums as follows:

Nðx; 0; 3Þ ¼
X

8

i¼1

Si;
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where

S1 ¼
X

24D4 x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 1 ðmod 3Þ

X

B> 0

D�B2¼&
B� 0 ðmod 2Þ
B� 0 ðmod 3Þ

B� 1�A ðmod 4Þ

1;

S2 ¼
X

24D4 x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 2 ðmod 3Þ

X

B> 0

D�B2¼&� 0 ðmod 9Þ
B� 0 ðmod 2Þ

B� 1�A ðmod 4Þ

1;

S3 ¼
X

24D4 2
�4

3x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2�2x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 1 ðmod 3Þ

X

B> 0

D�B2¼&
B� 0 ðmod 2Þ
B� 0 ðmod 3Þ

B� 3�A ðmod 4Þ

1;

S4 ¼
X

24D4 2
�4

3x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2�2x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 2 ðmod 3Þ

X

B> 0

D�B2¼&� 0 ðmod 9Þ
B� 0 ðmod 2Þ

B� 3�Aðmod 4Þ

1;

S5 ¼
X

24D4 2�2x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2�3x
1
2D
�3

2

Asqf

ðA;2DÞ¼1

A� 1 ðmod 3Þ

X

B> 0

D�B2¼&� 0 ðmod 4Þ
B� 1 ðmod 2Þ
B� 0 ðmod 3Þ

1;

S6 ¼
X

24D4 2�2x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2�3x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 2 ðmod 3Þ

X

B> 0

D�B2¼&� 0 ðmod 36Þ
B� 1 ðmod 2Þ

1;

S7 ¼
X

24D4 2
�11

3 x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2
�11

2 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 1 ðmod 3Þ

X

B> 0

2D�B2¼&
B� 0 ðmod 3Þ

1;

S8 ¼
X

24D4 2
�11

3 x
1
3

D sqf

D� 1 ðmod 2Þ

X

jAj4 2
�11

2 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

A� 2 ðmod 3Þ

X

B> 0

2D�B2¼&� 0 ðmod 9Þ

1;

where in the sums S7 and S8 we replaced D by 2D.
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Next we examine the inner sums over B for each of S1; . . . ; S8. First we
consider the inner sum for S1.

X

B> 0

D�B2¼&
B� 0 ðmod 2Þ
B� 0 ðmod 3Þ

B� 1�A ðmod 4Þ

1 ¼ 1

4

X

B;C

D¼C2þ36B2

6B� 1�A ðmod 4Þ

1

¼

1
4

P

B;C

D¼C2þ144B2

1; A� 1 ðmod 4Þ;

1
4

P

B;C

D¼C2þ36B2

B� 1 ðmod 2Þ

1; A� 3 ðmod 4Þ:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

For the sum S1 we have D� 1 ðmod 2Þ so that C� 1 ðmod 2Þ. Thus, in the case
A� 3 ðmod 4Þ, we have B�C� 1 ðmod 2Þ, so that there exists an integer X such
that C ¼ Bþ 2X. Then

X

B;C

D¼C2þ36B2

B � 1 ðmod 2Þ

1 ¼
X

B;X

D¼ 4X2þ4XBþ37B2

1 ¼ Nð4; 4; 37ÞðDÞ:

Hence

X

B> 0

D�B2¼&
B� 0 ðmod 2Þ
B� 0 ðmod 3Þ

B� 1�A ðmod 4Þ

1 ¼
1
4

Nð1; 0; 144ÞðDÞ; A� 1 ðmod 4Þ;
1
4

Nð4; 4; 37ÞðDÞ; A� 3 ðmod 4Þ:

�

Similarly for the inner sum of S2 we find that

X

B> 0

D�B2¼&� 0 ðmod 9Þ
B� 0 ðmod 2Þ

B� 1�A ðmod 4Þ

1 ¼
1
4

Nð9; 0; 16ÞðDÞ; A� 1 ðmod 4Þ;
1
4

Nð13; 10; 13ÞðDÞ; A� 3 ðmod 4Þ;

�

for the inner sum of S3

X

B> 0

D�B2¼&
B� 0 ðmod 2Þ
B� 0 ðmod 3Þ

B� 3�A ðmod 4Þ

1 ¼
1
4

Nð4; 4; 37ÞðDÞ; A� 1 ðmod 4Þ;
1
4

Nð1; 0; 144ÞðDÞ; A� 3 ðmod 4Þ;

�
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for the inner sum of S4

X

B> 0

D�B2¼&� 0 ðmod 9Þ
B� 0 ðmod 2Þ

B� 3�A ðmod 4Þ

1 ¼
1
4

Nð13; 10; 13ÞðDÞ; A� 1 ðmod 4Þ;
1
4

Nð9; 0; 16ÞðDÞ; A� 3 ðmod 4Þ;

�

for the inner sum of S5

X

B> 0

D�B2¼&� 0 ðmod 4Þ
B� 1 ðmod 2Þ
B� 0 ðmod 3Þ

1 ¼ 1

4
Nð4; 0; 9ÞðDÞ;

for the inner sum of S6

X

B> 0

D�B2¼&� 0 ðmod 36Þ
B� 1 ðmod 2Þ

1 ¼ 1

4
Nð1; 0; 36ÞðDÞ;

for the inner sum of S7

X

B> 0

2D�B2¼&
B� 0 ðmod 3Þ

1 ¼ 1

4
Nð1; 0; 9Þð2DÞ;

and for the inner sum of S8

X

B> 0

2D�B2¼&� 0 ðmod 9Þ

1 ¼ 1

4
Nð1; 0; 9Þð2DÞ:

Thus

S1 ¼
1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð1; 0; 144ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �1 ðmod 12Þ

1þ Nð4; 4; 37ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �5 ðmod 12Þ

1

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;
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S2 ¼
1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð9; 0; 16ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �5 ðmod 12Þ

1þ Nð13; 10; 13ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �1 ðmod 12Þ

1

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;

S3 ¼
1

4

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð4; 4; 37ÞðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �1 ðmod 12Þ

1þ Nð1; 0; 144ÞðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �5 ðmod 12Þ

1

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;

S4 ¼
1

4

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð13; 10; 13ÞðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �5 ðmod 12Þ

1þ Nð9; 0; 16ÞðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

A� �1 ðmod 12Þ

1

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;

S5 ¼
1

4

X

D4 2�2x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð4; 0; 9ÞðDÞ
X

14A4 2�3x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1;

S6 ¼
1

4

X

D4 2�2x
1
3

D 2 }
D� 1 ðmod 3Þ

Nð1; 0; 36ÞðDÞ
X

14A4 2�3x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1;

S7 ¼
1

4

X

D4 2
�11

3 x
1
3

D 2 }
D� 2 ðmod 3Þ

Nð1; 0; 9Þð2DÞ
X

14A4 2�11=2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1;

S8 ¼
1

4

X

D4 2
�11

3 x
1
3

D 2 }
D� 2 ðmod 3Þ

Nð1; 0; 9Þð2DÞ
X

14A4 2�11=2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1:
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Now we determine S1 þ S2. We have for ðA; 6Þ ¼ 1

A� � 1ðmod 12Þ()
�

12

A

�

¼ 1; A� �5ðmod 12Þ()
�

12

A

�

¼ �1;

so that

S1 þ S2 ¼
1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1þ
�

12

A

��

þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð4; 4; 37ÞðDÞ þ Nð9; 0; 16ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1�
�

12

A

��

¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞ

þ Nð4; 4; 37ÞðDÞ þ Nð9; 0; 16ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞ

� Nð4; 4; 37ÞðDÞ � Nð9; 0; 16ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

:

Appealing to Lemma 2.4.3, we obtain

S1 þ S2 ¼
1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 3Þ

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1þ E1 2;

¼ 1

8

X

D4 x
1
3

D 2 }

dðDÞ
�

1þ
�

�3

D

��

X

14A4 x
1
2D
�3

2

Asqf

ðA;6DÞ¼1

1þ E1 2;
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where

E1 2 ¼ O
X

D4 x1=3

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

:

Then, appealing to Lemma 2.3.6 (b) (with r ¼ s ¼ 0 and � ¼ �3) and Lemma
2.3.7 (with r ¼ s ¼ 0, m ¼ 6 and � ¼ 12), we deduce that

S1 þ S2 ¼
3

8�2
ðcð3=2Þ þ cð3=2;�3ÞÞx1

2 þ Oðx1
3 log3 xÞ:

Next we determine S3 þ S4. We have

S3 þ S4 ¼
1

8

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð4; 4; 37ÞðDÞ þ Nð9; 0; 16ÞðDÞÞ

�
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1þ
�

12

A

��

þ 1

8

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞÞ

�
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1�
�

12

A

��

¼ 1

8

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞ

þ Nð4; 4; 37ÞðDÞ þ Nð9; 0; 16ÞðDÞÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1
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� 1

8

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 144ÞðDÞ þ Nð13; 10; 13ÞðDÞ

� Nð4; 4; 37ÞðDÞ � Nð9; 0; 16ÞðDÞÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

:

Appealing to Lemma 2.4.3, we obtain

S3 þ S4 ¼
1

4

X

D4 2
�4

3x
1
3

D 2 }
D� 1 ðmod 3Þ

dðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1þ E3 4;

¼ 1

8

X

D4 2
�4

3x
1
3

D 2 }

dðDÞ
�

1þ
�

�3

D

��

X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1þ E3 4;

where

E3 4 ¼ O
X

D4 2
�4

3x1=3

dðDÞ
X

14A4 2�2x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

:

Then, appealing to Lemma 2.3.6 (b) (with r ¼ 4=3, s ¼ 2 and � ¼ �3) and
Lemma 2.3.7 (with r ¼ 4=3, s ¼ 2, m ¼ 6 and � ¼ 12), we deduce that

S3 þ S4 ¼
3

32�2
ðcð3=2Þ þ cð3=2;�3ÞÞx1

2 þ Oðx1
3 log3 xÞ:

Now we turn to S5 þ S6. We have

S5 þ S6 ¼
1

4

X

D4 2�2x
1
3

D 2 }
D� 1 ðmod 3Þ

ðNð1; 0; 36ÞðDÞ þ Nð4; 0; 9ÞðDÞÞ
X

14A4 2�3x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1:

Appealing to Lemma 2.4.4, we obtain

S5 þ S6 ¼
1

2

X

D4 2�2x
1
3

D 2 }
D� 1 ðmod 3Þ

dðDÞ
X

14A4 2�3x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1
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¼ 1

4

X

D4 2�2x
1
3

D 2 }

dðDÞ
�

1þ
�

�3

D

��

X

14A4 2�3x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1:

Then, appealing to Lemma 2.3.6 (b) (with r ¼ 2, s ¼ 3 and � ¼ �3), we deduce
that

S5 þ S6 ¼
3

32�2
ðcð3=2Þ þ cð3=2;�3ÞÞx1

2 þ Oðx1
3 log3 xÞ:

Finally we consider S7 þ S8. We have

S7 þ S8 ¼
1

2

X

D4 2
�11

3 x
1
3

D 2 }
D� 2 ðmod 3Þ

Nð1; 0; 9Þð2DÞ
X

14A4 2
�11

2 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1:

Appealing to Lemma 2.4.5, we obtain

S7 þ S8 ¼
X

D4 2
�11

3 x
1
3

D 2 }
D� 2 ðmod 3Þ

dðDÞ
X

14A4 2
�11

3 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

¼ 1

2

X

D4 2
�11

3 x
1
3

D 2 }

dðDÞ
�

1�
�

�3

D

��

X

14A4 2
�11

3 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1:

Appealing to Lemma 2.3.6 (b) (with r ¼ 11=3, s ¼ 11=2 and � ¼ �3Þ, we
obtain

S7 þ S8 ¼
3

2
13
2 �2
ðcð3=2Þ � cð3=2;�3ÞÞx1

2 þ Oðx1
3 log3 xÞ:

Finally

Nðx;0;3Þ ¼ ðS1 þ S2Þ þ ðS3 þ S4Þ þ ðS5 þ S6Þ þ ðS7 þ S8Þ

¼ x
1
2

�

3

8�2
ðcð3=2Þ þ cð3=2;�3ÞÞ þ 3

32�2
ðcð3=2Þ þ cð3=2;�3ÞÞ

þ 3

32�2
ðcð3=2Þ þ cð3=2;�3ÞÞ þ 3

64
ffiffiffi

2
p

�2
ðcð3=2Þ � cð3=2;�3ÞÞ

�

þOðx1
3 log3 xÞ

¼ x
1
2

�

3ð24þ
ffiffiffi

2
p
Þ

128�2
cð3=2Þ þ 3ð24�

ffiffiffi

2
p
Þ

128�2
cð3=2;�3Þ

�

þOðx1
3 log3 xÞ;

as asserted. &

Our next goal is to determine an asymptotic formula for Nðx; 0; 4Þ.
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Theorem 2.5.3.

Nðx; 0; 4Þ ¼ 1

2�2
ðcð3=2Þ þ cð3=2; 8ÞÞx1

2 þ Oðx1
3 log3 xÞ:

Proof. By (1.2.1)–(1.2.6) and Theorem 1.3.10 we have

Nðx; 0; 4Þ ¼ number of ðA; B; DÞ2Z�N�N such that

A2D3 4 x;
A� 1 ðmod 8Þ; B� 0 ðmod 8Þor

A� 5 ðmod 8Þ; B� 4 ðmod 8Þ;
A sqf;
B5 1; D5 2; D sqf;
D� B2 ¼&;
ðA;DÞ ¼ 1;

so that

Nðx; 0; 4Þ ¼
X

24D4 x
1
3

D sqf

D� 1 ðmod 8Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 8Þ
ðA;DÞ¼1

X

B> 0

D�B2¼&
B� 0 ðmod 8Þ

1

þ
X

24D4 x
1
3

D sqf

D� 1 ðmod 8Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 5 ðmod 8Þ
ðA;DÞ¼1

X

B> 0

D�B2¼&
B� 4 ðmod 8Þ

1:

First we examine the inner sums over B. We have
X

B> 0

D�B2¼&
B� 0 ðmod 8Þ

1 ¼
X

B> 0

D�64B2¼&

1 ¼ 1
2

X

B
D�64B2¼&

1

¼ 1
4

X

B;C

D�64B2¼C2

1 ¼ 1
4

Nð1; 0; 64ÞðDÞ;

and (remembering that D is squarefree and odd)

X

B> 0
B� 4 ðmod 8Þ

D�B2¼&

1 ¼ 1
2

X

B
B� 4 ðmod 8Þ

D�B2¼&

1 ¼ 1
4

X

B;C

B� 4 ðmod 8Þ
D¼B2þC2

1

¼ 1
4

X

B;C

B� 1 ðmod 2Þ
D¼16B2þC2

1 ¼ 1
4

X

B;C

B�C� 1 ðmod 2Þ
D¼16B2þC2

1
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¼ 1
4

X

B;X

B� 1 ðmod 2Þ
D¼ 16B2þðBþ2XÞ2

1 ¼ 1
4

X

B;X

B� 1 ðmod 2Þ
D¼ 4X2þ4XBþ17B2

1

¼ 1
4

X

B;X

D¼ 4X2þ4XBþ17B2

1 ¼ 1
4

Nð4; 4; 17ÞðDÞ:

Hence

Nðx; 0; 4Þ ¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð1; 0; 64ÞðDÞ
X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 8Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð4; 4; 17ÞðDÞ
X

jAj4 x
1
2D
�3

2

A sqf

A� 5 ðmod 8Þ
ðA;DÞ¼1

1

¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð1; 0; 64ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �1 ðmod 8Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð4; 4; 17ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �3 ðmod 8Þ
ðA;DÞ¼1

1

¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð1; 0; 64ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

�

1þ
�

8

A

��

þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

Nð4; 4; 17ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

�

1�
�

8

A

��

¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

ðNð1; 0; 64ÞðDÞ þ Nð4; 4; 17ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1
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þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

ðNð1; 0; 64ÞðDÞ � Nð4; 4; 17ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

�

8

A

�

:

Appealing to Lemma 2.4.6, we obtain

Nðx; 0; 4Þ ¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1

þ O
X

D4 x
1
3

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

�

8

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

¼ 1

8

X

D4 x
1
3

D 2 }

dðDÞ
�

1þ
�

8

D

��

X

14A4 x
1
2D
�3

2

A sqf

ðA;2DÞ¼1

1þ Oðx1
3 log3 xÞ;

by Lemma 2.3.7 (with r ¼ 0, s ¼ 0, m ¼ 2 and � ¼ 8). Then, appealing to
Lemma 2.3.6 (a) (with r ¼ s ¼ 0 and � ¼ 8), we obtain

Nðx; 0; 4Þ ¼ 1

2�2
ðcð3=2Þ þ cð3=2; 8ÞÞx1

2 þ Oðx1
3 log3 xÞ;

as asserted. &

Next we turn to the evaluation of Nðx; 0; 6Þ.
Theorem 2.5.4.

Nðx; 0; 6Þ ¼ 3

16�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞx1

2

þ Oðx1
3 log3 xÞ:

Proof. By (1.2.1)–(1.2.6), Theorem 1.3.2 and Theorem 1.3.9, we have

Nðx; 0; 6Þ ¼ number ofðA; B; DÞ2Z�N�N

such that

A2D3 4 x;

A� 1 ðmod 4Þ; B� 0 ðmod 4Þ;
A� 1 ðmod 3Þ; B� 0 ðmod 3Þor

A� 2 ðmod 3Þ; D� B2� 0 ðmod 9Þ;
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A sqf;

B5 1; D5 2; D sqf;

D� B2 ¼&;

ðA;DÞ ¼ 1;

so that

Nðx; 0; 6Þ ¼
X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ
D� 1 ðmod 3Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 4Þ
A� 1 ðmod 3Þ
ðA;DÞ¼1

X

B> 0
B� 0 ðmod 4Þ
B� 0 ðmod 3Þ

D�B2¼&

1

þ
X

D4 x
1
3

D 2 }
D� 1 ðmod 8Þ
D� 1 ðmod 3Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 4Þ
A� 2 ðmod 3Þ
ðA;DÞ¼1

X

B> 0
B� 0 ðmod 4Þ

D�B2¼&� 0 ðmod 9Þ

1:

Examining the inner sums over B, we obtain
X

B> 0
B� 0 ðmod 12Þ

D�B2¼&

1 ¼
X

B> 0

D�144B2¼&

1¼ 1
2

X

B
D�144B2¼&

1

¼ 1
4

X

B;C

D� 144B2 ¼C2

1¼ 1
4

Nð1; 0; 144ÞðDÞ

and
X

B> 0
B� 0 ðmod 4Þ

D�B2¼&� 0 ðmod 9Þ

1 ¼
X

B> 0

D�16B2¼9&

1 ¼ 1
2

X

B
D�16B2¼9&

1

¼ 1
4

X

B;C

D�16B2 ¼ 9C2

1¼ 1
4

Nð9; 0; 16ÞðDÞ:

Hence

Nðx; 0; 6Þ ¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð1; 0; 144ÞðDÞ
X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 12Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð9; 0; 16ÞðDÞ
X

jAj4 x
1
2D
�3

2

A sqf

A� 5 ðmod 12Þ
ðA;DÞ¼1

1
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¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð1; 0; 144ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �1 ðmod 12Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð9; 0; 16ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �5 ðmod 12Þ
ðA;DÞ¼1

1

¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð1; 0; 144ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1þ
�

12

A

��

þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð9; 0; 16ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1�
�

12

A

��

¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

ðNð1; 0; 144ÞðDÞ þ Nð9; 0; 16ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

ðNð1; 0; 144ÞðDÞ � Nð9; 0; 16ÞðDÞÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

:

Appealing to Lemma 2.4.3, we deduce

Nðx; 0; 6Þ ¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ O

�

X

D4 x
1
3

dðDÞ
�

�

�

�

X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�
�

�

�

�

�

:

Then, appealing to Lemma 2.3.7 (with r ¼ 0, s ¼ 0, m ¼ 6 and � ¼ 12Þ, we obtain

Nðx;0;6Þ ¼ 1

16

X

D4x
1
3

D 2 }

dðDÞ
�

1þ
�

�3

D

���

1þ
�

8

D

��

X

14A4x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1þOðx1
3 log3 xÞ:
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Finally, appealing to Lemma 2.3.6 (c) (with � ¼ �3 and �0 ¼ 8), we obtain

Nðx; 0; 6Þ ¼ 3

16�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞx1

2

þ Oðx1
3 log3 xÞ;

as asserted. &

Our final theorem of this section is an asymptotic formula for Nðx; 0; 12Þ.
Theorem 2.5.5.

Nðx; 0; 12Þ ¼ 3

32�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞx1

2

þ Oðx1
3 log3 xÞ:

Proof. By (1.2.1)–(1.2.6) and Theorems 1.3.9 and 1.3.10, we have

Nðx; 0; 12Þ ¼ number of ðA; B; DÞ2Z�N�N

such that

A2D3 4 x;
A� 1 ðmod 24Þ; B� 0 ðmod 24Þ; or

A� 5 ðmod 24Þ; B� �4 ðmod 24Þ; D� 1 ðmod 3Þ; or

A� 13 ðmod 24Þ; B� 12 ðmod 24Þ; or

A� 17 ðmod 24Þ; B� �8 ðmod 24Þ; D� 1 ðmod 3Þ;
A sqf;
B5 1; D5 2; D sqf;
D� B2 ¼&;
ðA;DÞ ¼ 1;

so that

Nðx; 0; 12Þ ¼
X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 1 ðmod 24Þ
ðA;DÞ¼1

X

B> 0
B� 0 ðmod 24Þ

D�B2¼&

1

þ
X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 5 ðmod 24Þ
ðA;DÞ¼1

X

B> 0
B� �4 ðmod 24Þ

D�B2¼&

1

þ
X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 13 ðmod 24Þ
ðA;DÞ¼1

X

B> 0
B� 12 ðmod 24Þ

D�B2¼&

1
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þ
X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

X

jAj4 x
1
2D
�3

2

A sqf

A� 17 ðmod 24Þ
ðA;DÞ¼1

X

B> 0
B� �8 ðmod 24Þ

D�B2¼&

1:

Straightforward calculations show that

X

B> 0
B� 0 ðmod 24Þ

D�B2¼&

1 ¼ 1

4
Nð1; 0; 576ÞðDÞ;

and

X

B>0
B� �4 ðmod 24Þ

D�B2¼&

1 ¼ 1

4

X

B;C

B� 4 ðmod 8Þ
C� 3 ðmod 6Þ

D¼B2þC2

1

¼ 1

4

X

U;V

U�V � 1 ðmod 2Þ
D¼16U2þ9V2

1

¼ 1

4

X

X;Y

D¼16ðXþYÞ2þ9ðX�YÞ2

1

¼ 1

4

X

X;Y

D¼25X2þ14XYþ25Y2

1

¼ 1

4
Nð25; 14; 25ÞðDÞ;

and

X

B>0
B� 12 ðmod 24Þ

D�B2¼&

1 ¼ 1

4

X

B;C

B� 12 ðmod 24Þ
D¼B2þC2

1

¼ 1

4

X

C;E

E� 1 ðmod 2Þ
D¼C2þ144E2

1

¼ 1

4

X

E;F

E� 1 ðmod 2Þ
D¼ðEþ2FÞ2þ144E2

1
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¼ 1

4

X

E;F

D¼ 4F2þ4FEþ145E2

1

¼ 1

4
Nð4; 4; 145ÞðDÞ;

and

X

B>0
B � �8 ðmod 24Þ

D�B2¼&

1 ¼ 1

4

X

B;C

B � �8 ðmod 24Þ
D¼B2þC2

1

¼ 1

4

X

C;E

E� �1 ðmod 3Þ
D¼C2þ 64E2

1

¼ 1

4

X

C;E

C� 0 ðmod 3Þ
D¼C2þ 64E2

1

¼ 1

4
Nð9; 0; 64ÞðDÞ:

Hence

Nðx; 0; 12Þ ¼ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð1; 0; 576ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �1 ðmod 24Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð25; 14; 25ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �5 ðmod 24Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð4; 4; 145ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �11 ðmod 12Þ
ðA;DÞ¼1

1

þ 1

4

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð9; 0; 64ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

A� �7 ðmod 24Þ
ðA;DÞ¼1

1:

66 B. K. Spearman and K. S. Williams



Thus

Nðx; 0; 12Þ

¼ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð1; 0; 576ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1þ
�

8

A

���

1þ
�

12

A

��

þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð25; 14; 25ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1�
�

8

A

���

1�
�

12

A

��

þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð4; 4; 145ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1�
�

8

A

���

1þ
�

12

A

��

þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

Nð9; 0; 64ÞðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

1þ
�

8

A

���

1�
�

12

A

��

:

Therefore

Nðx; 0; 12Þ ¼ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

fNð1; 0; 576ÞðDÞ þ Nð25; 14; 25ÞðDÞ

þ Nð4; 4; 145ÞðDÞ þ Nð9; 0; 64ÞðDÞg
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

fNð1; 0; 576ÞðDÞ � Nð25; 14; 25ÞðDÞ

� Nð4; 4; 145ÞðDÞ þ Nð9; 0; 64ÞðDÞg
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

8

A

�
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þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

fNð1; 0; 576ÞðDÞ � Nð25; 14; 25ÞðDÞ

þ Nð4; 4; 145ÞðDÞ � Nð9; 0; 64ÞðDÞg
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

þ 1

16

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

fNð1; 0; 576ÞðDÞ þ Nð25; 14; 25ÞðDÞ

� Nð4; 4; 145ÞðDÞ � Nð9; 0; 64ÞðDÞg
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

24

A

�

:

By Lemma 2.4.7 we have

Nðx; 0; 12Þ ¼ 1

8

X

D4 x
1
3

D 2 }
D� 1 ðmod 24Þ

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ O
X

D4 x
1
3

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

8

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

þ O
X

D4 x
1
3

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

12

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

þ O
X

D4 x
1
3

dðDÞ
X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

�

24

A

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

:
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Appealing to Lemma 2.3.7, we obtain

Nðx; 0; 12Þ ¼ 1

32

X

D4 x
1
3

D 2 }

dðDÞ
�

1þ
�

�3

D

���

1þ
�

8

D

��

X

14A4 x
1
2D
�3

2

A sqf

ðA;6DÞ¼1

1

þ Oðx1
3 log3 xÞ:

Finally, appealing to Lemma 2.3.6 (c), we obtain

Nðx; 0; 12Þ ¼ 3

32�2
ðcð3=2Þ þ cð3=2;�3Þ þ cð3=2; 8Þ þ cð3=2;�24ÞÞx1

2

þ Oðx1
3 log3 xÞ:

This completes the proof of Theorem 2.5.5. &

2.6. Number of cyclic quartic fields with discriminant 4 x and given index:
Proof of Theorem B. By a theorem of Ou and Williams [14] the number NðxÞ of
cyclic quartic fields K with dðKÞ4 x satisfies

NðxÞ ¼ 3

�2

�

24þ
ffiffiffi

2
p

24

Y

p� 1 ðmod 4Þ

�

1þ 2

ðpþ 1Þ ffiffiffipp
�

� 1

�

x
1
2 þ Oðx1

3 log3 xÞ;

so that

NðxÞ ¼ 1

8�2



ð24þ
ffiffiffi

2
p
Þcð3=2Þ þ

ffiffiffi

2
p
�

x
1
2 þ Oðx1

3 log3 xÞ: ð2:6:1Þ

As

Nðx; 1Þ ¼ NðxÞ � Nðx; 0; 2Þ � Nðx; 0; 3Þ þ Nðx; 0; 6Þ;
Nðx; 2Þ ¼ Nðx; 0; 2Þ � Nðx; 0; 4Þ � Nðx; 0; 6Þ þ Nðx; 0; 12Þ;
Nðx; 3Þ ¼ Nðx; 0; 3Þ � Nðx; 0; 6Þ;
Nðx; 4Þ ¼ Nðx; 0; 4Þ � Nðx; 0; 12Þ;
Nðx; 6Þ ¼ Nðx; 0; 6Þ � Nðx; 0; 12Þ;
Nðx; 12Þ ¼ Nðx; 0; 12Þ;

appealing to (2.6.1) and Theorems 2.5.1–2.5.5, we obtain Theorem B. &
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