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Abstract

For positive integers n and k, we:let n,(n) denote the number of

representations of n as the sum of k squares. In 1987 Ewell used

modular functions to give a formula for ng(n). In 1996 Milne used
elliptic functions to give a different formula for ng(n). In this paper, we

give elementary arithmetic proofs of both of these formulae.
1. Introduction

Let N denote the set of all positive integers, Z the set of all integers,
and Q the set of all rational numbers. For n e NU {0} and k € N we

let r,(n) denote the number of representations of n as the sum of k

nm= D 1

(51, 5 )eZ*

x12+--~+:c%t =n

squares, that is

so that r,(0) = 1. The following formulae for n(n), ry(n) and r5(n)

(n € N) are classical:

2000 Mathematics Subject Classification: Primary 11E25.
Key words and phrases: sums of sixteen squares, convolution formulae for c,(n).
The second author was supported by Natural Sciences and Engineering Research Council

of Canada grant A-7233.
© 2002 Pushpa Publishing House



148 JAMES G. HUARD and KENNETH S. WILLIAMS

m(n) =4 (- 142, (1.1)

din
21d

ra{n) = 82 d, (1.2)
&

() = 16(- 1" Y (- 1)%d®, (1.3)

d|n

Each of (1.1), (1.2) and (1.3) can be proved by entirely elementary means,
see for example [2], [5], [6] and [7]. For & € N and x € Q we define

de, if x e N,
op(x) :={d|x
"0, if xeQ,xgN,

and
o(x) = o1(x).

With this notation we can rewrite (1.2) and (1.3) as

win)= 8(0‘(n) - 46(%)), (1.4)

rg(n) = 16(- 1)'1_1(03(n) - 1663(%)). (1.5)

Formulae for rg(n) have been given by Ewell [1] and Milne [4, formula

(2) and Theorem 1.4]. Their proofs use modular functions and elliptic
functions respectively and so are not elementary.

Ewell’s formula. Let n € N. Define B(n) € N U {0} and y(n) € N by

n= 25(")y(n), 21y(n).

Then

ne(n) = 32 (n)—%c (£)+ 192 . (l)
16 17 7 17 "2 17 \4
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+ (- 171 22 93y y(n)

n-1
+ (1t BEN (qyfa Z; 238(=kd) 5o (y(n - kd)).  (L.6)
17
d=1 k<n/d
Milne’s formula. Let n € N. Then

"16(”') » %2_(_ 1)!1—1[2(_ 1)d+(n/d)d + Z(_ 1)d+(n/d)d3 + Z(_ 1)d+(n/d)d5]

din din din

+ —zé’ﬁ(— 1)”[ Z (~1)P+0+x+y gpS _ Z (- 1)°+b+x+ya3b3J, (1.7)

ax+by=n ax+by=n

where the latter two sums are over all positive integers a, b, x, y
satisfying ax + by = n.

In this paper, we show that both Ewell's formula (1.6) and Milne's
formula (1.7) can be proved by entirely elementary means. The main tool
used in doing this is the following recent identity due to Huard, Ou,
Spearman and Williams [2, Theorem 1], the proof of which involves
nothing more than the manipulation of finite sums.

Proposition. Let [ : %4 — C be such that
f(a! bv X, y)_ f(x’ Yy, a, b) = f(—av —b! X, y)_f(xv y, —a, -‘b) (1'8)

for all integers a, b, x and y. Then

Y. (flabox -y)-fla,-bx, 3)+ fla,a-bx+y,7)

ax+by=n
-fla,a+b y-x,y)+fb-a,b x,x+y)-fla+b, b, x, x —y))
d-1
= Z Z(f(O, nfd, x, d) + f(n/d, 0, d, x) + f(n/d, n/d, d - x, - x)
din x=1

- f(x, x - d, n/d, n/d) - f(x, d, 0, n/d) - f(d. x, n/d, 0)), (1.9)

where the sum on the left hand side of (1.9) is over all positive integers a,
b, x, ¥ satisfying ax + by = n.
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2. Elementary Lemmas

In this section, we state without proof three easily-proved elementary
lemmas.

Lemma 1. Let n € N. Then

280 y(n) = o(n) - o5 %)

Lemma 2. Let e, n € N. Then

oo(3) - o, (3)-L2EM o m)

Lemma 8. Let e, n ¢ N. Then

Z(_ 1% = 23“%(%) - a.(n),

din

dz“;(— 1Hege = Zce(%) - 0.(n),

DM~ @14 20 (2)- @+ 2A- VMo, )
din o

de = 2ece(£):
o 2
2|d

> (1770 = (2 4 2)0,(3) - (14 (- ) ().

din
2|d

8. The Sums S, ((n), A, ¢(n) and B, ¢(n)

For e, f, n € N, we define

n-1

S, r(n) = Zce(m)o'f(n -m)= Z atd’. 3.1)
m=1

ax+by=n
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Clearly
n-1
Se.f() = Sfem) = Y a® Y op(n-am), 3.2)
a=1 m<nfa

where m runs through the positive integers satisfying m < n/a. Also, for
e, f,n e N, we define

A, f(n) = Z Ge(m)op(n —2m) = Z a®h/, 3.3)

m<n/2 2ax+by=n

where m runs through the positive integers satisfying m < n/2. We note

that

z a’ Z of(n - 2am) = A, ¢(n) (3.4)

a<nf2  m<nf2a

and

n-1

Zae Z cf(n—zam) = Ag ((n). | (3.5)

a=1 m<nja

The next theorem is elementary and its proof omitted. It is a simple

application of the inclusion-exclusion principle.

Theorem 1. Let e, f, n € N. Then

D 1% =274, ((n) - S, (),

ax+by=n

Y. CVRa® =24, /() S, sn),

ax+by=n

S (ot - s, (2)

ax+by=n

- 20714, 1(n) - 2/ Af 4(n) + S, £ (n),

D, 1] = 2075, ()2, f0) - 24, o) ¢ Se (o),

ax+by=n
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(1 =48, [ 2| - 24, ((n) - 24; (n) + S, £(n).
A\ 3 f f, f

ax+by=n

The sum z (- 1)a+xaebf can be treated in a similar fashion but

ax+by=n

applying the inclusion-exclusion principle to it leads to sums of the type

B, f(n) = Z ce(m)os(n —4m) = Z ab’.

m<nf4 4ax+by=n

Some results concerning these sums are given in Section 6.
The sums S, f(n) can be evaluated in an elementary manner for
e, f € N satisfying
e=f= l(rpod2), e+f=2468,12,

by taking particular choices of f(a, b, x, y) in the Proposition, see [2]. We
need the values of S; 5(n) and S; 3(n).

Theorem 2. Let n € N. Then

5 1
Sy 5(n) = 196 oq(n) + 1 (1-2n)os(n)+ ﬁ o(n),

1 1
S3,3(n) = m%(n) - mcs(n)-

The values of A;;(n), A4;3(n) and Agq(n) were derived in [2,

Theorems 2 and 6] in an elementary manner from the Proposition. The
values of 4; 5(n), As3(n) and Ajs;(n) are not known explicitly, however

two linear relations between them were proved in [2, Theorem 15] in an
elementary fashion from the Proposition. These relations are given in
Theorem 3 in a slightly rearranged form.

Theorem 3. For n € N, we have

Ay, 5(1) = 4 07(n) + o2 (1= 1) 5(n) - 5 05(2)

16 n 1 n 1 n 8
* 315 "7(5) 90 "3(5) . E&f"('f) -3 43,3(0)
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and
As 1(n) = T (n) - 1, (n) + ==o(n)
Gl 1260 ' 360 3 504

2 n 1 n 1 n 2
LT 07(5) * o1 (- 2n) 65(5) - %focs(g) - §A3,3(n)-

From Theorems 1, 2 and 3, we obtain the following evaluations in
terms of Az 3(n).

Theorem 4. Let n € N. Then

> C1Pab® = — o) - gy o)+ Foa(n) - o) + 22 or 2]

ax+by=n 2
8 n 1 (n 1 (n
+ 565(5) + 303(5) + ZO’(E) + 48A3,3(n),
_1\b+x 33 _ L]
; 1% = 5 0r(n) - g5 s+ or(3)

4 n
“15 03(5) - 1843 3(n),

> et = 2o or) + 2D gy + Log(n) - g olm)

ax+by=n
8 ( ) (3 -2n) ( ) 1 (n)
+——o07 + o5l — |+ —o3| —
315 2 12 2 20 2

1 n
o m G(E) + 12A3,3(n).

In order to prove Milne’s formula we express the last two sums in
(1.7) in terms of Az 3(1) by means of the Proposition.

Theorem 5. For n € N, we have

Z (- 1)a+b+x+yab5 (__ % _ Z(_ )")c;,(n)

ax+by=n
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Loy + (- 3= 11 )ow)

coo(5)- F(5)- o3

and

> DTN = - oy)+ (55 + 51" Jos) + S or( 3]

ax+by=n

21
= E 0'3(%) + 36A3,3(n).
Proof. To prove the first of the two equalities we take f(a, b, x, y) =

(- 1)a+b+x+y ab® in the Proposition, and to prove the second we take

fla, b, x, y) = (- 1)**0***+Y43p3 . Both choices satisfy condition (1.8). We

just give the details in the first case. In this case, the first two terms on
the left hand side of (1.9) give

9 Z (- 1)a+b+x+yab5.

ax+by=n

The third and fourth terms on the left hand side of (1.9) give by Theorem
4,

D> 1 a((a-b)f - (@+ b))

ax+by=n
=-2 Z (- 1)°**ad® - 20 Z (- 1)°**a38% - 10 z (- 1)°**a%
ax+by=n ax+by=n ax+by=n
__23 (8- 5n) _ 3104 (LL_)
- 630 07(71,) + (n’) 0-S(n’) + 0-( ) 315

QO —47) (1), 138 o () 18]
+ 5 53 ) * 30 93l 3) 136 Ol 2 +144A3,3(n).
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The fifth and sixth terms on the left hand side of (1.9) give by Theorem 4,

(-1)*7((b - a) - (a + b)) b°

ax+by=n

=-2 ) (-1)"abd

ax+by=n

-_9 Z (- 1)b+xa5b

ax+by=n

4
= ——onq(n)+ n)-— +—_— -——o0q| =
315 C7M) + T 9s(r) - g os() + S eln) - o er S

. (2n6— 3) 05(3) L 03(%) _ 6136(%) ~ 2445 3(n).

The first two terms on the right hand side of (1.9) vanish. The third term
yields by Lemma 3,

>S5 cr(f -z e

(3 -2n) 1 1 16 [nj

d|n x=1 din
- nz (- l)n/dd5 _ Z (- l)n/ddG
din din
= n(205(%) - 0'5(n)) - (20'6(%) - cs(n)).
d-1
The fourth term is by Bernoulli’s formula for the sum Z xk (=1,..,6)
x=1

and Lemma 3,

d-1
=) > 1) a(x-d)

din x=1

d-1
= —Z (- l)d Z(x6 — 5x5d + 10x*d? - 10x3d® + 5x2d* - xd5)
din x=1
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T R T e

d|n din din din

= 412 oq7(n) + 112 o5(n) - 5 03(n) ‘5 c(n)

PRrers)- S e(g) sls)-Fre(3)

The fifth term is by Lemmas 2 and 3,

Z( 1)d+(n/d)d5 Z( l)x

din
_; - 1)d+(n/d) d5(— % ) B dlzn (- 1)d+(n/d)d5( %)
2|d . 21d
_ 1 Z - l)n/ddG Z (- 1)n/dd5
d|n d‘”

2td

:%(266(2) 0'6(17,)) (205(2) o5(n) - (340'5( ) a+(- 1)71)65(")))

_——ce(n) (“;) 05(n)+66(2)+1605(2)

The sixth term is by Lemma 3 and Euler's formula for the sum

d-1
Z (_ l)xxk,
x=1
z( 1)d+(n/d)d Z( l)x 5

d|n

_ NV d+d)y f 1 5 5 4 B z)
> 1) d( a5+ 84454

d|n
2|d

_ Z(_ 1)d+(n/d)d(% d5 _ %d4 + édz _ l)

din
21d
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_ _qydd (1 5 5 4 5 2)_1 _1\/d
_%( 1) d(2d 54 +4d) 2;“;( Yeq

2td
_1 _qyYd 36 _ 5 _qyfd g5 . B _qy/d ;3
_22( 1y/4d 42( 1) d+42( 144
din d|n di|n
1 _qyt/d 1 —_qy/d
5. VAL 2 (-1
din gll‘lit

=~ Log(0) + Soy(n) - 2 oy - EL o(n)

codl5)-$045)- (3] f3)

The first equality of the theorem now follows by the Proposition.

157

Our final theorem of this section makes use of (1.5) and Theorem 2 to

express rg(n) in terms of Ag g(n).

Theorem 6. Let n € N. Then

32 512 - 8192
() = 32 (-1 o (n) + 32 1 og(m) + 2 6( 2)

512 -1
= 03(%) +8192(- 1) A3 3(n).
Proof. Clearly

n

ne(n) = Y rg()rs(n — k)

k=0

so that

~
—

11—

ne(n) = 2rg(n) + » rg(k)rg(n - k)
1

b
]

as rg(0) = 1. Hence, by (1.5), we have
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ne(n) = 32(- 1" Log(n) + 512( 1)"63(%)
n-1

+ 256(- 1" Y (03(0) - 1605 %)) (051 - ) - 1605 252))

k=1

= 32(- 1" to3(n) + 512(- 1)"53(%)

+ 256(- 1)”(83,3(n) ~ 3243 3(n) + 25683,3(%)).
The result now follows on appealing to Theorem 2 for the values of
Ss 3(n) and S3’3(%), and noting that (- 1)"06(—’23) = ce(—’zk).
4. Elementary Proof of Milne’s Formula

By Theorem 5, we have

Z (- 1)a+b+x+yabs _ Z (- 1)a+b+x+ya3b3

ax+by=n ax+by=n

- Lo+ (-1 - L1y )osm+ (- 2 - 111 )oytn)

(4 b Zof) 2ol
” % 03(%) + %0(%) - 9643 3(n).
By Lemma 3, we have
Z 2 1)d+(n/d)d N z (- 1)d+(n/d)d3 + Z (- 1)d+(n/d)d5

d|n din din

= -1 +2(-1)")o5(n) - 1+ 2(-1)") o3(n) - 1 + 2(- 1)*) o(n)

+ 6605(%) + 1803(%) + 60(%).
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Hence

% (- 1)11—1[2 (_ 1)d+(n/d)d + Z (_ 1)d+(n/d)d3 + Z (_ 1)d+(n/d)d5J

din din din

256 , \n _ q\atbtx+y 35 _1ya+b+x+y 3;3
+ 5 1)(2(1) ab 2(1) abJ

ax+by=n ax+by=n

_32, .y 512, -1 8192 n
= 2 1o+ 22 1) o) + 2 o)

-1
- 63(%) +8192(- 1" 43 3(n)

= rig(n),

by Theorem 6.
5. Elementary Proof of Ewell’s Formula

Appealing to Lemma 1, (3.2), (3.4), (3.5) and Theorem 2, we obtain

”21 1d8 2 93(=kd) . _(v(n  kdl))
= Kenld

=16 Y d® > (ogln - 2kd) - 63(% - de
d<nf2  k<nf2d
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n-1

_ ;df"k;}d(%(n ~ kd) - 03(" ‘de))

= - S3,3(1) - 1683 5§ | + 1743 (n)

___1 ny, 2 _(n
- 12007(n)+12063(n) 15 (2)+1563(2)+17A3,3(n).

Then, appealing to Lemma 1, we obtain as (- l)nce(%) = ce(%),

2 n-
B or0) - S or )+ HPor( %)+ (1 22 W0 o)

+ (- 1)n -1 8192 Z( 1) d3 Z 23B(n—-kd)o_3(y(n - kd))
k<n/d

2 orln)+ FE 17 oy + 22 oy 2)

_ 5612

i5 03(n)+ 8192(- 1" 1 A4 3(n).

Ewell's formula now follows by Theorem 6.

6. The Sums B, 5(n), B3 3(n) and Bs ;(n)

The sum B, ;(n) is determined in [2, Theorem 4] in an elementary

way using the Proposition. A linear relation between B, 3(n) and Bs ;(n)

can also be deduced from the Proposition. The case when n is odd is
treated in [3, formula (2.11)]. In this section, we obtain the rather
surprising result that B 5(n)+16Bs ;(n) and Bs 3(n) can be expressed

in terms of Ag 3(n) and A3,3(%).

Similarly to Theorem 1, we can prove
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Theorem 7. For e, f, n € N, we have

Z (- 1)a+b+x+yaebf

ax+by=n

= get/Hg, f(%) -2¢%3(2f 1) A, f(%) - 2f*+3(2¢ +1) Af,e(%)
+22(2° +1) (2 +1)8,, f(%) + 2°*2B, ¢(n)+ 2/*2B; ,(n)

~ 22" + 1) A, r(n) - 22 + 1) Af (n) + S, ().

Proof. We make use of the identity

4 4 4
(-parerestas - TTa+ (-)%)- Y [Ja+ %)
i=1 j=1"i=1

i#j

4 4 -
+ Y JJa+ - a+ %)+t
i=1

1<j<k<4 =1
i#jk

Using this identity for (- 1)**®***¥ in the sum Z (= 1)+o+=+y gepf |
ax+by=n
we obtain sixteen sums. We just evaluate two of them. The rest can be

done similarly.

We have
D A+ DA+ D)+ D))+ (1Y) a
ax+by=n
=24 Z a’d’

ax+by=n
2la, 21b, 2|x, 2|y

_ ze+f+4 aebf
ax+by=n/4

_ +f+4 n
= 2¢t7+ Se’f(:l—j
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and

D, A+ 1M+ 1)a+ 1)a

ax+by=n

=23 z atbf

ax+by=n
2la, 2[b, 2]x

- 2e+f +3 aebf
2ax+by=n/2

3 n
=274, (5

This completes the proof.
Appealing to Theorem 7 with (e, f) = (1, 5) and (8, 3), we obtain

Z (- 1)°¥0 =+ g5 = 10248, 5( )+ 3965, 5( )+ Sy 5(n)

ax+by=n
= 528A1 5( ) 768A5 1( ) 6A1,5(n)

- 6645 1(n) + 8B 5(n) + 128B5,1(n)

and

Z ( 1)a+b+x+ya3b3 = 102433 3( ) + 32483 3( ) + S3,3(n)

ax+by=n

- 1152A3,3(%) — 8643,3(n) + 64B3 3(n).

Then, using Theorems 5, 2 and 3 and Lemma 2, we obtain the following

evaluations in terms of Ag 3(n) and A3,3(%).

Theorem 8. For n € N,

B, 5(n)+16Bs ;(n)

- 5o C V' or) + (35 - 11 (g5~ 257|050+ 15 (- 'os(m)



and

1]

(2]

(3]

4]

[5]

(6]

(7
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+ 1030 + (5 - gagg C ' o) + B2 or(2)

(- 4)e(5)- o) o3
16 8 5(2)7 16 "3\2) " 336 "\ 2

- 15A3’ 3(n) - 240A3, 3(%)

By 3(n) = 1955 (- "07(0) - (555 * 3855 - 1" )os(m)

97 n 51 n 9 n
- —640 0'7(-2—) + %0‘3(-?:) + -8—A3,3(n) + 18A3’3(§'j.
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