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Let m and ri be positive integers and let (m, n) denote their greatest cqmrnon divisor. 
A necessary and sufficient condition is given for the equality 

to hold in the case of a quadratic.field K. 

Let K be an algebraic number field of finite degree over the rational field Q. 
Let rn and n be positive integers. We write (m, n) for GCD(m, n), and [m, n] for 
LCM(m, n), so that (m, n)[m, n] = mn. We are interested in knowing for -which 
fields K the equality 

0 )  ~ ( ~ z * i / ' " )  n ~ ( ~ 2 " ' / " )  = K (e2"i/(m*") 1 

holds. If m = 2 (mod 4), say m = 2e (l odd), then, as 

we see that K(e2"'/") = ~ ( e ~ ~ ~ j ' ) .  Thus we can suppose throughout that m $ 2 
(mod 4) and n $ 2 (mod 4). If K = Q it is known that (1) holds, see for example 
[2, Theorem 4.10 (v)] or [4]. 

Recalling that 

(2) ~ (~23r i lm ) Q(e2='In) mln 

and 

(3) 
Q(e2ri/m, e2n-i/n) = ~ ( ~ 2 ~ i / [ ~ , " ] ) ,  
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it is easy to give other examples of fields K for which ( 1 )  holds. For example if 
e2"i/m E K then e2"'/(mt") E K and so 

~ ( ~ 2 " i / m )  n ~ ( ~ 2 " i / n )  = K n ~ ( ~ 2 4 " )  = K = ~ ( ~ 2 " i / ( m , n )  1 7 

showing that ( 1 )  holds in this case.' As a second example, we take K = ~ ( e ~ " ~ / ' ) ,  
where r.is a positive integer $ 2 (mod 4). Then we have 

proving (1) in this .case too. 

However ( 1 )  does not hold tor every algebraic number field K. To see this take 
K = Q ( ~ ,  m = 3 ,  n = 4 .  Here 

and a E ~ ( ~ 2 " ' / 4  C K e2"i/4 ) -  ( ) 7  

showing that K (eZTiI3) n K (ezkil4) is a nonreal field, however K (e2"i/(314)) = K = 
Q ( m  'is a real field. 

In this note we determine a necessary and sufficient condition for ( 1 )  to hold in 
the case of a quadratic field K.  From this point on we take K to be a quadratic 
field. We denote the discriminant of K by D so that K = Q ( m .  An integer 
which is the discriminant of a quadratic field is called a fundamental discriminant. 
It is known [3, Proposition 9, p.591 that a fundamental discriminant is the product 
of prime fundamental discriminants. This representation is unique apart from the 
order of the prime discriminants in the product. 

Theorem. Let m and n be positive integers. Set d = (m, n ) ,  C = [m,  n]. Let K be 
a field of degree 2 over Q. Let D denote the discriminant of K .  Then 
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In the w e  Dl!, D ]m, D In, let D = dl  - .dk be the unique decomposition of the 
fvndamental discriminant D as a product of prime discriminants, and set 

Then thew ezist unique fvndamental discriminants Dl and D2 such that 

and 
~ ( e ~ " ~ / ~ j  n ~ ( ~ ~ " ~ l " )  = K ( ~ ~ ~ ~ / ~ ,  a) # ~ ( ~ ~ " y ~ ) ,  

[ ~ ( e ' " ~ ~ ~ ,  f i) : K (ezXild)]  = 2,  

~ ( e ~ " ~ / ~ ,  a) = K (e2"i/d, 6). 

Before proving this theorem we need some preliminary results. We set 

and note that 

Lemma 1. K C ~ ( e ~ " ~ / " )  e Dlm. 

Pmof. The conductor of K is (Dl (see for example ( 1 ,  p.981) so the smallest cyclo- 
tomic field containing K is Q e2"i/lDI . The result now follows from (2 ) .  ( 1 
Lemma 2. Set q(D, r )  = [K (eznilr) : K ]  . Then 

whem 4 denotes Euler's phi function. 

Pwf. By Lemma 1 we have 

The asserted result now follows as 
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Lemma 3. K(e2"'lm) = H(e2"'lm). 

Pmoj From ( 5 )  we have 

~ ( ~ 2 n i / m )  3 (e23ri/d 27ri/m - l e  ) = ~ ( ~ ~ " ~ 1 ~ )  > - H ( ~ ~ " ~ / ~ ) .  

Lemma 4. If D and Dl am fundamental discriminants and d i s  a positive integer 
such that 

then 

Pmof Suppoge on the contrary that [K (2ni/dl : K (e2"i/d)] # 2.   hen 
[K (child, : K ( e ~ " ~ / ~ ) ]  = 1 and a E K (e2ri/d).  Thus there are elements 

cu a n d B  of Q(e2"'ld) such that 

Jiz = a + p a  
Hence 

'2a = trK(e2=i/d)/Q(e2=i/d)(~ + ~a) 
= t r K ( e 2 = i / d ) / Q ( e 2 = i / d ) ( ~ )  

= 0 o r 2 J D 1 ,  

so that a = 0 or a. If a = 0 then a = so = a E Q(e2"a/d)l and 

thus e l d l  contradicting DIDl  Ad. If a = a then a E Q(e2"'ld) and thus 

Dl Id, contradicting Dl ld .  

We are now ready-to prove the theorem. 

Proof of Thwmm. First we show that 

By (5y we have 
~ ( e ~ " ~ / ~ )  > H > ~ ( e ~ = ~ / ~ ) ,  

and thus 

2 [K (e2"'/", e2"'/"): ~ ( ~ 2 " i / n  

First we determine the quantity on the left hand side of (8) .  We have 
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Next we determine the quantity on the right hand side of (8) .  We have 

The next step is to show that = M. We treat four cases: If D (so 
that D &, D In, D Jd) we have 

If DIL, D(m, D(n (so that Did) 

If DIL, Dlm, D.Jn ((so that D Jd) 

If Die, D Jm, Dln (SO that D Id) 

Hence in all four cases we have = ei. This shows that equality.holds 
throughout (8),  and thus 

Now by Lemma 3 we have ~ ( e ~ " ' / ~ , e ~ " ' / "  ) = ~ ( ~ 2 " * / m )  = ~ ( ~ 2 " ' / m  ), and the 

first equality in (9) gives H(e2"/"): ~ ( e ~ " ~ / ~ ) ]  = [ ~ ( e ~ " ' / ~ ) :  H ] .  But by ( 5 )  we [ 
have H > ~ ( e ~ " ' / ~ ) ,  so we must have H = ~ ( e ~ " ~ / ~ )  as claimed. This completes 
the proof of (7). 

Now we show that 

and at  the same time determine exactly what ~ ( e ~ " ' / ~ )  n ~ ( e ~ * ~ / " )  is. Each di in 
the product 
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divides D and so divides e and thus mn. Clearly such di do not divide both m and 
n as di Jd. Set 

k k 

Then D-= Dl D2D3, Dltm, D2172. Clearly Dl and D2 are uniquely defined. Suppose 

Dl = 1. Since D21n/d &.have ~ 2 ~ 3 1 ~  - d = n, that is Dln, contradicting D An. 
Hence Dl # 1. Similarly D2 # 1, and thus Dl # D, D2 # D. 

~s Dllm, by Lemma 1 ,  we have E Q(e2"'lm) so that 

Similarly 
. f i  E K(e2"'/"). 

Also D31d so 
6 E C H.  

Heme, as a E K 2 ~ ( e ~ " ' / ~ )  C_ H, we see that 

and thus 

It follows that 
K(e2*'/") > H > K (a, e2"jld), 

and so 

First we determine the left hand term in ( l l ) . .  We have 
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- - q(D9 m, by  emm ma 4. 
29(D, d )  ' 

Next we determine the right hand term in (11)' .  We have 

[ ~ ( ~ 2 ~ i / n ,  e 2 ~ i / m  ) : K ( e27ri/n )] = [ K ( ~ ~ " ' / ' ) : K ( ~ ~ " ~ / "  

We now show that 
9(D,  m )  ' 9(D, C )  
29(D, d )  - 9(D, n )  ' 

As ole, D Jm, D Jn, we have D Jd and 

Hence equality holds throughout ( l l ) ,  that is 

Now 

~ ( f l  l y e  2 7 r i / d ,  e 2 ~ i / m )  = K(e27ri/d 
1 e2ailm) 

= pqe2"i/m) 

- - ~ ( ~ 2 a i l m  ), by Lemma 3, 

so (12) gives 

But H > K ( m ,  e2"i/d) so we must have 
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Note that DIJD, Dl Jd, D2D3 Id, so by Lemma 4 we have 

[K (e21ild, 6): K (e2"ild)] = 2, 

so that 

Finally 

This completes the proof of (lo), and thus of the theorem. 
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