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ABSTRACT. The triangular array of binomial coefficients 
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. . .  
is said to have undergone a j-shift if the r-th row of the triangle is shifted rj 

units to the right (r = 0, 1, 2, ...). Mann and Shanks have proved that in a 2- 
shifted array a column number c >1 is prime if and only if every entry in the 

c-th column is divisible by its row number. Extensions of this result to j-shifted 

arrays where j >2 are considered in this paper. Moreover, an analog of the criter- 

ion of Mann and Shanks [2] is given which is valid for arbitrary arithmetic pro- 

gressions. 
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1, INTRODUCTION AND SUMMARG.. 

We begin wi th  t he  binomial c o e f f i c i e n t s  arranged i n  t h e  t r i a n g u l a r  a r r ay  

... . 
We say t h a t  t h i s  a r r a y  has  undergone a  j - s h i f t ,  j an i n t e g e r  2 2 ,  i f  f o r  every 

r 2  0 t h e  r - t h  row of t h e  t r i a n g l e  (1.1) i s  s h i f t e d  r j  u n i t s  t o  t he  r i g h t .  

Rows and columns i n  t h e  s h i f t e d  a r r a y  a r e  l a b e l l e d  a s  i n  [ l l .  Thus, f o r  example, 

a f t e r  a  2-shif t (1.1) becomes 

. . . .  
The n  + 1 binomial  c o e f f i c i e n t s  of (x  + y)n ,  namely (:), k = 0,1,. . . , n ,  a r e  

found i n  t he  j - sh i f t ed  a r r a y  between columns j n  and ( j  + l ) n  i nc lu s ive .  Indeed, 

t h e  binomial  c o e f f i c i e n t  , 0 I s 5 r ,  i s  i n  t he  r - th  row and ( r j  + s ) - t h  

column (hence, we c a l l  r t h e  row number and r j  + s t h e  column number of f r ) .  
\ s 

The binomial  c o e f f i c i e n t s  i n  t he  c-th column of a  j - sh i f t ed  a r r a y  a r e  given by 

where r runs  through t h e  i n t e g e r s  between -$ and i n c l u s i v e .  For example, 
J 

i f  c  = 59 and j = 3,  then  t he  binomial  c o e f f i c i e n t s  i n  t he  59-th column a r e  

Henry B .  Mann and Daniel  Shanke [11 have proved t he  i n t e r e s t i n g  r e s u l t :  
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THEOREM (Mann and Shanks).  I n  a  2 - s h i f t e d  a r r a y  a  column number c  > 1 i s  

prime i f  and o n l y  i f  a l l  t h e  b inomia l  c o e f f i c i e n t s  i n  t h e  c- th  column a r e  d i v i s i b l e  

by t h e i r  row number. 

When j = 2, t h e  p r o p e r t y  t h a t  a l l  b inomia l  c o e f f i c i e n t s  i n  a  column be  

d i v i s i b l e  by t h e i r  row number i s  a  s i e v i n g  c o n d i t i o n  s a t i s f i e d  by t h e  primes and 

on ly  by t h e  pr imes (excep t ing  t h e  i n t e g e r  1 ) .  I n  Theorem 1 of t h i s  paper  we show 

t h a t  t h i s  s i e v i n g  c o n d i t i o n  i s  s a t i s f i e d  by t h e  pr imes f o r  every  j 2 2. The 

proof of Theorem 1 i s  a  s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  of t h e  " n e c e s s i t y "  p a r t  of 

t h e  proof of t h e  theorem of Mann and Shanks C11. 

It  occur red  t o  t h e  f i r s t  of us  t h a t  a l though  t h e  s i e v i n g  c o n d i t i o n  g i v e n  

above i s  a p p a r e n t l y  l e s s  e f f e c t i v e  when j > 2  i n  t h a t  some composi te  numbers a r e  

a l lowed t o  s l i p  through t h e  s i e v e  a long  w i t h  t h e  pr imes,  t h e s e  composi tes  may 

s a t i s f y  a  v e r y  r e s t r i c t i v e  s e t  of c o n d i t i o n s  o r  even ( i d e a l l y )  form a  f i n i t e  ex- 

c e p t i o n a l  s e t  beyond which t h e  s i e v e  c a t c h e s  on ly  pr imes.  The main r e s u l t  of t h i s  

paper  i s  found i n  Theorem 2 ,  which d e a l s  w i t h  t h e  converse  of Theorem 1 when j = 3 .  

Theorem 2  a s s e r t s  t h a t  i f  n  i s  any odd i n t e g e r  # 25 (25 a p p e a r s  t o  be  excep t ion-  

a l  because t h e r e  i s  no e n t r y  i n  t h e  5-th column when j = 3 ) ,  t h e n  n  > 1 i s  

prime i f  and on ly  i f  every  c o e f f i c i e n t  i n  t h e  n- th  column i s  d i v i s i b l e  by i t s  row 

number ( t h e  r e s u l t  i s  vacuously t r u e  f o r  n  = 5 ) .  Thus, whi le  s u p e r f i c i a l l y  a  

3 - s h i f t  appears  much l e s s  e f f e c t i v e  t h a n  a  2 - s h i f t  i n  i s o l a t i n g  pr imes ( s i n c e  4, 

10 ,  25, and 34 a r e  a l lowed t o  s l i p  through t h e  s i e v e  a long  w i t h  t h e  p r i m e s ) ,  i n  

f a c t  t h e  s i e v e  i s  e q u a l l y  e f f e c t i v e  f o r  odd i n t e g e r s  # 25. 

C r i t e r i a  f o r  even i n t e g e r s  t o  be prime a r e  presumably n o t  of much i n t e r e s t  

s i n c e  2  i s  t h e  on ly  even prime. However, a  proof t h a t  on ly  f i n i t e l y  many even 

composi tes  can  s l i p  through t h e  s i e v e  induced by a  3 - s h i f t  would be of i n t e r e s t .  

(Such a  proof  might p r o v i d e  means of o b t a i n i n g  a  r e s u l t  s i m i l a r  t o  Theorem 2  f o r  

j > 3.)  A t  p r e s e n t  we a r e  on ly  a b l e  t o  show ( s e e  Theorem 3) t h a t  i f  j = 3  and 

n  i s  an even i n t e g e r  > 4  t h e n  every  c o e f f i c i e n t  i n  t h e  n-th column i s  d i v i s i b l e  

by i t s  row number o n l y  i f  n  = 1 0 ,  34 (mod 9 6 ) .  I n  f a c t ,  t h e  on ly  "excep t iona l"  

i n t e g e r s  > 4  t h a t  we have found a r e  10  and 34. 

REMARK 1.1. The m o t i v a t i o n  behind t h e  unusua l  p r i m a l i t y  c r i t e r i o n  of Mann 
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and Shanks arose from a study of identities of the type 

see [l, p. 1331. From this viewpoint, the relevance of Theorem 1 rests in its 

equivalence to the assertion that for a prime p each individual contribution to 

j+lm 
xP from a term of the form (xJ + x ) /m, j r 2, must be an integer. Identities 

such as (1.4) have been studied by (among others) Issai Schur C31. 

Finally, in section 7, we prove an analog of the criterion of Mann and 

Shanks C21 that is valid for arbitrary arithmetic progressions; see Theorem 4. 

2. PROOF OF NECESSITY FOR EACH j 2 2 

THEOREM 1. Let j be a fixed integer 2 2 .  Then, in a j-shifted array, if 

a column number is prime, every binomial coefficient in its column (if any) is 

divisible by its row number. 

PROOF. We may clearly assume that p is a prime column number of a non- 

empty column. Let (:) be the binomial coefficient in the r-th row and p-th 

column, and suppose that r 7 ( 5 )  . From 

we have ( r ,  > 1 Since p = rj + s, (r,s)lp, an impossibility as p is prime. 

Thus, if the column number p is prime each coefficient in the p-th column is 

divisible by its row number. 

REMARK 2.1. From the contrapositive of Theorem 1, we see that the exhibition 

of a single binomial coefficient for any j > 2 that is not divisible by its row 

number shows that the corresponding column number is composite. For example, 

n = 533 is composite since the first coefficient in its column after a 20-shift 

is (:;) and this is clearly not divisible by 26 (since ps f (';) for any 

prime p). 



DIVISIBILITY PROPERTY OF BINOMIAL COEFFICIENTS 

3. TWO USEFUL LEMMAS 

I n  t h i s  s e c t i o n  we p rove  two s imple  lemmas which we w i l l  need l a t e r .  

LEMMA 1. I f  ( 2 )  i s  an e n t r y  i n  t h e  k-th column of a  j - s h i f t e d  a r r a y ,  then  

( i s  an e n t r y  i n  t h e  kg-th column of t h e  a r r a y  f o r  any non-negat ive i n t e g e r  2 .  

PROOF. Note t h a t  k = a j  + b ,  s o  t h a t  kR = (aR) j  + bR. 

REMARK 3.1.  The " s u f f i c i e n c y 1 '  p a r t  of t h e  proof of  t h e  theorem of Mann and 

Shanks f o r  odd column numbers i s  a n  immediate consequence of Lemma 1 when j = 2 .  

For t h e  c o e f f i c i e n t  (F) , which is n o t  d i v i s i b l e  by pk,  o c c u r s  i n  t h e  

c  = (pk(2)  + p) - th  column p r e c i s e l y  because  (:) i s  a n  e n t r y  i n  t h e  (2k + 1 ) - t h  

column. 

REMARK 3 .2 .  I f  j = 2  and t h e  column number n  i s  odd and h a s  m 2 2  

d i s t i n c t  pr ime f a c t o r s ,  one can produce,  v i a  Lemma 1, m c o e f f i c i e n t s  i n  t h e  n- th  

column t h a t  a r e  n o t  d i v i s i b l e  by t h e i r  row number. Thus, i f  m 2 2 ,  t h e  number 

of b inomia l  c o e f f i c i e n t s  i n  a n  odd numbered column n  n o t  d i v i s i b l e  by t h e i r  

r e s p e c t i v e  row numbers i s  a t  l e a s t  m. It would b e  i n t e r e s t i n g  t o  improve t h i s  

lower  bound. 

LEIQU 2 .  Le t  c  > 5 be an i n t e g e r  of t h e  form 1 2 t  + d ,  where d  = 1 o r  5.  

The l a s t  c o e f f i c i e n t  i n  t h e  c- th  column of a  3 - s h i f t e d  a r r a y  i s  

PROOF. T h i s  f o l l o w s  immediate ly  from ( 1 . 3 ) .  

4 .  PROOF OF SUFFICIENCY FOR A 3-SHIFT I F  n  IS AN ODD INTEGER # 25 

THEOREM 2 .  I f  e v e r y  c o e f f i c i e n t  i n  t h e  n-th column of a  3 - s h i f t e d  a r r a y  i s  

d i v i s i b l e  by i t s  row number w i t h  n  an odd i n t e g e r  n o t  e q u a l  t o  1 o r  25, t h e n  n  

i s  a  pr ime.  

PROOF. S i n c e  n  > 1, n  h a s  a t  l e a s t  one odd prime f a c t o r  q .  We c o n s i d e r  

c a s e s  depending upon t h e  v a l u e  of c  = n / q .  

Case ( i )  c  K 3  (mod 4 ) .  The f i r s t  e n t r y  i n  t h e  c- th  column i s  

( c I ) = ( (c+;) 14) 
. Thus, by Lemma 1, t h e  c o e f f i c i e n t  

c-3) I 4  



736 R .  H. HUDSON AND K .  S .  WILLIAMS 

must b e  i n  t h e  n- th  column and s o  d i v i s i b l e  by i t s  row number. However, t h i s  

c o e f f i c i e n t  i s  c l e a r l y  n o t  d i v i s i b l e  by i t s  row number s i n c e  q  i s  pr ime.  Hence 

t h i s  c a s e  canno t  o c c u r .  

Case ( i i )  c Z  1 (mod 1 2 ) .  c  > 1. By Lemma 2  t h e  l a s t  e n t r y  i n  t h e  

c  = ( 1 2 t + l ) - t h  column i s  (It) . It f o l l o w s  from Lemma 1 t h a t  (4iq) i s  i n  t h e  

n - th  column, and s o  d i v i s i b l e  by i t s  row number. However. c l e a r l y  4 t q  f(4iq) 
s i n c e  q  i s  pr ime.  Thus t h i s  c a s e  canno t  o c c u r .  

Case ( i i i )  c  E 5 (mod 1 2 ) ,  c  > 5. By Lemma 2  t h e  l a s t  e n t r y  i n  t h e  

c  = (12t+5)- th  column i s  (4t11) . ~ h u s ,  by  emm ma 1, 

is  i n  t h e  n- th  column, and s o  d i v i s i b l e  by i t s  row number ( 4 t + l ) q .  S i n c e  t h e  

numerator  of t h e  f r a c t i o n  i n  (4 .2 )  a p a r t  from ( 4 t + l ) q ,  i s  d i v i s i b l e  by q  b u t  n o t  

by q 2 ,  w h i l e  t h e  denominator  i s  c l e a r l y  d i v i s i b l e  by q 2 ,  we have  

2  
( 4 t + l ) q  - q  0 (mod q 1 ,  

t h a t  i s  

(4 .3 )  t 0 (mod q ) .  

Again by Lemma 2  t h e  n e x t  t o  t h e  l a s t  e n t r y  i n  t h e  c  = (12t+5)- th  column i s  

j4:) p rov ided  c  > 1 7  ( s o  t h a t  t h e  column c o n t a i n s  a t  l e a s t  two e n t r i e s ) .  Thus, 

by Lemma 1, t h e  b i n o m i a l  c o e f f i c i e n t  

must o c c u r  i n  t h e  n-th column, and s o  must b e  d i v i s i b l e  by i t s  row number 4 t q .  

The denominator  of t h e  f r a c t i o n  i n  (4.4) i s  d i v i s i b l e  by a t  l e a s t  q5, w h i l e  t h e  

numerator  a p a r t  from 4 t q ,  by ( 4 . 3 ) ,  i s  d i v i s i b l e  o n l y  by q 4 ,  i f  q > 3 ,  showing 

t h a t  t h i s  c a s e  i s  i m p o s s i b l e .  
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I f  q  = 3,  t h e  n- th  column h a s  t h e  e n t r y  ( i )  = 1 which i s  c l e a r l y  n o t  

d i v i s i b l e  by i t s  row number, s o  t h i s  c a s e  i s  i m p o s s i b l e  too .  

F i n a l l y ,  i f  c  = 17 ,  t h e  l a s t  c o e f f i c i e n t  i n  t h e  c- th  column i s  (:) , and 

s o ,  by Lemma 1, (ii ) o c c u r s  i n  t h e  n- th  column. By (4 .3)  t h i s  c o e f f i c i e n t  i s  

n o t  d i v i s i b l e  by i t s  row number 5q and s o  t h i s  c a s e  i s  i m p o s s i b l e .  

Case ( i v )  c  = 5. We a r e  p reven ted  from u s i n g  t h e  method of Case ( i i i )  s i n c e  --- 

t h e  f i f t h  column h a s  no e n t r i e s .  We may assume q  # 5  f o r  o t h e r w i s e  n  = 25 and 

t h i s  i n t e g e r  i s  excluded by t h e  h y p o t h e s i s  of t h e  theorem, S i n c e  q i s  an odd 

pr ime,  q  i s  congruent  t o  3(mod 4 ) ,  l(mod 1 2 ) ,  o r  5(mod 1 2 ) .  I n t e r c h a n g i n g  

t h e  r o l e s  of c  and q ,  and a p p e a l i n g  t o  t h e  p r e v i o u s  c a s e s  we s e e  t h a t  Case ( i v )  

i s  i m p o s s i b l e  too .  

Hence c  = 1 and n  must b e  a n  odd prime. 

5. COEFFICIENTS I N  AN EVEN-NUMBERED COLUMN OF A  3-SHIFTED ARRAY ---- 

I n  a  3 - s h i f t e d  a r r a y  we a r e  n o t  a b l e  t o  show t h a t  o n l y  f i n i t e l y  many even- 

numbered columns have t h e  p r o p e r t y  t h a t  a l l  t h e i r  e n t r i e s  a r e  d i v i s i b l e  by t h e i r  

row numbers. The i d e a  used t o  t r e a t  odd-numbered columns f a i l s ,  s i n c e ,  f o r  

example, w i t h  n  = 226 t h e  l a s t  two e n t r i e s  i n  t h e  113-th column g i v e  r i s e  t o  

(by Lemma 1 )  t h e  c o e f f i c i e n t s  (::) and (744) i n  t h e  226-th column, bu t  t h e s e  

a r e  b o t h  d i v i s i b l e  by t h e i r  row numbers. However, t h e  226-th column c o n t a i n s  t h e  

c o e f f i c i e n t  (:: ) which i s  n o t  d i v i s i b l e  by i t s  row number 62. 

THEOREM 3. Le t  n  b e  an even composi te  number 4. Then, i f  eve ry  co- 

e f f i c i e n t  i n  t h e  n-th column i s  d i v i s i b l e  by i t s  row number a f t e r  a  3 - s h i r t ,  we 

must have n  E 1 0  o r  34 (mod 96) .  

PROOF. Assume o t h e r w i s e .  I f  n  3 0  (mod 4)  we have an  immediate  c o n t r a d i c -  

t i o n  a s  t h e s e  columns c o n t a i n  t h e  b inomia l  c o e f f i c i e n t  
n / 4  ( n , 4 )  = 1, and 1 i s  

certainly n o t  d i v i s i b l e  by i t s  row number s i n c e  n  > 4. I f  n  6  (mod say, 

n  = 8d-2 t h e  f i r s t  e n t r y  i n  i t s  column i s  (:i-2) = ( y )  # 0  (mod 2d) ,  a  con- 

t r a d i c t i o n .  I f  n  = 0  (mod 3 )  t h e  n-th column h a s  t h e  e n t r y  (ni3) = 1, a  con- 

t r a d i c t i o n  a s  n  > 4. I f  n  = 2  (mod 3) t h e  l a s t  e n t r y  i n  t h e  n- th  column i s  

( (n-2)  i 3 )  
2 . T h i s  c o e f f i c i e n t  i s  n o t  d i v i s i b l e  by i t s  row number s i n c e  2  i s  pr ime.  

Thus, we must have n  - 10  o r  34 (mod 48) .  We have assumes n  3 10  o r  34 
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(mod 96) s o  n  E 58 o r  82 (mod 9 6 ) .  

I f  n  - 58 (mod 96)  t h e  f i r s t  c o e f f i c i e n t  i n  t h e  n-th column i s  

(n+2)14 ) = ( ( n + i ) 1 4 )  . Consequen t ly ,  t h e  second e n t r y  i n  t h i s  column is  ( (11-61 14 

(n+6)14 ) = ( (n+6)14) . T h i s  c o e f f i c i e n t  i s  n o t  d i v i s i b l e  by i t s  row number 
(11-18) 14 6  

s i n c e  i t  i s  e q u a l  t o  ( s e t t i n g  n  = 96R+58) 

The denominator  i n  (5.1) i s  c l e a r l y  d i v i s i b l e  by 24 b u t  (24!L+15). . . (24!?,+11) i s  

3  
d i v i s i b l e  by a t  most 2 . The argument i s  s i m i l a r  i f  n  Z 82 (mod 9 6 ) .  

T h i s  comple tes  t h e  proof  of  Theorem 3. 

6. TABLES OF VALUES FOR j = 3. 

I n  Tab le  1 t h e  numer ica l  v a l u e s  of t h e  c o e f f i c i e n t s  i n  t h e  f i r s t  34 columns 

of t h e  3 - s h i f t e d  a r r a y  a r e  i n d i c a t e d .  I n  Table  2  t h e  b inomia l  c o e f f i c i e n t s ,  from 

which t h e  v a l u e s  i n  Tab le  1 a r e  computed, a r e  g i v e n  f o r  odd n  < 25. 

Tab le  1 
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Tab le  2 --- 

7 .  ARBITRARY ARITHMETIC PROGRESSIONS 

L e t  a  k  + b  be any a r i t h m e t i c  p r o g r e s s i o n  and l e t  p o s i t i v e  i n t e g e r s  of t h e  

form a  k + b  be  a r r a n g e d  i n  rows and columns a s  i n  ( 1 . 2 ) .  Cons ide r  t h e  

" t r i a n g u l a r "  a r r a y  o b t a i n e d  from ( 1 . 1 )  by d e l e t i n g  t h e  f i r s t  column and a l l  rows 

n o t  of t h e  form a  k  + b .  For example ,  when a  = 4 ,  b  = 3,  one o b t a i n s  t h e  d i s -  

p l a y  ( c o e f f i c i e n t s  d i v i s i b l e  by t h e i r  row number a r e  c i r c l e d ) ,  

We c a l l  such  a  d i s p l a y  a n  a  k  + b  d i s p l a y ,  and we i n v e s t i g a t e ,  i n  t h i s  

s e c t i o n ,  t h e  p r o p o s i t i o n  t h a t  a  column number n  i n  an  a  k  + b  d i s p l a y  i s  a  

pr ime of  t h e  form a  k  + b  i f  and o n l y  i f  e v e r y  b inomia l  c o e f f i c i e n t  i n  i t s  

column i s  d i v i s i b l e  by i t s  row number. (The r e s u l t  of  Mann and Shanks f o r  such  a 

o n e - s h i f t e d  a r r a y  i s  t h e  s p e c i a l  c a s e  a = l ,  b=O). We o b t a i n  t h i s  r e s u l t  v e r y  

s imply  p rov ided  t h a t  a  d o e s  n o t  belong t o  t h e  f i n i t e  e x c e p t i o n a l  s e t  of compos- 

i t e  i n t e g e r s  w i t h  no p r o p e r  d i v i s o r  > a .  
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Let  each row a f t e r  t h e  f i r s t  i n  t h e  a r r a y  (1.1) b e  s h i f t e d  one u n i t  t o  t h e  

r i g h t  a f t e r  d e l e t i n g  t h e  f i r s t  column. Le t  i n t e g e r s  of t h e  form a  k + b  b e  

d i s p l a y e d  i n  rows and columns s o  t h a t  ( f  ) o c c u r s  i n  t h e  t - t h  column, 1 5 s 5 r. i f  

and o n l y  i f  t = r + a  s. Thus, one o b t a i n s  t h e  a  k + b  d i s p l a y .  

where (:) = O  i f  s > r .  

THEOREM 4.  Le t  t h e  i n t e g e r s  of t h e  form a  k + b  be d i s p l a y e d  a s  i n  (7 .1) .  

With t h e  p o s s i b l e  e x c e p t i o n  of t h e  f i n i t e  s e t  of composi te  i n t e g e r s  which have no 

p roper  d i v i s o r  > a ,  a n  i n t e g e r  i s  a  prime of t h e  form a  k + b  i f  and o n l y  i f  

eve ry  b inomia l  c o e f f i c i e n t  i n  i t s  column i s  d i v i s i b l e  by i t s  row number. 

PROOF. The theorem i s  vacuous ly  t r u e  f o r  n  = b. Le t  n  = p  where p  i s  

a  prime > b and assume t h a t  r f ( f )  where ( f  ) i s  i n  t h e  p-th column. On 

one hand,  we have 

s o  t h a t  r s  > 1 On t h e  o t h e r  hand, we have p  = r + a  s s o  t h a t  ( r , s )  1 p ,  

a  c l e a r  c o n t r a d i c t i o n  t o  t h e  p r i m a l i t y  of p .  

Le t  n  = a  k + b  b e  a  composi te  i n t e g e r ,  s a y  n  = p ,  where p  i s  a  prime 

and k = a j  + d ,  j 2 1 ,  0 1 d < a .  Then ( ~ ( ( j - ' )  ( a ) fd )  i s  i n  t h e  n  = pk-th column 
P  ) 

s i n c e  p  ( ( j -1 )  (a)+d)  + a  p  = p  (a  j + d )  . But p s  4 (Pps) i f  p  i s  prime ; s e e ,  

e . g .  [ 2 ,  p .  1321. Thus n  h a s  a  b inomia l  c o e f f i c i e n t  i n  i t s  column which i s  n o t  

d i v i s i b l e  by i t s  row number. Q.E.D. 

COROLLARY. A  p o s i t i v e  i n t e g e r  n  > 1 i s  prime i f  and on ly  i f  eve ry  b inomia l  

c o e f f i c i e n t  i n  i t s  column i n  t h e  d i s p l a y  (7 .1)  i s  d i v i s i b l e  by i t s  row number. 

PROOF. L e t  a  = 1 and b  = 0 i n  Theorem 4 .  The composi te  i n t e g e r  n  = 1 i s  
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e x c e p t i o n a l  s i n c e  e v e r y  c o e f f i c i e n t  i n  i t s  column ( t h e r e  a r e  none)  i s  d i v i s i b l e  

by i t s  row number.  S i n c e  1 h a s  no  ( p r o p e r )  d i v i s o r  g r e a t e r  t h a n  i t s e l f  t h e  

c o n d i t i o n s  o f  Theorem 4  a r e  s a t i s f i e d .  Q.E.D. 

REMARK 7 . 1  When a  = 1 and b  = 0  t h e  d i s p l a y  ( 7 . 1 )  a p p e a r s  a s  

REMARK 7 .2 .  The p roo f  of  Theorem 4  i s ,  i n  a d d i t i o n  t o  i t s  g e n e r a l i t y ,  e v e n  

s i m p l e r  t h a n  t h e  p roo f  of t h e  Theorem of Mann and  Shanks  [21  i n  t h a t  i t  i s  n o t  

n e c e s s a r y  t o  c o n s i d e r  s e p a r a t e l y  p r i m e s  of  t h e  form 6k + 1 and 6k - 1. 

RElMRK 7 . 3 .  I n  Theorem 4 ,  t h e  i n t e g e r  d  may o r  may n o t  b e  e q u a l  t o  b .  

I f  n o t ,  i t  i s  u n d e r s t o o d  t h a t  t h e  c o e f f i c i e n t  (( j- l)a+d) o c c u r s  i n  t h e  a  j + d  
1 

column of a n  a  j + d  d i s p l a y .  T h i s  d i s p l a y  i s  n o t  t h e  same a s  ( 7 . 1 ) ,  b u t  i s  

c o m p l e t e l y  a n a l o g o u s  and c a n  b e  e a s i l y  o b t a i n e d  by t h e  r e a d e r .  

REMARK 7 . 4 .  The n e c e s s a r y  c o n d i t i o n  p roved  above  i s  e q u i v a l e n t  t o  t h e  

a s s e r t i o n  t h a t  i f  a  i s  a  p r i m e  of form a  k + b  e a c h  c o e f f i c i e n t  of t e r m s  of  
00 

a + a + i s  d i v i s i b l e  by  n  ( s e e  [ 2 , p . 1 3 4 ] ) .  d e g r e e  n  i n  1 (x  + x  ) - x 
k=O 

Some i l l u s t r a t i v e  example s .  

Example 1. a  = 4 ,  b  = 1, 3. -- 

B i n o m i a l  c o e f f i c i e n t s  which  a r e  d i v i s i b l e  by t h e i r  row numbers a r e  c i r c l e d  

t o  d i s t i n g u i s h  them f rom o r d i n a r y  b i n o m i a l  c o e f f i c i e n t s  which  a r e  e n c l o s e d  ( a s  i s  

u s u a l )  i n  p a r e n t h e s e s .  
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REFWRK 7 . 5 .  Note t h a t  9 is  an e x c e p t i o n ,  a s  w e l l  a s  1 ,  i n  t h a t  i t  i s  

compos i t e  b u t  e v e r y  c o e f f i c i e n t  i n  i t s  column i s  d i v i s i b l e  by i t s  row number. 

Note t h a t  9 = 32 and 3 < 4  s o  t h a t  t h e  e x c e p t i o n  does  n o t  c o n t r a d i c t  Theorem 4 .  

'There a r e  no o t h e r  e x c e p t i o n s  f o r  t h e  moduius 4 .  
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Example 2.  a  = 7 ,  b  = 4  and a  = 11, b  = 7 .  

REMARK 7 .6 .  Note t h a t  1 8  h a s  a  p r o p e r  d i v i s o r  > 7  b u t  n o t  g r e a t e r  t h a n  

11. The o n l y  compos i t e  i n t e g e r s  w i t h  a l l  c o e f f i c i e n t s  i n  t h e i r  column d i v i s i b l e  

by t h e i r  row number a r e  4  i n  t h e  f i r s t  d i s p l a y  ( n o t e  4  < 7) and 1 8  i n  t h e  

second d i s p l a y .  Of c o u r s e ,  t h e  d e s i r e d  c o e f f i c i e n t ,  g u a r a n t e e d  by Theorem 4 ,  

a p p e a r s  o n l y  i f  t h e  d i s p l a y s  a r e  ex tended .  For  example ,  i f  n  = 88 = 2.44 t h e  

c o e f f i c i e n t  n o t  d i v i s i b l e  by i t s  row number ( g u a r a n t e e d  by Theorem 4) i s  

The c o e f f i c i e n t  (317) i s  t h e  f i r s t  c o e f f i c i e n t  i n  t h e  44-th column i n  a  7n + 2  

d i s p l a y .  
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