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THE CLASS NUMBER OF (Q(,/—2p) MODULO 8,
FOR p = 5 (MOD 8) A PRIME

KENNETH S. WILLIAMS*

ABSTRACT. Let p = 5 (mod 8) be a prime. Let A(+ 2p) denote the
class number of the quadratic field Q(+v/ +2p). Let T + U V”Qp be
the fundamental unit of Q(+/2p). It is shown that h(—2p) =
h(2p) + 2T + 2 (mod 8).

If p is a prime congruent to S modulo §, it is well known that the class
number A(—2p) of the imaginary quadratic field Q(4/ —2p) is congruent
to 2 modulo 4 (see for example [2: p. 413]). In this paper, we determine
h(—2p) modulo 8. This is a problem of D.H. Lehmer [6: p. 10]. (The
corresponding problem for #(—p), p = 3 (mod 4), has been solved by
the author in [9].)

Welete,, = T + U ,/2p be the fundamental unit of the real quadratic
field Q(4/2p), so that T and U are positive integers. It is a classical theorem
of Dirichlet [S: p. 226] that ¢,, hasnorm -1, that is,

N(epy) = T2 — 2pU% = —1,

from which it follows that 7 and U are both odd. The class number
h(2p) of Q(4/2p) is also congruent to 2 modulo 4 (see for example [3:
p. 101]). With this notation we prove the following theorem.

THEOREM. A(—2p) = h(2p) + 2T + 2 (mod 8).

PrROOF. It is assumed throughout that p is a prime congruent to 5
modulo 8. We set o = exp(2zi/p). For z a complex variable, we let

p-1 p—1
() F@= 1l G-p) F(a)= Il (z-p),
G2 G
so that
(2 F(2)F (2) = F(2),

where F(z) is the cyclotomic polynomial of index p,
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that is,
= A r—

@ Fo=llG-p)=" 7=+ttt
=1

F. and F_ are each polynomials in z of degree (p — 1)/2 with coefficients

in the ring of integers of Q(+/p) (see for example [7: p. 215]). Hence
we can write

4 F2) = (Y(2) — Z()/p)2, F(2) = (Y(2) + Z(z) v/D)/2.

where Y and Z are polynomials with rational integral coefficients. From
(2) and (4) we have

&) Y(z)? — pZ(2)? = 4F(2).
Itis also known [7: p. 216] that Y and Z have the forms

(p—5)/4

(6) Y(z) = ZE) a,(z 07V o2y a2 PV,
n=|
(p—5)/4
%) Z(z) = Z‘(‘) b (e 02 4 omy 4 b(pal)u /A
o

where the a, and b, are integers with gy = 2,4, = 1,a, = (p + 3)j4, ...
and by =0, b, =1, b, =0, . . .. For further values of a, and b, see,
for example, [7: pp. 217-218] or [8: pp. 210-217].

Taking z = w = exp(2zi/8) =(1 +/)/\/2 (note w? =i, o= —1.

wb = —i, a8 = +1)in(3),(6) and (7) we obtain
8) Flw) = o + 0? + o3,
As + Bsw + Asw?, if p = 5(mod 16),
©) Y(w) = 5 + Bsw 50 1 p. (m )
Az — Apw? + Bisw3,  if p = 13 (mod 16),

Cs + Dsw + Csw?,  ifp = 5(mod 16),
(10) Zw) = 1€ 5 5W P. ( )
Ci3 — Cpw? + Dizwd,  ifp = 13 (mod 16),

where A5, Bs, Cs, Ds, Ay3, B3, Ci3, D3 are rational integers depending
upon the a, and b,. Substituting (8), (9) and (10) into (5) with = = w,
we obtain

24+ B2 — 2pC% — pD? = 4, )
(1) 245 + B5 = 2pC5 = pDs ifp =5 (mod 16),
ASBS — pC5D5 = 2,
and
242 B2, — 2pC2, — 2 — 4, )
(12) { 13 + B3 pCis — pDis if p = 13 (mod 16).
A13Bi3 — pCi3Dy3 = 2,
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Now, from Dirichlet’s class number formula (see for example [1: p.
343]or[4:p. 171], we have

V2p /2
h(2p) = log(T + U\/Zp)nzl( >”

and
h(—2p) = 21/2‘0 Z( >l
n-=1

As

,i§£>l - <+2p o < 2/1+l> I

%‘1< n /n %‘0 2n+l>2n+l _,1};0 2n+l>< p 2n+l
and
( 2) J‘(~I)"’2 if n even, / _2>_ (—=D72,  if neven,
2n+1 [(=1y=bz. if p odd 2n+1 —{(wl)mflwz’ if n odd
we obtain

h(2p) or T j<4n+] (=1 /4n+3\(—1)
(13) 2 log(T + U/2p) = 72-‘ p )4n+l ( p )417-}-3}
and

zh(=2p) _ v/p 3 4i1+l>(—1)" <4n+3>(~l)"}

(14) 4 /2n0{< p Jantt U p Janva)

Thus, from (13) and (14), we obtain (recalling that /i(2p) = h(-2p) = 2
(mod 4))

(= 1) R20 =274 (T 4 U \/2p)r2n/2

xp{/’(g”) log (T + U+/2p) + ”i/’(gzl’)}

s (A ()
that is,
(15) (= D RC2D=2/4T 4 U,/ 2p)hep /2

_ CXp{gEg(;)(. ).

Using the familiar Gauss sum (recall p = 5 (mod 8))

fij Uip)o = (Z)«//?
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in (15), and after interchanging the order of the resulting summations,
we obtain

i(— 1) h2n-2/4T 4 U \/2p)ren 2

(16) = exp{%lz:i Gilp)(log (1 + wp?) — log (1 — wpf))},

where (here and throughout) log denotes the principal branch of the
logarithm. Now

"2 Gipog (I + wph) — log (I — we)

-1 1
= {_ 21 + Z; }(log(l + wp’) — log (1 — wp’))

7
(j/p)=—1 (j7p)=+1
p—1 -1
- {—2 D)
7=1 71

G/ =—1

(log (1 + wp’) — log (1 — wp?)),

so (16) becomes

i(=1)yre2p-2/4T 4 U¢§;7)h @p) /2

_ =11 _ (Upf . 117"1 . .
(j/p)=—1

Taking z = +w3in (1) we obtain (after a little manipulation) as p = 5
(mod 8)
Pl — wel F_(—wd)

18 : 0= s
(1%) ,-nl [ + wp?~ F(0®)
Grp=—1
Next, using (4), (9) (10) with z = + w3, and making use of (11) and (12),
we find, after some manipulation,

F (=wd
R X5
, B -
(43 — pCE — 1) + (ABI:)_S 35C5)«/2p/2, if p = 5 (mod 16),
I -2
_1(412,;: pC% + 1) + (BisCis — A13D13)+/2p/2 if p = 13 (mod 16),
-1+ 42 ’

From (11) and (12), we see that L and M, defined by

Az — pCEt — 1, if p = 5 (mod 16),

20 L=
(20) {A%z —pC% + 1, ifp =13 (mod 16),

and
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Q1) M _{(ASDS — B;C5)/2, if p =5 (mod 16),

(B13C13 — A3Dy3)/2, if p = 13 (mod 16),

are odd integers. Moreover we have

(22) = (- 1)?3/8 (mod 4).

Putting (17), (18), (19), (20) and (21) together, we obtain

i(1 = /2N D28 20D 4 U/ 2p) 2L + M 4/2p)

(23) _ exp {,12, ”2 (log (I + wp?) — log(l — cup/))}.

Next we consider
p-1 . -1 .
2 log (1 —iph) = Y log (I — w?p)).
j=1 j=1
Asjrunsthrough 1,2, ...,p — 1 sodoes2j (mod p), so we have

pl
Z; log (1 — ig)
~

= pi: log (1 — w?p?)
=i
p1 .
= Y log {(1 + we)(l — wpe’}
j;t]
=1

= Y {log (I + wp/) + log (I — wp’)
=51

+ i(arg (1 + wp)) (1 — wp’)) — arg(l + wp/) — arg (1 — wo)},

where arg(z) denotes the principal value of the argument of z, that is,
arg(z) is restricted to satisfy —x < arg(z) £ z. Hence we have

pi(log(l + wp’) — log(l — wp))
=

i

-1
~2 Y log(l — wp’)
fo=

p1
+ 2 log(l —ip/) +i(arg(l + wp’) + arg(l — wp/) — arg(l — ip¥))}
I

b1
—2 Y log(l — wp’)
=t

+ pi {log(l — ip7) + i(arg(l + wp/) + arg(l — wp?) — arg(l — ip/))}
j=1

I

—1 —1
—2"Stog(l — wp) + log T[(1 — ip?)
7=l 7=1

. bl . ! .
—1 arg(ﬂl(l - 1p1)> + i Y (arg(! + wp’) + arg(l — wp?)),
7= /=1
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that is

If(log(l + wp?) — log(l — wp?))

7=1

24) - .
= —2¥ log(l — wp) + i Y (arg(l + wp)) + arg(l — wp),
=1 =

where we have again used the fact that as j runs through [, 2, ..., p — 1
so does 2j (mod p), and the result

p-1 -
[TA —ip) = } i
=1 -
Putting (23) and (24) together, we obtain
(L= /D)= D@D B+hC2p-D/YT 4 U¢§E)h(2ﬁ)/2(L+M\/Z))‘1
p-1 ;b1 ‘
=TI = wp) - expl 35 aral + wp) + are(l wp))} -
=1 7=1

b o

i I — i

25)

As

1 . | —
— -1 — il .
,131“ Al e Al Rl perav, &

Il
|

(25) becomes
(= 1)#-5BH G20 AT 1 U /TP (L + M y/2p)

j p-1 } .
(26) = exp{%Z(arg(l + wp’) + arg(l — wpf))} .
7=1
Now, forj = 1,2, ..., p — 1, we have
I + wp’ = 2 cos (njlp + w/8) el=//pt/®)i
and
| — wp’/ = 2 sin (zj/p + r/8) e'ri/p=3=/8),

Since

cos(zjlp + =/8) > 0, forl =< j < 3p/8,

cos(zjlp + n/8) < 0, for3p/8 <j<p—1,

sin(zj/p + w/8) > 0, forl < j < 7p/8,

sin(zjlp + n/8) < 0, forTp/8 <j<p—1,
we have

] 8 for1 < < 3p/8,
arg(1+ij):{7rj/p+7r/, orl =)< 3p/

mjlp — T=/8, for3pl8 <j=<p—1,

and
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zjlp — 3x/8, forl <j < Tp/s,

1 — wol) =
arg(l = we’) {,rj/,, — 1z/8, forTp8 <j<p— 1.

SO
arg(l + wp’) + arg(l — wp’)
2zjlp — /4, for 1l £ j < 3p/8,
= 2zjlp — Sx/4, for 3p/8 < j < Tp/8,
2zjlp — /4, for TIp/8 < j = p — 1,
giving

E}:(arg(l + wp’) + arg(l — wp’))

=2jz:f’>:—i.__7r 3p—-7 S5z p+1_9 p-35

p AT 478 4772 4 8
=alp—1)—=alp - 1)
= 0.

Using this, (26) gives the important result connecting #( —2p) and h(2p),
namely,

(27) (T + Uy/2p)ren /2 = (=) p=5/8+ =20 -2/4 (L 4+ M 4/2p).

Expanding the left hand side of (27) by the binomial theorem, and equating
rational parts, we obtain

ThEp /2 4 <h(25’)/2>7* hep-47202(2p)

(28) + (h(2£)/2)T(h<2p>—8>/2U4(2p)2

4o o= (= ) PREE 2P -]
Reducing (28) modulo 4, we obtain (using (22) and recalling that A(2p)
=2 (mod4), T=U=1 (mod2),p=5 (mod38))

T + h%!") — 1 = (=1)*C2pi0/4 (mod 4)

or
h(—2p) = h(2p) + 2T + 2 (mod 8).
This completes the proof of the theorem.

We remark that our proof is purely analytic in nature and that it would
be interesting to give an algebraic one. We also note that for those primes
p for which A(2p) = 2 (a common occurrence) our theorem takes the
simple form
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h(—=2p) = 2T + 4 (mod 8),

or

—1 )

T V= (=)D,
(—2) = =D

Finally, I would like to thank Mr. Lee-Jeff Bell for computing for me

the polynomials Y(z) and Z(z), together with the corresponding values of

As, ..., D3, for all primes p = 5 (mod 8) with p < 317. These values

were indispensable in formulating the correct sign in the relation (Y + U
V2pYeP2 = (L + My/2p) (see (27)).
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