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We begin by characterizing such fields (excluding the field Q(Gl, 
fl)). Our starting point is a formula of Hergoltz [13]; if K # Q ( G ,  
fl) is an imaginary bicyclic biquadratic field with class number H, k,, 
h, k, its three quadratic subfields with k3 real (ki having class number 
hi), then 

where for 9 and c fundamental units of K and k, respectively we have 
NKIkl (9) = $ 0 .  Then, using various divisibility results on class numbers 
of quadratic fields [I] ,  [3], [4], [S], [7], [8], [lo], [ l l ] ,  [12], together 
with certain elementary properties of the fundamental unit c, [8], [l8], 
we obtain (after some calculation) the first six columns of the table, 
where h (m)~  denotes the class number of Q ( 6 )  and h(m, n) the class 
number of Q( fi, T n ) .  

We have been able to obtain results on either the quadratic charac- 
ter or the quartic character of c, in all of the cases listed in the table, 
except those marked with an asterisk, where we have only conjectures 
(see final three columns of table). We emphasize that all quadratic par- 
titions indicated in the table are primitive ones, that is, the vallies of 
the variables are coprime, and the cj and q' denote odd distinct primes. 

We illustrate the ideas involved by treating case 1.3 (ii). In this case 
cj - 5 (mod 8) is prime and p is a prime satisfying ( -  l /p )  = 1, 
(2/p) = (q/p) = - 1. Then in Q(*, -) we have the - prime - ideal 
factorizations (p) = P P' P P' and (2) = Q4, where P, P', P , P '  are dis- 
tinct conjugate prime ideals and Q is a prime ideal (see for example 

- 
[Zl]). Here ' denotes conjugation with respect to fi and with re- 
spect to \/=I. Since Q(fi, m) has class number 2k1, where 
k = (1/2)h(2q) and 1 = (1/2)h(-2q) are odd, there is a unique ideal 
class C such that C has order 2 in the ideal class group. Moreover 
Q E C as Q2 is principal while Q is non-principal. As Pk' is principal, 
either Pk' is principal or Pk' is equivalent to Q and QPk' is principal. 
Suppose Pkz = (a). Then taking norms we have ( P ~ ' )  = (aa'iiii'), which 
leads to pk' = x2 + Qy< which is impossible as q = 5 (mod 8). There- 
fore we have QPk' = (a), where a is an integer of Q(*, -), so 
that [23] 

where A, B, C, D are rational integers with B = D (mod2). Then we 
have 
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a& = {(A2 + C?) + ~ ( B Z  + D2)] + (AB + CD) fi 
2 

and 

air' = {(A2 + C?) - Y ( B ~  + DZ)) + (AD - BC) 
2 

so that 

with 

1 9 
x = - (A2 + C? - -(B2 + D2)), y = A D  - BC, 

4 2 

1 
u = - (A2 + C? + ~ ( B Z  + D2)) > 0, v = AB + CD. 

2 2 

Note that the possibility -pkf = 2u2 - '/02 cannot occur as 
aa'CY(Y' > 0. Moreover (x, y) = (u ,  v) = 1, for if (x, y) > 1 ((u, G) > 1 
can be treated sirnilarly) we have pix, ply, so that p/4x + y fi = 
a&' giving (11) I (a)(ii'), P P ' ~ '  / O2PkPf ,  that is P' 1 P or P,  since P' is a 
prirne ideal coprime with Q, contradicting that P, P', P, B' are distinct. 

Next from pk' = 2u2 - qc2 (11 > 0) we have fi = 2 u / ~  (rnodp) so 
that 

Choosing, without loss of generality, u > 0, we have (u/p) = (p/u) = 
(pkf/v) = (2u2/o) = (2/v), as p = 1 (mod 4) and kl odd. 

Next we have 

Tc + 211u P Tz: + 2 I-IZL 
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as (2qc2 - 4u2)/r = 1 for each prime factor r of Tt. + 2c111. 
Hence we have 

Now as 7' - c 3 (mod 8), U - 1 (mod 4), we have 

Consideration of cases gives 

Next as A and C are of opposite parity (since c is odd) we have 

I1 + 2x = A' + c? = 1 (mod 4) 

and so 

giving 

Some special cases of our results are due originally to Brandler [2] 
and Lehmer [15], [16]. For example case 1.4 was proved by Brandler 
for 9 = 17 and by Lehmer [15] for q = 17, 73. 97 and 193, see also 
Parry [19], while case :3.4 can be thought of as giving an explicit form 
of some results ([15], Theorems 2 and 3) of Lehmer. 

We note that by combining cases 1.1, 1.3 and 2.2 we obtain, for 
primes q = 5 (mod 8) the relation (c2,/p) = (c2/p)(c,/p), which is a spe- 
cial case of a remark of Barrucand (noted in [15]) on a result of RCdei 
([20], equation (30)), as well as a special case of a theorem of Furuta 
[9]. (See also a related paper of Williams [22]). Combining cases 1.2 
and 3.2 we obtain the following analogous result relating the biquadrat- 
ic characters of c, and c2, in case q = 3 (mod 4). 

THEOREM 1. Suppose q is a prime with q = 3 (mod 4). Let p he a 
prime such that (-  l /p )  = (2/p) = (q/p) = 1. Then we h o e  
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For prime" = 5  (mod 8), we may use the relationship (e2,,/p) = 
( ~ ~ / p ) ( ~ ~ , / p )  in conjunction with cases 1.1, 2.2, and 3.3 to establish an- 
other relationship, a direct proof of which would seem to require the 
arithmetic of the octic extension Q(\/ci, G, @). 

THEOREM 2. Suppose (1 i s  Q prime, y - 5 (mod 8). Let p he u prime 
with ( -  l / p )  = ( 2 / p )  = ( q / p )  = 1 so that 

tuith (r, y) = (a, b )  = (c, d )  = 1. Then toc hace 

y + h + d = 0 (mod 2).  

The authors would like to thank Mr. Lee-Jeff Bell who did some 
computing in connection with the preparation of this paper. 
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