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We denote the domain of rational integers by Z and let Z[w] denote the integral
domain {z+yw; z, yez}, where w is the complex cube root of unity (—1+4-4/—3){2. The
elements of Z{w] were used by Eisenstein (1844, 1845), in his work on cubic reciprocity and
for this reason are sometimes called Eisenstein integers (for details of the arithmetic of
Eisenstein’ integers see, for example, the delightful book by Ireland and Rosen (1972), whose
notation we follow). If a ¢ Z[w] we write N(a) = aa(eZ) for its norm, !where a is the
complex conjugate of a. There are exactly six units (elements of norm 1) in Zjw], namely
+1, +w, +uw?. Two non-zero Eisenstein integers o, # are said to be associates, written
a ~ B, if their quotient «/# is & unit. Z[w] is a Euclidean domsin so each non-zero, non-
unit element is expressible in essentially a unique manner as a product of primes. The
primes of Z[w] consist of positive rational primes ¢ = 2 (mod 3) and their associstes, complex
primes of the form a-+bw having norm a rational prime =1 (mod 3), and 1—w and its
associates. We remark that the norm of 1—w is 3, indeed 3 ~ (1—w)®.

If 7 is & prime in Z{w], not an associate of the prime 1—w (written mx/l—w) then
N(m) =1 (mod 3) and the cubic residue character of a(6Z[w]) modilo n is defined by

0 ifa=0(modm), "
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s ‘w'ifa gt 0 (mod n) and «'N™-18 = yf (mod 7}, r =0, 1, 2.

This character enjoys the following properties : if a, 8¢ Z[w] then .
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Also we have
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A prime 7 of Z[w] will be called primary if it satisfies # =2 (mod 3). Ifrmisa primo
X/1—w then among its six associates exactly one is primary. Clearly 1—w and its asso-
ciates are not primary. KEisenstein (1844) proved
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The Law of Cubic Reciprocity : If # and A are primary primes of Z[w] then
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Two proofs of this are giﬁen by Ireland and Rosen (1972) (see also Cooke, 1974).
In the same year Eisenstein also proved

. Supplement to the Law of Cubic of Rectprocity : ILet m be & primary prime of Z[w].
If 7 =g¢q is rational, let ¢ =3m—1. If 7 = a4 bw is a primary complex prime, let
a=3m—1, b=3n. Then :

Only the case 7 rational of the supplement to the law of cubic reciprocity is proved
by Ireland and Rosen (1972), (see comment (c), p. 115). In this article we prove the supple-
ment in a very simple manner by deducing it from the law of cubic reciprocity. Other
proofs have been given by Cooke (1974) and the author (Williams, 1975); it is also & speclal
caso of Artin’s power reciprocity law (Artin and Tate, 1967).

We begin by extending the definition of the cubic residue character to allow us to
work with non-prime integers of Z[w] in.the denommator of the symbol yet still retain
properties: analogous to (2),.(3) and (4).

Let. aeZ[w] and let 7eZ[w] be such that 7 wf 0 (mod 1—w). We set

1, if 7 is a unit of Z[w],

oy - ©)
(7)"'(a Jay e . .

”—) (-;), if 7 is not a unit and 7 = m, ... 7, where the y are primes.
1 r

As Z[w] is a unique factorization domain the definition is a valid one. If «, feZ[w], 7,
peZ[w] with 7, p p 0 (mod 1—w) then it is easily verified using (2), (3), (4) and (5) that
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Also we have.
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( :r_l ) — L(‘% )= WNT-1)/3, (8)
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The last assertion involves checking that if 7, and ﬂa are primes of Z[w] w1ﬁh m x/1—w,
7y x/1—w then .

AN N(ﬂa) 1 N(Trlﬂ',) -1
3 3

(mod 3).

We also note from (6) that if £ is & ratlona,l mbeger s 0 (mod 8) and m is a rational integer
such that (k, m) =1 then '

('%) =1, a8 (k,m=1L , )

Further we note that if @, f ¢ Z[w)] are such that « = £ = 2 (mod 3), then a simple applica-
tion of (6) and the law of cubic reciprocity gives

a\_(# | (10
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Finally if & is a rational integer = 2 (mod 8}, say ¥ = 3m—1, then
2 2

59 =(052) =(%52) - () () (%)

2
= (-'—;:-) (by (9)) = wrN®H-D/3 — wz(kz—n/a= wom’-m ,
3
showing that
( 1_;& ) = w,ﬂm. ' (11)
L]

Proof of Supplement to Law of Cubic Reciprocity. The case m rational is just the
special case k — g of (11). If # is not rationsal, 7 = a-bw where @ = 3m—1, b = 8n; then
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- (EU ~ )s (by (7), (8))
— .wemﬂ—m(%) 8( I;w )3 (by (10))
- wm( a—ﬂaw ) (by (6))
= utn( i‘jﬁ’i) (by (3))
! 3
= wm(2) (b;_b) (by (2), (4))
s 3
: =’w2m+(ﬂ_1)/s<a_-1|r-b) (by (4), (10))
3
= wn( 22 (by (7)
3
- w(ﬂ%)s( Eg’-) (b (8))
— yntmEn) (by (9), (11))
— wim.
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