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PEDOE'S FORMULATION OF 
URQUHART'S THEOREM 

Kenneth S. WiIliuae, Deputment of Mdwmdia, Culsbn Unlvedty 
- 

Urquhart's theorem of Euclidean geometry states: 

Let  2  asd 2 '  be two s t r a i g h t  l i n e s  which i n t e r s e c t  a t  

A. Le t  B and C be  p o i n t s  on 2  w i t h  C between A and B. L e t  

D and E be p o i n t s  on 1' w i t h  E between A and D. Suppose 

t h a t  BE and CD i n t e r s e c t  a t  F. I f  AC + CF = AE + EF, then 

we have AB + BF = AD + DF. 

I n  a  recent  a r t i c l e  Pedoe [2J asser ts  t h a t  an equiv- 

a l e n t  vers ion o f  Urquhart 's  theorem i s  the  fo l l ow ing :  

I f  C and E are  p o i n t s  on an e l l i p s e  w i t h  f o c i  A and 

F, then B = AC n EF and D = AE n C F  l i e  on a  confocal  

e l l i p s e .  

Unfor tunately,  t h i s  i s  no t  q u i t e  c o r r e c t  as i t  stands. 

To make i t  cor rec t ,  we must i n s e r t  t h e  requirement t h a t  C 

and E l i e  on opposi te s ides o f  AF. More p r e c i s e l y  we have: 

Le t  C and E be p o i n t s  on an e l l i p s e  5  w i t h  f o c i  A 
and F ,  and s e t  B = AC n EF and D = AE n CF. I f  C and E l i e  

on opposi te s ides o f  t h e  major .ax is  o f  5, then B and D l i e  

on' a  confocal  e l l i p s e ;  whereas, i f  C and E 1  i e  on the  same 

s ide o f  the  major ax is ,  then B and   lie 00 a  confocal  

hyperbola. 

To prove t h i s ,  we choose our  co-ordinate system so 

2 2 
t h a t  f has the equat ion % + 5 = 1, 0  < b  < a. W r i t i n g  e  

a b  

f o r  the  ecc,entr ic i  ty o f  5 ,  we have A = (-ae, 0 )  , F = (ae, 0) .  

Since C and E l i e  on 5, we can supp,ose C = (aiose,bsinO), 
1  E = (acos$,bsin@). S e t t i n g  a = $9 +8) ,  I3 = 2(@ -8 ) ,  a  

s t ra igh t fo rward  c a l c u l a t i o n  shows t h a t  

= cosa[sf , be (sir2a - sin2a) i) 
cosB slnB + es ina cosB s i n g  + e s i m  

and 

= rae c ~ s a ( ~ s i n a  -+ esing; , (si;2a - -s in2@) 
cosg s ing  es ina -be cosg sinB e s i m  ' 



2 2 
It i s  eas i l y  ve r i f i ed  (remembering t h a t  b2 = a (1 - e ) )  t h a t  

8 and D l i e  on the conic 

where 
2 2 2 (cos 2 a - cos 2 6) 2 2 c o s a ,  M z a e  L = a e  - 2 2 cos B cos 0 

2 Since L = a + A, M =  b2 + ' A ,  w i t h  

2 2 2 e cos a 1.1 [ - I ] .  
cos B 

(1) i s  a conic confocal w i t h  5. Now, i f  C and E l i e  on 

opposite sides o f  AF, the chord j o i n i n g  them, viz., 

COW + t rim ='cosB, meets the x-axis between x = -a and 

coss 2 2 = a, so we have -1 s -s 1, t ha t  i s  cos a - cos 6 2 0, 
C O W  

,e., M r 0 and (1) i s  an e l l i p s e  (possibly. degenerate). 

On the other hand, i f  C and E l i e  on the same side of the 

major axis, then reasoning as above, we ob ta in  M s 0, so 

t ha t  (1 ) i s  a hyperbola. This completes the  proof. 

The case when C and E l i e  on the same s ide o f  Af 

leads t o  the fo l low ing  complement t o  Urquhart's theorem 

(see f o r  example [I]) : 

Let II and II' be two s t ra i gh t  1 ines which i n te r sec t  

a t  A. Let  8 and C be po in ts  on1 $w i t h  C between A and B. 

Let D and E be po in ts  on II' w i t h  D between A and E. Suppose 

t ha t  BE and CD i n te r sec t  a t  F. If AC + CF = AE + EF, then 

we have AB - BF = AD - DF. 

A E D II' A 

URQUHART'S THEOREM: COMPLEMENT TO URQUHART'S 

AC+CF = AE+EF => AB+BF = AD+DF THEOREM: 

AC+CF=AE+EF=>AB-BF=AD-df 
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