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ON URQLIHART'S ELEMENTARY THEOREM OF EUCLIDEAN GEOMETRY 
KENNETH S. WILLIAMS, C a r l e t o n  U n i v e r s i t y  

I n  a  r e c e n t  a r t i c l e  Pedoe [I] ment ions t h a t  he has a t tempted t o  f i n d  a  p r o o f  

o f  Urquhar t ' s  Theorem ( s t a t e d  below) which does n o t  i n v o l v e  c i r c l e s  (see a l s o  [ 21 ) .  

Here i s  a  s imple  p r o o f  wh i ch  o n l y  i n v o l v e s  t h e  s i n e  formula f o r  t r i a n g l e s  and a  few 

simple t r i g o n o m e t r i c  i d e n t i t i e s .  

LEMMA 1. I n  AABC we have 

BC + CA cos ? (A-B) 
AB = cos  $ (AtB)  

Proof. By the  s i n e  fo rmu la  we have (as  C = n - (A tB ) )  

BC tCA - AB - AB 
s i n A  + s i n g  -m - s i n  (AtB)  

and so 

BC + CA s i n  A + s i n  B - 2  s i n  1 (AtB)  cos f (A-B) - cos f (A-B) 
7 = s i n  ( A d )  - 2  s i n  $ (AtB)  cos  i ( A d )  - cos $ (AtB)  

' 

L E W  2. I f  

then we have 

s i n  $ (L-P) s i n  3 (NtM) = s i n  4 ( L t P )  s i n  $ (N-M). ( 2 )  

Proof. App ly ing  t h e  i d e n t i t y  2cos  Rcos S = cos (RtS)  + cos (R-S) t o  each s i d e  of  

(1) we o b t a i n  

cos $ (L-M+N+P) + C O ~  $ (L-M-N-P) = cos 3 (L+M+N-P) + cos $ (LtM-NtP). 

which g ives  

cos (L-M-N-P) - C O ~  $ (LtMtN-P) .= cos 3 (LtM-NtP) - C O S  i (L-MtNtP). ( 3 )  

Then app l y i ng  the i d e n t i t y  c o s R - c o s S  = 2  s i n ;  (RtS) s i n 3  (S-R) t o  each s i d e  o f  ( 3 )  

we o b t a i n  ( 2 ) .  

URQUHART ' S  THEOREM. I n  t h e  f igUre, if 

AB + BF = AD + DF then  we have AC + CF = AE + EF. 

Proof. We j o i n  AF and s e t  

LBAF=$,  LDAF - 8 ,  LAFB = p ,  LAFD= A .  

App ly ing  Lemna 1 t o  As ABF and ADF we o b t a i n  

AB + BF cos i (p -$)  AD + DF cos f (A-8)  
AF= cos$(, ,+~) ' AF= c o s $ ( X + 0 )  ' 

and as AB + BF = AD+ DF we have A B C 



~ h u s  by L e m ~  2 (as o < A-6 < n, o < u-8 < n ) we have 

s i n  f (A+@) - s i n  f (u+8) - 
s i n 4  (v-8)  

F i na l l y  apply ing L e m  1 t o  As ACF and AEF we ob ta i n  

AC +CF cos f (n-A-$1 - s i n  4 (A+$) 
AF = cos f ( n - ~ + $ )  - s i n  3 (A-6) ' 
AE +EF cos 3 (n-v-8) = s i n  1 (v+8) 
AF ' cos f (n-u+0) s i n  f (v-0)  ' 

and the requi red r e s u l t  AC+CF = AE+EF now fo l lows from (4) .  
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