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Let k be an integer >1 and let / be an integer such that 1 < I < k, (I, k) = 1.
An asymptotic formula (valid for large x) is obtained for the product

1
(=)
p<Le,p=i(mod k) p

generalizing a familiar result of Mertens.

1. INTRODUCTION

Let k£ be an integer =1 and let / be an integer such that 1 </ <k,
(I, k) = 1. In this paper we obtain an asymptotic formula for

(-2

p<e. p=1mod k) p

as x — oo, where the product is taken over primes p in the specified
arithmetic progression. Our formula (Section 3, Theorem 1) generalizes
the familiar result of Mertens,

N L
I1 (1 =) = eog0 + 0Cog @

where ¢ denotes Euler’s constant, and also the recent result of
Uchiyama [5],

(=) = (B I (1=75))" Gz

p=1l(mod 4)
-+ O((log x)=*/3), 1.2

where / = 1,3 and B8, ==, B; = ¥m.

<, p=1(mod 4)
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2. DIRICHLET SERIES K(s,y)

For each character y (modulo k) we define a completely multiplicative
function k,(n) (n = 1, 2,...) by setting for primes p

= x(2) 1\ ~x(»
ko) =t = (1= 22 (1= )} @1
Now
k()= Y — - ) x(PYo(p) + (1n) - 1(;<v( D tn—2)

n=2

_ x(Dx(p) + 1) ' x(p) +n—1)
ni
(x(p) +'n —2)n—1Dx(p) — 1)

=% p}_l (D) + 1) -+

n=2

= Lx6P) =D o) — 1)

=5 5
o ((p) +1) - G(p) +n—2) n—1
XZ s " Yn — 1)! n

n=3

In the last sum we use the fact that | y(k) +j| <j+1forj=2,3

and |(x(p) — D(x(p) + DI = | x(p)* — 1| < 2. Thus
l n—1
| k()] < <3 -+ '?:3 pﬂ_l —

and so for s = o - it we have

k{p) l <

! (< 1for o > 0), 2.2)

(p—1Dp°

so that ¥, {3~ _, (k,(p)/p*)"} converges absolutely for o > 0, as

x(p) _

§ ,,21 |\§,§1 P~1)p) _§ (p—Dp—1
2a+1

for o> 0.

_12 o+1 w’
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Hence

10-A8) -+ § (40)

»

converges absolutely for ¢ > 0. Thus the Dirichlet series

Ky = 3, 2

converges absolutely for ¢ > 0, and K(s, x) = I'T, (1 — (k(p)/p*)* for
o > 0. In particular we have

Koyp=7% f—iﬂ =TI (1 — %ﬂ)'l +# 0. 2.3)
n=1 P
Moreover from (2.2) we have
Lkp)l _ (1
2 r 0 ("x")

po®

and a standard argument shows that

k{(p) \7* _ 1
L]x (1 — T) = K(l,x) + O (;) (2.4)

The Dirichlet L-series corresponding to y is given by
L, =Y, X 2.5)

2
n=1 n

It is well-known that for x # y, (the principal character mod k) the
series in (2.5) converges for ¢ > 0 and that

L(l,x)=§113’—)=];1(1 —l(l—f—’)—)'l #0

and (see for example [3, Section 109])

L[z (1 — X;p)) = L(II, D +0 (_F)%—x—)’ as x— 0. (2.6)
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3. ASYMPTOTIC FORMULA

We prove
THEOREM 1.
] K(1, x) i(l))ll‘b(k) —1/8(%)
1=2)= 1
<@ P=UEK) ( I’) ( (k) xgo (L(l, X)) (log x)

+ O((log x)-1/st0-1),

where ¢(k) is Euler’s totient function, the product on the right-hand side
is taken over all characters x (modulo k) different from the principal character
Xo (modulo k), and the constant implied by the O-symbol depends only on k.

Proof. As
o) = ($0r I p=1modk)

otherwise,
we have
#tk) 1\ x(2)) 2D
P, p=I(k) (1 B _) I:I 3};{0 (I ~—ﬁ) . (3-1)
Now for y + o (using (2.1), (2.4), (2.6)) we have
1\ x(») . ( ) kx( ) a1
i-3) —g@—%)g@——;—)
= L(ll,x) +0 ( 1ogx 231((1 X+ 0( )2
Hence for x % xo,
1 -3 =15+ o (gw) (3.2)

Further, from (1.1) we have

1
1 —=
L=
The theorem now follows from (3.1), (3.2) and (3.3).

We remark that the error term in the theorem can be improved if we
make use of the prime number theorem to improve the error term in (1.1)
and the prime number theorem for arithmetic progressions to improve
the error term in (2.6).

xo{D)
) = e % (log x)~! + O((log x)~2). (3.3)
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4. EXAMPLE

If x is a real character (mod k) then from (2.1) we have

0, if x(p)=1o0r0,
k(p) = l

, if = —1,
7 x(p)

and so from (2.3) we deduce that

KLy =TI (1——1—)—1. @4.1)

2
x(p)=—1 p

All characters (mod k) are real if and only if & is a divisor of 24. Taking
k = 24 (the other cases can be derived from this) we have

THEOREM 2. Forl=1,5,7,11, 13, 17, 19, 23 we have

(1=3) = @err( 1 (1=—))" togayon

2
p=1(24) p

+ O((log x)~*59),

<, p=1(24)

where
274 _ 2e409 CoCy 2¢,¢4
0y 9 05 = ’ (A P Oqp = s
€1CC3 C3 G Cy
. — 2cicq o = 9cocy e — 8e,cy v — 7t
13 = 17 = 19 = =
Cs ’ 7 801 ’ 9 Cs ’ 23 86‘1026'3 ’

¢ =logl +v2), ¢ =1log2+ V3), ¢ =log(5+26).

Proof. The ¢(24) —1 =7 non-principal characters (mod 24) are
given by

w = (T rZ e
o =T nZRRmen.
Xo(n) = J_r} Zii; ’1;,’ ;;,(22;)(’24),
e = e ey
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+1,  n=1,7,17,23 (24),

X = % 1, = 5,11, 13, 19 (24),
(1, n=1,519,23(24),

Xe() = 3—1, = 17,11, 13, 17 (24),

L, nm=1,11,17,19 (24),
X = 3—1, =5 7 13,23 (24),

and the values of K(1, x;) (1 <i<7) follow immediately from (4.1).
From [2, Theorem 217] we have

L1, x) = =/2V3), L, x) =3 L(,x) = n/v6
L(ls X4) = 02/\/5, L(ls Xs) =2 \/i 61/37 L(l’ XB) == cs/\/g,
L{1, X)) = /(3 V2).

Putting these values in Theorem 1 gives Theorem 2.

S. APPLICATION
Rieger [4] has recently proved that if 7 is a set of primes such that

logp

P, PET

~ 7log x, as x— +oo,

where 7 = 7(T) > 0, then

1 e—¢r 1y-1
L o~ rern JL 0 e e

p|m= pGT

Taking T to be the set of primes =/ (mod k), so that = = 1/¢(k), and
appealing to Theorem 1 we have

THEOREM 3.
Y 1 —~ 1 (9] H L(1, Y\FD\1/60)
p/m= p=Timod ) ” (1 + ¢(k)) ( x#xg (K(I X)) )

X (log x)/ew),
as x — oo.
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Professor Paul T. Bateman has indicated to the author that an alternative
proof of Theorem 3 can be given by using results given in Sections 181
and 183 of [3].
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