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L e t  d  be a  positive integer  and le t  p  be a  p r i m e  -> d .  Set  
m 

q  = p  , w h e r e  m 2 1  , and let  I ( q ,  d )  denote the number  of d i s t inc t  
p r i m a r y  i r r e d u c i b l e  polynomials  of d e g r e e  d  over  GF(q) .  It i s  a  s i m p l e  
deduct ion f r o m  the well-known e x p r e s s i o n  f o r  I ( q ,  d )  that  

w h e r e  d* i s  the l a r g e s t  posi t ive integer  < d  which divides d  i f  d  > 1 ,  
and d* i s  0 if d  = 1  . We can  w r i t e  (1) a s  a n  asylnptot ic  f o r m u l a ,  namely ,  

w h e r e  the  constant  implied by the 0 - s y m b o l  depends h e r e  (and throughout 
th i s  no te )  only on d  . Our purpose  in this  note i s  to obtain a  general izat ion 
' ~ f  ( 2 ) .  

L e t  e  and s  he in tegers  such  that 1 ( e  5 d  and 1  < s  5 [ d / e ]  . 
We le t  I ( q ,  d ,  e ,  s )  denote the number  of dis t inct  p r i m a r y  polynomials of 
d e g r e e  d  o v e r  G F ( q )  having exact ly s  dis t inct  p r i m a r y  i r reduc ib le  
f a c t o r s  of d e g r e e  e  o v e r  G F ( q ) .  We prove  that 

( 3 )  
d  d - e  i e *  

I ( q , d . e , s )  = P 
d ,  e ,  s  s + O(q ) 1 

w h e r e  

[ d / e ] - s  ( - i ) i  
P C 

d,  e ,  s  i t s  
i-0 i ! s ! e  

This  p rov ides  a  genera l iza t ion  of (2)  , a s  I  (q ,  d ,  d ,  1 )  - I ( q ,  d )  and 

L = l / d  . 
d ,  d ,  1 



We begin by noting that  I ( q ,  e )  > [ d / e ] ,  f o r  f r o m  (1)  

T h u s  the number  of p r i ~ n a r y  polynomials  of d e g r e e  d o v e r  GF(q) which 
a r e  d iv i s ib le  by i d i s t inc t  p r i m a r y  i r r e d u c i b l e  polynomials  of d e g r e e  e  

d - i e  
over  G F ( q )  i s  q  , if I l i ~  [ d / e ] ,  and 0 ,  i f  [ d / e ] <  i l  I ( q , e ) .  
Hence, by the input-output f o r m u l a ,  the number  of such  polynomials  with 
with a t  l e a s t  one p r i m a r y  i r reduc ib le  f a c t o r  of d e g r e e  e  i s  

F r o m  ( 2 )  we  have 

s o  (5) b e c o m e s  

Hence the number  of p r i m a r y  polynomials  of d e g r e e  d over  GF(q)  having 
no i r r e d u c i b l e  f a c t o r  of d e g r e e  e o v e r  GF(q)  i s  given by 

d - e  t e *  
(7 N ( q , e , d )  ) .  

i = O  i! e  



d - e s  
w h e r e  w e  understand N (q  , e  , d  - e s )  to m e a n  q  when s  = [ d / e ] ,  
and M ( q ,  e ,  s )  denotes  the number  of d i s t inc t  polynomials which a r e  the 
p roduc t  of s  (not n e c e s s a r i l y  d i s t i n c t )  p r i m a r y  i r r e d u c i b l e  polynomials  
of d e g r e e  e  o v e r  G F ( q ) .  M ( q ,  e  , s )  i s  just  the number  of d i s t inc t  
s -combina t ions  with repe t i t ion  of I ( q ,  e )  d i s t inc t  things and s o  i s  jus t  

Hence f r o m  ( 7 ) ,  (8 )  and (9)  

(-A d - e s  d - e s - e  t e '  es-e+e;;)[ 3 q  + o ( q  
i = O  i! e  

a s  r e q u i r e d .  We r e m a r k  that  ( 5 )  and (6 )  w e r e  obtained by Uchiyama 
(Note on the m e a n  value of V(f).  11, P r o c .  Japan  Acad. 31 (1955) 321-323) 
when e  = 1 ,  in  h i s  work on the d i s t inc t  values of a  polynomial  over  a 

f ini te  f ie ld.  

S u m m e r  R e s e a r c h  Inst i tute  
Queen ' s  Universi ty  
Kings ton 

Carleton Universi ty  
Ottawa 


