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1 .  In t roduct ion .  L e t  f ( x )  b e  a  polynomial  of d e g r e e  
d  - > 3 with i n t e g r a l  coeff ic ients ,  ' s a y ,  

In a  p r e v i o u s  p a p e r  [6] I  deduced ,  f r o m  a  deep r e s u l t  of Lang 
and Weil [2], tha t  t h e r e  i s  a  cons tan t  k l ( d ) ,  depending only on  d ,  

such that  f o r  a l l  p r i m e s  p  > k ( d ) ,  p  [ a  f (x )  h a s  a  p a i r  of - 1 d '  
consecut ive  r e s i d u e s  (mod p ) ,  tha t  i s ,  t h e r e  e x i s t s  a n  in t ege r  
r ( 0  - < r  - < p- 1 )  with the p r o p e r t y  that  

(2 )  f ( x )  E r ,  f ( y )  r  t 1 (mod p)  

a r e  s imul t aneous ly  so lub le .  I t  w a s  f u r t h e r  proved tha t  fo r  
a l m o s t  a l l  polynomials  of d e g r e e  d ,  the l e a s t  such  r  ('say e )  
s a t i s f i e s  

1  

e  < k (d )pL  log p  
- 2 (p  3 k l ( d ) )  

fo r  s o m e  cons tant  k  (d )  depending only o n  d  . I  con jec tu red  
2 

tha t ,  i n  f a c t ,  ( 3 )  holds  f o r  a l l  s u c h  po lynomia l s .  K .  McCann  
and I  have  proved this  when d  = 3 ( s e e  [3])  and when d  = 4 

( s e e  [4 ] ) .  It  i s  the p u r p o s e  of th is  note to p r o v e  the con jec tu re  
i n  the s t r o n g e r  f o r m :  

THEOREM. T h e r e  i s  a  cons tant  k 3 ( d ) ,  depending only 

on  d ,  such  tha t  fo r  a l l  p r i m e s  p  > k ( d ) ,  
- 1 
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T o  p r o v e  th is  t h e o r e m ,  we u s e  a  r e c e n t  deep  r e s u l t  of B o m b i e r i  
and Davenpor t  [1.] and a  method of ~ i e t s v g i n e n  [ 5 ] .  

2 .  P r o o f  of t h e o r e m .  L e t  h  be  an  in t ege r  such  tha t  
1 1 

1 - < h  < - ( p t l ) ,  s o  tha t  0  < h - 1  < - ( p - 1 ) .  Se t  H  = ( 0 ,  1, 2,  . . . , h-  1)  
- 2  - - 2  

and w r i t e  H  ( r  = 0 ,  1 ,  2 ,  . . . , p- 1 )  f o r  the  n u m b e r  of so lu t ions  of 
r 

(5 x t y  : r (mod p )  x ~ H , y e H  

s o  tha t  

p - l  h - 1  h -  l 

(6)  pHr = C C C e { t ( x t y - r ) )  
t=O x=O y=O 

w h e r e  e ( u )  = e x p ( Z ~ r i u / p ) .  Now l e t  N  (r  = 0 ,  1, 2,  . . . , p-1 )  
r 

denote  the n u m b e r  of so lu t ions  of f (x)  5 r  (mod p ) .  Then  

w h e r e  

1 p roved  i n  [6]  tha t  

and a l s o  tha t  f ( y )  - f (x )  - 1 i s  abso lu t e ly  i r r e d u c i b l e  (mod p) 
Hence  f o r  t  f 0 ,  a  r e s u l t  of B o m b i e r i  and Davenpor t  [ I ]  
i m p l i e s  tha t  

1 

w h e r e  k (d )  i s  a  c o n s t a n t  depending only o n  d  . F o r  t = 0  
4 



a  r e s u l t  of Lang and Weil  [ 2 ]  g ives  

I - 

w h e r e  k (d )  i s  a cons t an t  depending  only on d .  Thus  
5 

by (9). In  [5] i t  w a s  noted tha t  

S O  us ing  (10 )  we  have  

A 



2 
Choose  h  = [ { k 4 ( d ) t k 5 ( d ) }  p  ] 1 1 s o  tha t  

Hence  t h e r e  e x i s t s  r  (0  5 r 5 p- 1 )  f o r  which 

N  > 0 ,  N r t l >  0 .  H  > 0; 
r r 

i .  e . ,  f o r  which  ( r ,  r t l )  i s  a  p a i r  of consecu t ive  r e s i d u e s  of 
f(x) and m o r e o v e r  

r = x t y  X E H ,  ~ E H  

s o  tha t  

Hence  

w h e r e  

k 3 ( d )  = 2{k4(d)+k5(d)} 

which  p r o v e s  ( 4 )  
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