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L e t  d denote a fixed in teger  > 1 and l e t  GF(q)  denote 
n 

the f ini te field of q = p e l e m e n t s .  We consider  q fixed ?A(d) , 
where  A(d) i s  a ( l a r g e )  constant  depending only on d . L e t  

where  each a . & G F ( q )  . L e t  n ( r  = 2, 3 ,  . . . , d )  denote the number  
1 r 

of solutions i n  G F ( q )  of 

fo r  which x l ,  x2 ,  . . . , x a r e  a l l  d i f ferent .  B i r c h  and Swinnerton- 
r 

Dyer [I] have shown, a s  a consequence of Weil 's  work, that  

where  each  v i s  a  posit ive in teger  depending on f and the con- 
r 

s tant  implied by the 0 -  symbol  depends only on d - throughout 
th is  note a l l  constants  implied by 0 - s y m b o l s  depend only on d 
un less  o the rwise  s ta ted .  They deduce f r o m  (2)  that  the number 
V(f) of d is t inct  values  of f(x) , x&GF(q)  sa t i s f i e s  

where  
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The  polynomial  f  i s  ca l led  a  q e n e r a l  polynomial  if 

It i s  the p u r p o s e  of th i s  note to p rove  that  t he  number  N of 
g e n e r a l  polynomials  of the f o r m  (1) i s  given by 

d -  1 
S i n c e  the n u m b e r  of polynomials  of the  f o r m  (1) i s  exact ly  q 
t h i s  shows tha t  f o r  a  f ixed d  a l lnos t  a l l  polynolnials  a r e  g e n e r a l .  

A s  the nunlbcr  of so lu t ions  x.. of 
1 

f o r  a  g iven x i s  5 d we have  f o r  r  = 2 ,  3 ,  . . . , d 
1 '  

and s o  for  q sufficiently l a r g e  

0 - < v < d r - I  . 
r - 

Hence X(f) t a k e s  a  f in i te  number  Q Q ( d )  of r a t iona l  va lues  
be tween (and poss ib ly  including) 0 and 1 . L e t  X i ,  . . .,Xl 

denote  the Q X-values in  ascending o r d e r  of magn i tude ,  with 

1 ( - I ) ~ - ~  th  
1 -,+ . . .  + a s t h e  k  one ( 1 5 k ~ Q ) .  W e n o t e  

2 .  d! 
tha t  each  1 .  depends  only on  d  . L e t  ,<. be the c l a s s  of poly- 

1 1 

n o m i a l s  f having ~ ( f )  = X .  . F o r  fc&. ( I  5 i z k - 1 )  
1 

o r  q sufficiently l a r g e .  F o r  f r  ki(k + 1 5 i < 1) 



f o r  q  sufficiently l a r g e .  Set 

so  that  fo r  fr & .  (i f k )  

2 2 
{V(f)  - Xk9) 1 P 9  9 

where  p. depends  only on d  . Hence 

i f k  
1 

Q 2 
> =  = p.9 - 

i = i  f r  &. 
i f k  

1 

where  I? denotes  the number  of f with ~ ( f )  f 1 Now 
k '  

Uchiyama [2]  has  shown that  

d- 2 
I$: = O(q ) . 

~~t  N + # = qd- '  so we have 



a s  r e q u i r e d .  

If d = 2 ,  3  o r  4 we can d e t e r m i n e  N exactly.  When d = 2 ,  
2  

so  t!lat f ( u )  = x t a l x  ( p  f  2 )  , we have 

giving 

3  2  
When d = 3 ,  s o  that  f ( x )  = x + a x t a s ( p f  2 ,  3 ) ,  we have 

2  1 

2  
V ( f )  = - q + O ( 1 )  

3  

i f  and only i f  

hence 

4 3 2  
When d = 4 , so that f ( x )  = x + a x + a x t a l x  ( p  f  2 ,  3 ) ,  we 

3  2  
have 

if and only i f  

hence 



F i n a l l y  we note  t ha t  ou r  r e s u l t  shows tha t  

w h e r e  t he  c o n s t a n t  imp l i ed  by  the  0 - s y m b o l  depends  only  on  d  
and  n  . 
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