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It is wen-know11 [l] that 

wherep is an add prime not dividing a, p' = # ( p  -- 1) and ( x }  denotes the 
fractional part of x. I wondered if there is a similar formula for 

I find a formula for this sum, which depends on a sum of Legendre symbols 
over an incomplete residue system and also on the class number h (- p) 
i fp  5 3 (mod 4). I first prove a simple lemma. 

Lemma. If n is a positive integer then 

f' p ,= 1 (mod 4) 

Proof. For n ) 1 



Thus 

for n ) 1, yielding 

and the lemma follows [2] 

p = 1 (mod 4) 

x-0 t P ( 2  + ( + ) ) h ( - P )  
~ P 3 ( m O d 4 )  

I can now deduce the formula for the sum in question. 

Theorem. If p is an odd prime and p+a thsn 

Proof. Deflnerby b 2ar(modp), O < r < p -  1. 

-racn since 1;) h periodic with period p  



P-1 

=p' + (;-p (+) $ 
x-0 

and the result follows on using the lemma. 
d-1 

In gemal, I: ($) cannot be given more simply. However when 

x-0 
p 1 (mod 4) and d = 0, 1,2, p' or p' + 1 its valm is immediate. 

P + 1 In these special cases, setting pD = - = p' + 1, we have immb 
2 .  

diattly from the theorem : 
C o d m y  : For p s l  (mod 4), p+a, 
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From (iv) and (v) with a = 1 and p ~ 5  (mod 8) I have the "reciprocal" 
relations 
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