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Abstract

We give an explicit formula of the inverse polynomial of a permutation polynomial
of the form z” f(2®) over a finite field F, where s | ¢ — 1. This generalizes results in

[6] where s =1 or f = gq%l were considered respectively. We also apply our result
to several interesting classes of permutation polynomials.
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1 Introduction

Let p be prime, ¢ = p™, and F, be a finite field of order ¢. Let P(z) be a permu-
tation polynomial (PP) over F, and @Q(x) be the compositional inverse polynomial of
P(x). By the modulo reduction x? — x, we only need to consider polynomials of de-
gree less than or equal to ¢ — 1. Because a permutation polynomial can not have degree
q—1, welet P(x) = ap+ a1z + -+ + a, 22772 be a permutation polynomial of F, and
Q(z) = bg+ byx + - - - + b,—2x?"? be the inverse polynomial of P(z) modulo z¢ — z. In [5],
G. L. Mullen posed the problem of computing the coefficients of the inverse polynomial
of a permutation polynomial efficiently (Problem 10). Recently Muratovié-Ribi¢ [6] char-
acterized all the coefficients of the inverse polynomial of a permutation polynomial of the
form a7 f(2°)@V/* as follows:

Theorem 1.1 (Muratovié-Ribié) Let P(z) = 2" f(z°)*s € F,[z] where r > 1 is an
integer with ged(r,q — 1) = 1, s is a dwisor of ¢ — 1 and f(x) € Fy[z]| is a polynomial
without roots in F,. Denote by Q(x) = by+bix+---+by_ox7? the inverse of permutation
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polynomial P(z) modulo 7 — x. Let ko be the least positive integer for which there exists
a positive integer ly such that lys = kor + 1 and

s
f(a®) s ko > diz”®  (mod 27 — ).
=0
Then b, # 0 only if s | rn — 1. Moreover, if b, # 0, then the following holds:
(i) If rn#1 (mod ¢ — 1) and i = =L (mod 1) then b, = d;.
(1) If rn =1 (mod q — 1) then b, = do + d(g—1)/s-

The method used in the proof of Theorem 1.1 is based on Equation (3) in [6] which applies
to more general polynomial P(z), for example, P(z) = 2" f(2°) where s = 1.

It is well-known that any nonconstant polynomial h(z) € F,[x] can be written as ax” f(z*)+
b where a # 0 and s | ¢ — 1. To find the inverse of h(x), it is enough to find the inverse
of permutation polynomial z” f(z*). We refer to [4] or [8] for some general characteriza-
tion of permutation polynomials P(x) = z” f(z*®). For s = 1, an explicit formula of the
inverse of permutation polynomial z” f(x) is obtained directly from Equation (3) in [6]. In
this paper, we use the similar method as in [6] to give an explicit formula of the inverse
polynomial of a permutation polynomial of the form z” f(2°) over a finite field F, for any
s | g—1 (Theorem 2.1). We also apply Theorem 2.1 to several interesting classes of permu-
tation polynomials considered in [4]. These results (Corollaries 2.3, 2.4) are presented in
Section 2. Finally we explore the connection (Theorem 3.1) between inverse polynomials
of permutation binomials of the form x" (2 4 1) over F, and so-called generalized Lucas
sequences over IF,. Some examples of inverse polynomials of permutation binomials are
also provided in Section 3.

2 General results

Let us assume that P(z) = 2" f(2®) is a permutation polynomial of F,. It is well known
that if P(x) = 2" f(2°) is a permutation polynomial of F, then we must have (r,s) = 1.
Hence the inverse of r modulo s exists and we denote it by 7 = r~! mod s. The notation
a = b mod ¢ means that a is an integer such that 0 < a < ¢ and a = b (mod ¢). We will
use this notation and the fact 7 = ! mod s frequently later on.

First we show that the inverse polynomial Q(z) of P(z) = 2" f(z*) has at most ¢ := 4%

nonzero coefficients and give the explicit formula to compute these coefficients. We assume
that ¢ > 2 in this paper since ¢ = 1 is the trivial case.

Theorem 2.1 Let P(z) = a"f(z®) € F,[z] be a permutation polynomial of F, where
r>1,s= q%, ¢ > 2 is a divisor of ¢ — 1. Denote by Q(x) = by + byx + -+ + by_gz??

the inverse polynomial of P(x) modulo x? — x. Then the following holds.

(i) If b, # 0, then s | (rn — 1). In particular, there are at most { such nonzero by,’s such



that 0 <n <q—2 andn=r="1 (mod s). That is, n = is +7 wherei=0,--- £ —1 and
7 =7r"! mod s.

(it) Let a = =1 (mod (). Then

1@1

zs—i—r: ZC zr—i—a)tfct)qlrzs Z'ZO,"',E—l,

where ¢ 1s a primitive (-th root of unity.

(iii) For each i = 0,--- £ —1, let f(z*)11 777 = ¥ d; ja7° (mod 27 — x) and m; =
ir +amod {. Then bisir = dim, if m; #0 and bis7 = d; o+ dig if m; = 0.

ProoOF. By Equation (3) in [6],

bn:—ZxP( qln: Z Zczw_cq%

z€F, zeFy =0

where P(z)9 1" (mod 27 — ) = ¢y + 1@ + -+ + ¢go127 L If by, is nonzero, then the
coefficient of 2772 in the expansion of P(x)?"'~" is nonzero. Hence there exists some j
such that js +r(¢ — 1) —rn = ¢ — 2 (mod g — 1) and thus js = rn — 1 (mod ¢ — 1).
Therefore, s | (rn — 1). That is, rn = 1 (mod s). Because (r,s) = 1, we have n = !
(mod s). Therefore there are at most ¢ nonzero coefficients in the inverse polynomial
Q(x) corresponding to n = r~! (mod s). Hence n = is + 7 for i = 0,--- ;¢ — 1 where

9
7 =7r"" mod s. It is therefore straightforward to obtain bz = — > cp, xP(x)q_l_iS_f =

o ¢~k p(gtya1-r—is,

Finally, ¢ — 1 = /s implies that —s and % are the same in [F,. Since m; = ir + a mod ¢,
we have

16—1 . L -1 . L
EZC (zr-i-a)tf(ct)q 1-7 zs:_szc (zr+a)tf(<t)q 1-7—is
t=0 t=0
— Z Iq—l—mis.f(xs>q—1—?—is.

z€elF,
However, the last term is equal to d, ,,, if m; # 0 and is equal to d; + d;, otherwise. O

Remark: For positive integers n, £, a, the lacunary sum for the coefficient C(n, j, k) of 27
in the polynomial expansion of f(x)" = (fo + fix + fox? + ... + frz®)" is defined as

S(n,lak+1) = Z C(n,j,k),

j=a (mod 2)



where

n!
y — no Nk
O(n’]7k)_ z: | 1. 0 1 o JE
Ng: M-
ng+ny+--+ng=n

ny+2ng + -+ kng =3

Using
1
Z C(TL ]7 )

i= a(mod 2)

N

— nk
Z Y C(n, g k) = ZC " (1)
t=0 =0
we obtain that
1¢
Sn,lak+1)= EZC @t (2)
Hence (ii) of Theorem 2.1 can also be written as

bissr =S(q—1—F—is, lir+ak+1), i=0,---,0—1, (3)

From the above theorem, we need to compute ¢ different powers of f(z*) in order to find
all the coefficients of the inverse polynomial of P(z). We note that it is not efficient to find
all the coefficients of the inverse polynomial if s = 1. However, if s is big (i.e., ¢ is small),
it is quite efficient to compute the inverse polynomial by using the above theorem. For
example, for odd g, it is well known that P(z) = 2" f(2(9=1/2) is a permutation polynomial
of F, if and only if (r, (¢—1)/2) = 1 and (f(—l)f(l))% = (—1)""1. The next result gives
the explicit format of the inverse polynomial of such permutation polynomial by applying
Theorem 2.1.

Corollary 2.2 For odd q and s = q;21, the inverse polynomial Q(x) of the permuta-
tion polynomial P(x) = a" f(x) is gien by bra”™ + byrra™™ with by = L(f(1)9717" +
(=1)7f(=1)7 ") and byyr = S(f(1)*T+(=1)% f(=1)*"), where 7 = r~' mod s, a = "
(mod 2), @ =a+r (mod 2).

Next we show in certain cases, we can also simplify this process by computing only one
fixed power of each f(z*) even for large £. The following theorem is one of such examples
which also generalizes Theorem 1.1. Indeed, if f(x) = g(z)¢ then f(z)* =

Corollary 2.3 Let ¢ — 1 = (s and P(x) = z" f(z®°) € F,[z] be a permutation polynomial
of F, where r > 1 and s = L1, Denote by Q(x) = by + bix + - - + by_ox?™2 its inverse
polynomial modulo % — x. Assume that f(C")* = 1 for a primitive £-th root of unity
and anyt=0,--- £ —1. Let 7 =r ' mod s and a = % (mod ¢). Then, for all possible
nonzero coefficients b, corresponding to n = is+ 7 wherei =0,--- ,{ — 1, we have

1[1

’LS+T = ZC (irta tf Ct)q = .

In particular, assume f(x®)7 1" = Z d;jx?* (mod z?—zx) and m; = ir+a mod £. Then

by, = dp, if m; # 0 and b, = dy + dy zfmZ—O



PROOF. The first part follows immediately from Theorem 2.1 and f(¢")* = 1. Be-
cause ¢ — 1 = (s, —s and 1 are the same in F,. Hence 132/—§ ¢+t f(¢tye-1-m =
—s 32y U = = Y e, 20O £(5)97 1T However, the last term is
equal to d,,, if m; # 0 and is equal to dy + dy otherwise. Hence the proof is complete. g

By using a similar proof, we obtain

Corollary 2.4 Let g — 1 = /(s and P(z) = 2" f(z*) € F,[z] be a permutation polynomial
of Fy where r > 1 and s = %. Denote by Q(x) = by + by + -+ + by_ox9™? its inverse
polynomial modulo x27—x. Let ¥ = r~' mod s and a = "= (mod (). Assume that f((")* =
CM for a primitive (-th root of unity ¢ and any t = 0,--- ,£ — 1. Then, for all possible
nonzero coefficients b,, corresponding to n =is+ 1 where 1 =10,--- , £ — 1, we have

1 /—1

biS+F — Z Z C*(M"Fﬁ‘i’ik)tf(c—t)qfl,;.
t=0

In particular, assume f(z*)177" = ¥5_ d;a7* (mod 27 — x) and m; = ir + @+ ik mod (.
Then b, = d,,, if m; # 0 and b, = dy+ d; if m; = 0.

We refer the readers to [4] for several interesting classes of permutation polynomials which
satisfy the assumptions of Corollary 2.3 and Corollary 2.4.

3 Binomials and sequences

In this section, we consider the inverse polynomial of a permutation binomial f(z) =
x"(x* 4+ 1) over F, where ¢ = p™, ¢ — 1 = s for some positive integers ¢, s and (e, ) = 1.
We note that the characterization of permutation polynomials of the form x"(z*+1) have
been studied by Akbary and the author in [2], [3] and [9]. In particular, if f(z) = 2" (2**+1)
is a permutation polynomial over F, then p must be odd. Otherwise, P(0) = P(1) = 0.
Since ¢ | ¢ — 1, let ¢ € F, be a primitive ¢-th root of unity. Moreover, we must have
¢ # —1fori=0,---,¢— 1. Hence £ must be odd and then s must be even. So we can
assume that £ > 3 as ¢ = 1 is trivial. Because both p and ¢ are odd, there exists n € F,
such that n? = (. Hence 7 is a primitive 2/-th root of unity in F,.

We define the sequence {a,}>°, by

~

—1

-1
(0w )" =X (o' +07")"

t=1
t odd

I
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Qn

#
I
—

Q

The sequence {a, }52 is called generalized Lucas sequence of order 5% because {a, }32, =
{L,}5°, when ¢ = 5, where the sequence {L,, }°° , is the so-called Lucas sequence satisfying
the recurrence relation L,.o — L, — L, =0 and Ly =2 and L, = 1.



For any integer n > 1, we recall that the Dickson polynomial of the first kind D,,(z) € F,[z]
of degree n is defined by

Dy(z) = ZO n?ﬁ i (n Z— 2) (—1)iIn_2i'

Similarly, the Dickson polynomial of the second kind E,,(x) € F,[x] of degree n is defined
by

PR S (” N Z) (< 1),

i=0 L5

We consider the Dickson polynomial E,_1(x) of the second kind with degree ¢ — 1. It is
well known that ' + 77" with 1 < ¢ < £ — 1 are all the roots of Ey,_;(z) where 7 is a
primitive 2¢-th root of unity. Let

B2 (z) = [ (- (o +n7Y)).

t=1
odd t

Then the characteristic polynomial of the sequence {a,}2%, is E¢%(z) and {a,}2, is a

sequence over the prime field F,,.

Now we prove the following result which gives the explicit format of the inverse polyno-
mials of permutation binomials of the form 2" (2°~Y/¢ 4-1) in terms of generalized Lucas
=1

sequence of order —-.

Theorem 3.1 Let p be odd prime and q = p™. Assume that £, s,r,e are positive integers
such that ¢ > 3 is odd, g — 1 = {s, and (e,¥) = 1. If P(x) = 2" (2** + 1) is a permutation
polynomial of Fy and Q(z) = by + byx + - -+ + by_2x72 is the inverse polynomial of P(x)
modulo x? — x, then the following holds.

(i) If b, # 0, then n = r=' (mod s). Hence Q(x) has at most { nonzero coefficients by,
corresponding to n = is + 7 where ¥ =r *mod s and i =0,--- , £ — 1.

(i)

| L )
bo =7 @77+ Y 6" a1 nu—2i), )
i=0
where n = % mod ¢, u, = 2ne®®~1 + n mod 2¢, tz(un) = #(uniii)(_l)i’ and {an}iZo

15 the generalized Lucas sequence of order Z_Tl
PROOF. By Theorem 2.1, Q(x) has at most ¢ nonzero coefficients b, with n = r~!
(mod s) and 1 <n < ¢—2. Then n =is+ 7 where 7 = r ' mod s and 1 = 0,--- ,{ — 1.

Moreover, it = ™= = ir +a (mod ¢) where a = = (mod ¢).

Let £ = (. Since (e,f) = 1, £ is also a primitive ¢-th root of unity. Moreover, because



20 | ¢ — 1, then there exists n € F, such that n* = . Because (™! is also a primitive ¢-th
root of unity, by Theorem 2.1, we obtain

T

1

1 n — —1-n
bn:z th(C t)ql
t=0
1 /—1 ~ .
— z Z Cnt(gfet + 1)q7 —-n
t=0
1 = ne?O=1¢ /-t qg—1—-n
=7 § €"+1)
t=0
1 q—1-n - 27e? D1t —(g—1—n)t/ —t t\qg—1—n
=727 > (" +n)"")
t=1
27?1
= Lgumton g (@m0 et et O ity ot ya-my
¢ t=1 ’
where the last identity holds because ¢,n are odd and n* = —1. Hence the result follows

from the definition of {a,}>, and the fact

t t t t e Un  (Un —1 (ot t 2
Bt =D ) = 3 () e
=0 n

This completes the proof. O

We note that the equation (4) can also be written as

]' n & Un
by1on = (2" + S ag,), (5)
j=0

where c§-u") is the coefficient of 27 in the expansion of the Dickson polynomial of the first

kind D,, (v) of degree u,, = 2ne?)~1 + (¢—1—n) (mod 2¢) and 7 = % (mod ?).
Moreover, all the coefficients of the inverse polynomial @(z) in Theorem 3.1 are in F,.
Because the coefficients tﬁ“") and the general term of generalized Lucas sequence {a,}>°,
over I, are quite easy to find, one can generate many examples of inverse polynomials
by applying Theorem 3.1. For example, if / = 3 and s = (¢ — 1)/3, then {a,}>2, is
a constant sequence 1,1,---. Hence b, = 3(27" + D,, (1)) because P(z) = z"(2* + 1)
is a permutation polynomial over F, if and only if (r,s) = 1, 2° = 1 (mod p), and
(2r + es,¢) = 1. In the case £ =5 and s = (¢ — 1)/5, the corresponding sequence {a, }>2,
is the Lucas sequence. In this case, P(z) = 2" (2 + 1) is a permutation polynomial over
F, if and only if (r,s) = 1, 2° = 1 (mod p), (2r + es,¢) = 1, as = 2. In particular,
{a,}52, is periodic with a period s. Hence we can use s-periodicity of {a,}>°, and 2° =

(mod p) to simplify the computation of equation (4) or equation (5). We observe that
explicit formulas of inverse polynomials of permutation binomials for the cases ¢ = 3,5
have also been obtained recently by Muratovié-Ribi¢ in [7] without using sequences. The



formulas in [7] are similar to Equation (3) for ¢ = 3,5. When ¢ > 7, generalized Lucas
sequences were introduced so that we can evaluate the lacunary sums. Here we give some
examples of inverse polynomials of permutation binomials with ¢ > 7.

. . . e(g—1) . .
Permutation binomials z"(z~ 7 + 1) and inverse polynomials over Fis:

PP Inverse of PP

x + % Tr 4+ Tx? + 62 + 727 + 629 + 722! 4 6214

2® + 22 | 22° 4+ 9220 + 72?3 4+ 8277 + 80l 4 72125 4 9g149

JZ‘7 +.§L’31 5.777 + 5LL’55 + 10x79 + 56103 + $127 + 1Ox151

.I’H + 1'35 513'59 + 56'131

a3 4+ 237 | T 4 6237 4+ Tabl 4 Ta® 4 62109 4 62133 4 7157

27 4+ 2t | 9217 4+ 924 4 8405 4 T80 4 2213 4 T 137 4 84161

.1'19 + 1’43 101.43 —|—.I'67 + 51.91 + 51.115 +$139 + 10]7163

. . . e(g=1) . .
Permutation binomials 2" (z7 9 + 1) and inverse polynomials over F;;:

PP Inverse of PP

T +$33 91, —I— 91/.33 +8$65 _|_ 91.97 + 8$129 + 91,161 —I— 81/.193 _|_ 91,225 + 826257

a4+ 2% | 5’ 4+ 12237 + 3299 4+ 72100 4 5133 4 5165 4 7107 4 34229 4 124260

I15 +ZE47 .1‘47 +ZE111

19 25| 227 4 5259 + 1029 + 102123 + 5155 4 187
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