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Polynomials over finite fields: an index
approach

Qiang Wang

Abstract. The degree of a polynomial is an important parameter in the study of numerous
problems on polynomials over finite fields. Recently, a new notion of the index of a polynomial
over a finite field has been introduced to study the distribution of permutation polynomials
over finite fields. This parameter also turns out to be very useful in studying bounds for the
size of value sets, character sum bounds, among others. In this paper we survey this new index
approach and report some recent results on polynomials over finite fields.
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1 Introduction

Let I, be the finite field of ¢ elements with characteristic p. Let -y be a fixed primitive
element of IF, throughout the paper. The degree of a polynomial is an important pa-
rameter in the study of numerous problems on polynomials over finite fields, especially
in the study of distribution of polynomials over finite fields.

It is well known that every polynomial g over F, such that g(0) = b has the form
az” f(z®) + b for some positive integers r, s such that s | (¢ — 1). There are different
ways to choose r, s in the form az” f (z*) + b. However, in [2], based on [75], the con-
cept of the index of a polynomial was first introduced. Any non-constant polynomial
g(z) € F [x] of degree < q— 1 can be written uniquely as g(x) = a(x" f (x4~ D/¢))+b
such that the degree of f is less than the index ¢ which is defined below. Namely, write

g(z) = a(z® + ag_ x4+ ad_ikxd_ik) + 0,

where a, ag—;; # 0,90 =0 <y <--- <ip <d,j=1,...,k The case that k = 0
is trivial and we have £ = 1. Thus we shall assume that £k > 1. Write d — i, = 7,
the vanishing order of x at O (i.e., the lowest degree of = in g(x) — b is 7). Then
g(z)=a (a:rf(x(q_wf)) +b, where f(z) = 2 +ag_;, v +- - -+aq—;,_,x%'+a,,
s=gedld—r,d—r—iy,...,d—7r—ip_1,q—1),d—r =eps,d— 1 —1i; = ¢;js,
1 <j<k-1and/ = q%l. Hence in this case ged(eg, eq,...,ex_1,¢) = 1.
The integer £ = q—;l is called the index of g(). One can see that the greatest common
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divisor condition in the defintion of s makes the index £ minimal among those possible
choices.

We note that the index of a polynomial is closely related to the concept of the least
index of a cyclotomic mapping polynomial [75]. Recall that v is a fixed primitive
element of F,. Let ¢ | (¢ — 1) and the set of all nonzero ¢-th powers be Cy. Then
Co is a subgroup of I} of index ¢. The elements of the factor group Fy/Cy are the
cyclotomic cosets

Ci=~'Cy, i=0,1,...,0—1.

For any ag, ai,...,a;—1 € Fy and a positive integer r, the r-th order cyclotomic
mapping fo. o, a,_, of index £ from F, to itself (see Niederreiter and Winterhof [75]
for r = 1 or Wang [87] for general 7) is defined by

0 ifx =0
67; a a (37) = ’ 1 ! , .1y
0,@1 50,001 a;x”, ifreC;, 0<i<l—1.

It is shown that r-th order cyclotomic mappings of index ¢ produce the polynomials
of the form z" f(x°) where s = %. Indeed, the polynomial representation of (1.1) is
given by

=1 /01
g(x) = %Z (Z aicﬂ> ISt (1.2)
7=0 \1i=0

where ( = ~? is a fixed primitive /-th root of unity. On the other hand, each polynomial
f(z) such that f(0) = 0 with index £ can be written as z” f(x(9=1)/¢), which is an
r-th order cyclotomic mapping with the least index ¢ defined as in (1.1) such that
a; = f(¢) fori =0,...,¢ — 1. An application of cyclotomic mapping permutations
in check-digit systems can be found in [78] or [94].

The notion of the index of a polynomial over a finite field was introduced initially
to study the distribution of permutation polynomials over finite fields. This parame-
ter also turns out to be very useful in studying value set size bounds, character sum
bounds, among others. In this paper we survey this new index approach in the study of
polynomials over finite fields, and report some recent results on several specific prob-
lems. In Section 2 we briefly review an index bound for character sums of polynomials
over finite fields [85]. This bound is very good when the polynomial has small index
and large degree, a case when the classical Weil bound becomes trivial. The value
set of a polynomial g over I, is the set V; of images when we view g as a mapping
from F, to itself. Clearly g is a permutation polynomial (PP) of I, if and only if the
cardinality |V | of the value set Vj is g. There are also several results on explicit upper
bounds for |V] if g is not a PP over F,; see for example [41, 80, 82]. In Section 2,
we review an index bound due to Mullen, Wan, and Wang [74] for the value set size of
polynomials, which is an analogue of the well-known degree bound due to Wan [82].
The value set size of a polynomial with index ¢ is determined by the size of the cor-
responding cyclotomic mapping with the least index ¢. The statistics of the value set
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size for a random r-th order cyclotomic mapping polynomial with index ¢ is studied
by Gao and Wang [37]. Moreover, the distribution of missing values is asymptotically
normal. These results are described in Section 3. Then we focus on permutation poly-
nomials in Sections 4 and 5. We first describe Akbary, Ghioca, and Wang’s result [2]
on the enumeration of permutation polynomials with prescribed indices in Section 4,
and then we classify many recent constructions of permutation polynomials in terms
of indices in Section 5; see related work in [1]-[6], [10]-[17], [33]-[34], [43]-[46],
[51]-[68], [81], [86]-[91], [95]-[106] and reference therein. Finally in Section 6 we
comment on other recent results such as a bound on the Carlitz rank in terms of the
index by Isik and Winterhof [48] and propose several more problems.

2 Index bound for character sums

Let g(x) be a polynomial of degree d > 0 and ¢ : F;, — C* be a nontrivial additive
character. If g(x) is not of the form ¢ + f? — f for some f(z) € Fy[x] and constant
c € Iy, then the Weil bound, see Page 233 in [63], is

> W(g(@)]| < (d—1)va. @.1)

z€l,

This is the case if the degree d is not divisible by p. The Weil bound has a lot of
applications in many different areas. However, the bound is trivial if the degree d of
g(x) is bigger than ,/g. In [85], Wan and Wang used the index of a polynomial to
obtain the following index bound for character sums.

Theorem 2.1 (Wan-Wang 2016 [85]). Let g(z) = 2" f (x'9=1/%)+b be any polynomial
with index (. Let ¢ be a primitive {-th root of unity and ng = #{0 < i < {—1| f({*) =
0}. Let ¢ : Fy — C* be a nontrivial additive character. Then

> (o)) = Gno| < (€= no) ged(r. =) Va. 22)

z€F,

This implies that for many polynomials of large degree with small indices (for which
the Weil bound becomes trivial), we have nontrivial bounds for the character sums in
terms of indices. As a result, for any polynomial with index ¢ and vanishing order r at
0 such that ged(r, p) = 1, if both ¢ and ged(r, %) are small, we obtain a nontrivial
bound for its character sum.

If f(x) has no roots in y, then ng = 0 in Theorem 2.1. We note that all ¢-th roots
of unity belong to I, because ¢ | ¢ — 1. Therefore, if f(z) is an irreducible polynomial
over [, of degree > 2, then f(x) does not vanish at any /-th root of unity and thus
ng = 0.
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Corollary 2.2. Let g(z) = 2" f(x97V/%) 4 a € F[x] where f(z) is any irreducible
polynomial over ¥ of degree > 2. Then

> wlo(e))| < teed(r, Y va

z€F,

There are more examples such that f(z) has no roots in p,. For example, f(z) =
[[ocr(z — @) where T is a multisubset of Fy, \ 11 or

f@)=1[@~-a) I] fi2)

acT 5:: ;;:;czi
On the other hand, ng can be very large and this gives large character sum. It is
known by definition that all the roots of the ¢-th order cyclotomic polynomial ®,(x)
over [, are primitive -th roots of unity. Therefore we obtain the following new non-
trivial character sum estimate for a class of polynomials with large degree formed by
cyclotomic polynomials.

Corollary 2.3. Let q be a prime power, £ be a prime such that { | g—1, and ged(r, %) =
1. Let g(z) = 2" ®y(2971/%) € F,[z] where ®¢(z) is the (-th cyclotomic polynomial

over . Then ‘erFq W(g(z)) — %q) <4

There are many applications of character sums of binomials in the study of correla-
tion spectrum of sequences, nonlinearity of monomials, among others. In the following
we give estimates for the character sums of these binomials.

Corollary 2.4 (Wan-Wang 2016 [85]). Let g(x) = 2% + az” € Fy[x] witha € Fy and
q—12d>r21.Let€—Wt—gcd(drq 1). Lettp : Fg — C* be a
nontrivial additive character. If t%" + a has a solution in the subset of all {-th roots
of unity of ¥y, then

S w(a? + aa”) ~ % < (L — )ty (2.3)
z€Fy
otherwise,
> (e +ax")| < Lt/q. (2.4)
z€l,

We remark that 29" + a has a solution in the subset of all {-th roots of unity of I,
if and only if L~ | k where k = log, (—a) is the discrete logarithm of —a. So there
are only ¢ p0531ble a’s such that the main term in the estimate (2.3) is 7. Otherwise,
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we have the main term 0 and the index bound /t,/q for binomials x% 4 ax”. Because
t = ged(d, r,q—1) can easily achieve 1, our bound for many character sums evaluated
in binomials is essentially £,/q. We note that if £ < /g — 1, then / < % <d-1
and thus our bound ¢, /q is better than the Weil bound (d — 1),/q.

We can generalize the above results to polynomials of large indices that are defined
by a small number of cyclotomic cosets. For more details we refer the readers to
[88]. We expect that our technique also applies to other types of polynomials defined
piece-wisely.

3 Value sets of polynomials

Let | V| be the cardinality of the value set V; of a polynomial g € F,[z]. Asymptotic
formulas such as |V,| = A(g)q + O(g'/?), where A(g) is a constant depending only on
certain Galois groups associated to g, can be found in Birch and Swinnerton-Dyer [18]
and Cohen [22]. Later Williams [93] proved that almost all polynomials g of degree d
satisfy AM(g) =1 — % + % 4o (=14 %. Those polynomials are called general
polynomials.

There are also several results on explicit upper bounds for |V if g is not a PP over
Fy; see for example [41, 80, 82]. Perhaps the most well-known result is due to Wan
[82] who proved that if a polynomial g of degree d is not a PP then

WVl <q- 0 a1

On the other hand, it is easy to see that |V,;| > [¢/d] for any polynomial g over F,
with degree d because g(x) = 0 has at most d solutions. The polynomials achieving
this lower bound are called minimal value set polynomials. The classification of min-
imal value set polynomials over ]Fpk with £ < 2 can be found in [20, 69], and in [19]
for all the minimal value set polynomials in [F,[z] whose value set is a subfield of IF,.
See [26, 84] for further results on lower bounds of |V,| and [40] for some classes of
polynomials with small value sets. More recently, algorithms and complexity in com-
puting |V, | have been studied in [21]. For a recent survey on value sets of polynomials
over finite fields, we refer the readers to Section 8.3 in [71].

Clearly, the study of the value set of g over I, is equivalent to studying the value
set of 2" f (27~ D/%) over I, with index ¢. Recently Mullen, Wan and Wang [74] used
an index approach to study the upper bound of the value set for any polynomial which
is not a PP. They proved that if g is not a PP then

vl <q- 1 32)
This result improves Wan’s result when the index ¢ of a polynomial is strictly smaller
than the degree d. We note that the index ¢ of a polynomial is always smaller than the
degree d aslongas £ < ,/q — 1.



6 Q. Wang

In [73], we obtained the following formula for the cardinality of the value set for an
arbitrary polynomial according to its index and the vanishing order at zero.

Proposition 3.1 (Proposition 2.3 in [73]). Let g(x:) = ax” f(z'9=D/¢) + b (a # 0) be
any polynomial over Fq with index (. Let s = q% and ged(r, s) = t. Let +y be a fixed
primitive element of Fy. Then

Vol =2+ Lor [Vy] = (e = D)3 + 1,

where ¢ = |{(v" f(v*))*/t | i =0,...,0 — 1}

The proof of Proposition 3.1 uses the properties of cyclotomic mapping polynomi-
als. Tt is sufficient to assume that ¢ = 1 and b = 0. That is, we can view g(x) as
an r-th order cyclotomic mapping polynomial with the least index /. In this case, we
have g(x) = a;x" when x € C;, where a; = f(7*') fori = 0,...,¢ — 1. Recall that
Cy is the subgroup of Fy, consisting of all the ¢-th powers of F; and we let 7j be the
subgroup of I} consisting of all the ¢/-th powers. Hence the T;’s with 0 <7 </ — 1
give all the cyclotomic cosets of index t¢. We also note that " maps C onto 7y which
contains # distinct elements. So 2" maps each coset C; = 7'Cy onto v Ty. Therefore
g maps C; onto 7" f (~v*") T, which could be either the set {0} (if a; = f(7**) = 0) or
one of the nonzero cyclotomic cosets of index t/. We observe that c is the number of
distinct cyclotomic cosets of the form %" f(~**)Ty, possibly along with the subset {0}
if one of a;’s is zero. Hence we have |V,| = c§ + 1 or (¢ — 1)§ + 1, the latter happens
when some of a;’s in g(x) = a;z" equal 0.

Therefore the value set problem for a random r-th order cyclotomic mapping poly-
nomial (or random polynomial) g essentially requires us to study the number ¢ in
Proposition 3.1, the size of the union of some cyclotomic cosets and possibly the sub-
set {0} if a;’s take zero. More specifically, for 0 < ¢ < ¢ — 1, each C; is mapped to
Ai+1 = g(C;) which is one of Ty, ..., Ty or {0}. Then c is the number of distinct
A;’s (1 < j < ¢) and the value set size is either ¢ + 1 or (c — 1) + 1.

Let n = t¢ and let Dy = {0} and D; = Tj_; for 1 < j < tf. For a random
r-th order cyclotomic mapping polynomial with index ¢ where (r, s) = ¢, we let Y,
be the number of cosets Dy, ..., Dy which are not contained in Utf:lAj. Then the
random variable Xy = q — 7Y}, measures the size of the value set of a random r-th
order cyclotomic mapping polynomial with index ¢. We use P, [E, V to denote the
probability, expectation, and variance of a random variable, respectively.

Theorem 3.2 (Gao-Wang 2015 [37]). Let ¢ — 1 = {s and r be a positive integer such
that (r,s) = t. Let f(x) be any random r-th order cyclotomic mapping polynomial
aor...ag_, () with index € over Fy. Let Xy = q — $Yy, where Yy is the number

of cosets Dy, ..., Dy which are not contained in U§:1Aj for a random r-th order
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cyclotomic mapping polynomial with index { such that (r,s) = t. Then

E(Xu) = a—(¢-1) (1 - f)é

V(Xw) = (¢—1) (q—l—f) q_l (1_3>e

e

P(Xy =1+ ks/t) = Gf) i(_l)k_j <§) ((11 " 2)6.
i

Theorem 3.3 (Gao-Wang 2015 [37]). Define
n=tl u,=e Y, o2 =t —1—-1/t)n.

Suppose t = o(n'/%) as n — oc. Then the distribution of (Y;, — i) /0w tends to the
standard normal distribution, as n — oo.

When ¢ = ¢ — 1 (hence s = t = 1), Theorem 3.2 becomes the known result for
random mappings over FF; see for example, [8, 36]. More specifically, we note that
the value set problem for any random polynomial g with degree at most ¢ — 1 is in fact
the value set problem for a random r-th order cyclotomic mapping polynomial with
index ¢ = ¢ — 1. Without loss of generality, we can assume g(0) = 0. Therefore,
Theorem 3.2 implies that the size of the value set of any random polynomial with
degree ¢ — 1 has expected value ¢ — (¢ —1)(1 — é)q_l ~ q— L. This verifies William’s
result [93] saying that almost all polynomials of degree g— 1 are a general polynomials.
Moreover, by applying Theorem 3.2 to the case £ = ¢— 1 (hence s = ¢t = 1), we obtain
the exact probability distribution of the size of the value set for a random polynomial
over the finite field IF,.

Corollary 3.4 (Gao-Wang 2015 [37]). Let g(x) be a random polynomial of degree at
most g — 1 over Fq with g(0) = 0. Then

= (S0 () (49

Consequently, for k = o(q), we have
1 p (k1!
POV =k + 1) ~ o= 0 ()

If £ > 1 is small compared to g, then the number of polynomials over F,, with
degree at most ¢ — 1 and the value set size k, is exponential in g. Moreover we have
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Corollary 3.5 (Gao-Wang [37]). Let g(x) be any random polynomial of degree at most
q — 1 over the finite field F, with g(0) = 0. Let Y, = q — |g(IFy)| denote the number of
missing nonzero values in the value set of g. Let u, = q/e and 02 = (e7! —2e7?)q.
Then the distribution of (Y, — iq)/0q tends to the standard normal distribution, as

q — oo.

4 Enumeration of permutation polynomials

We call f(z) € F,[z] a permutation polynomial (PP) of F, if f induces a permutation
of F,. The study of permutation polynomials over finite fields have attracted a lot of
interest for many years due to their wide applications in coding theory, cryptography
and combinatorial designs. For more background material on permutation polynomi-
als we refer to Chap. 7 of [63]. For a detailed survey of open questions and recent
results see [43], [61], [62], [70], [72] and references therein. The following problem is
Problem 6 in [61].

Problem 1 (LidI-Mullen 1988 [61]). Let N4(¢) denote the number of PPs of F, which
have degree d. We have the trivial boundary conditions: N;(q) = ¢(¢—1), Ngq(q) =0
if d is a divisor of ¢ — 1 larger than 1, and > Ny(¢q) = ¢! where the sum is over all
1 <d < g — 1 such that d is either 1 or it is not a divisor of ¢ — 1. Find Ny(q).

An estimation of N,_»(q) was first given by Das [25] in 2002 when ¢ is prime,
and then in general by Konyagin and Pappalardi [49]. Later in 2006, Konyagin and
Pappalardi [50] also estimated the number of PPs with prescribed zero coefficients.
Therefore the number of PPs with degree ¢ — 2 can be obtained from the number of
PPs whose coefficient of 2972 is zero.

Theorem 4.1 (Das 2002 [25]). Np_2(p) ~ (¢(p)/p)p! as p — oo, where ¢ is the

Euler function. More precisely, | N,_»(p) — #p!’ < P’H'g’%lz)ﬂ’z.

Theorem 4.2 (Konyagin-Pappalardi 2002 [49]). Let q be a prime power. Then

|Ng-2(q) — (g — 1) < ﬁqg,

Theorem 4.3 (Konyagin-Pappalardi 2006 [50]). Fix j integers ki,...,k; with the

property that 0 < ki < --- < k; < ¢ — 1 and define N (ky, ..., k;;q) as the number

of PPs h of F of degree less than (q — 1) such that the coefficient of x¥i in h equals
q

0,fori=1,...,5. Then |[N(ki,...,kj;q) — 3—_;‘- < <1 + \/E> (g — k1 — 1)q)9/2.

In particular, Ng_>(q) = ¢! — N(q — 2;q).
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Motivated by Konyagin-Pappalardi’s results, the index concept was first introduced
by Akbary, Ghioca, and Wang [2] to study the distribution of permutation polynomials
over finite fields. Obviously, every monic polynomial of index ¢ with vanishing order
at zero r and degree less than or equal to ¢ — 1 can be written uniquely as

xrf(xs) =z (xems + bmmem_ls +--+ bnmflxels + bnm) y
where
O<e<--<en<tl—1,(e1,...,em, ) =1, andr +ey,s <qg—1. 4.1

Let m, r be positive integers, and € = (ey, ..., e;,) be an m-tuple of integers that
satisfy condition (4.1). We define by N;'%(/, ¢) the number of all monic permutation
polynomials of IF, with prescribed index ¢ and prescribed exponents (7 +e€,,s, ..., r+
e1s,1). We note that these polynomials with prescribed shape all have the fixed degree
r 4+ e S, the vanishing order at zero r, and m + 1 nonzero terms in total.

Using Weil’s bound on character sums, we obtained the following.

Theorem 4.4 (Akbary-Ghioca-Wang 2009 [2]).
m 4 m m—1/2
Nye(l,q) — 574™| < Liq :

We note that the proportion of PPs in the set of all these polynomials with prescribed
index ¢ and exponents asymptotically goes to % as q goes to infinity. This shows that
the density of PPs, in the set of polynomial with prescribed index and exponents,
is higher when the index ¢ is smaller, although the absolute number of these PPs is
smaller. To be more specific, we have

Theorem 4.5 (Akbary-Ghioca-Wang 2009 [2]). For any q, 7, € m, { that satisfy con-
ditions (4.1), (r,s) = 1, and q > (***2, there exists (by,,bp,, - .., bp, ) € (F5)™ such
that the (m + 1)-nomial of the form " f (x*) is a permutation polynomial of F.

Remark 4.6. We note that for 1 < ¢ < ¢ — 2 the number of PPs of degree at least
(¢g—t—1)isq!—N(q—t—1,q—t,...,q—2;q). In [50] Konyagin and Pappalardi proved
that N(¢g—t—1,9g—1t,...,q—2;q) ~ Z—f holds for ¢ — oo and ¢ < 0.03983 q. This
result will guarantee the existence of PPs of degree at least (—¢—1) fort < 0.03983 ¢
(as long as ¢ is sufficiently large). However, the following theorem establishes the
existence of PPs with exact degree ¢ — ¢ — 1.

Theorem 4.7 (Akbary-Ghioca-Wang 2009 [2]). Let m > 1. Let q be a prime power
such that ¢ — 1 has a divisor { with m < £ and (***> < q. Then for every 1 < t <
@(q — 1) coprime with (q— 1)/ there exists an (m+ 1)-nomial of degree q—t — 1

which is a PP of .
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For £ = m + 1, we obtain the following.

Corollary 4.8 (Akbary-Ghioca-Wang 2009 [2]). Let m > 1 be an integer, and let q be
a prime power such that (m + 1) | (¢ — 1). Then for all n > 2m + 4, there exists a
permutation (m + 1)-nomial of Fyn of degree q — 2.

The enumeration of PPs with prescribed index ¢ can be done through the enumera-
tion of cyclotomic mapping permutation polynomials with the least index ¢. For each
fixed vanishing order r at zero, we can count the number of r-th order cyclotomic
mapping permutation polynomials of I, of index ¢ and then use the M&bius inversion
formula to derive the number of those with the least index .

Corollary 4.9 (Wang 2007 [87]). Let p be prime, ¢ = p™, and ¢ | q¢ — 1 for some
positive integer L. For each positive integer r such that (r,s) = 1, there are Py =
l !(%)Z distinct r-th order cyclotomic mapping permutation polynomials of Fy of
index f. Moreover, the number Q¢ of r-th order cyclotomic mapping permutation
polynomials of ¥, of least index ( is

Q= ; u(f) (q;1>tt!.

(r(g=1)/t)=1

We end this section with the following problem analogous to Problem 1 proposed
by Akbary, Ghioca and Wang.

Problem 2. Let N (¢, q) denote the number of permutation polynomials of F, which
have index £. We have the trivial boundary conditions: N(1,q) = q(¢ — 1)p(q — 1),
N(¢,q) = 0if £ is not a divisor of ¢ — 1, and >~ N (¢, q) = ¢! where the sum is over
positive integers ¢ such that ¢ is a divisor of ¢ — 1. Find N (¢, q).

5 Classification of permutation polynomials by indices

Instead of classifying permutation polynomials according to their degrees, we can clas-
sify permutation polynomials in terms of indices. In particular, when the indices of
polynomials are small or moderate, one could possibly obtain a nicer characterization
according to the following multiplicative version of the AGW criterion (see [3] for
more detail) with the commutative diagram:

* P *
F 3

lug:{l,c,...,(g_l} L He = {LC)"')QK_]}
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Corollary 5.1 (Wan-Lidl 1991 [83], Park-Lee 2001 [76], Akbary-Wang 2007 [6],
Wang 2007 [87], Zieve 2009 [104]). Let ¢ — 1 = {s for some positive integers £ and
s. Then P(x) = x" f(2®) is a PP of Fq if and only if (v, s) = 1 and " f (x)® permutes
the set g of all distinct {-th roots of unity.

Many classes of PPs are constructed via an application of this criterion. The cri-
terion appeared in different forms in many references such as Wan-Lidl 1991 [83],
Park-Lee 2001 [76], Akbary-Wang 2007 [6], Wang 2007 [87], and Zieve 2009 [104].
In this section, we use the index viewpoint to explain and classify many constructions
of permutation polynomials. Due to the large number of references on constructions
of permutation polynomials, we can only refer to some constructions that are closely
related to our index viewpoint due to page limitation. Let «y be a fixed primitive ele-
ment of IF; and ¢ = ~4(4=1)/ be a primitive ¢-th root of unity. We have the following
result.

Corollary 5.2 (Wan-Lidl 1991 [83], Wang 2007 [87], Wang 2017 [89]). Letq— 1 = {s
for some positive integers € and s. Then P(x) = x" f(x®) is a PP of Fy if and only
if (r,8) = 1 and {ind,(f(¢%)) +ir (mod ¢) | i = 0,...,0 — 1} = Z;, where
ind-(f(C%)) denotes the discrete logarithm of f(C?) relative to the base .

The benefit of this result is that we can use modular algorithms to generate all r-
th order cyclotomic PPs with prescribed index ¢ by employing Equation (1.1). Then
we can use the correspondence (1.2) to construct all permutation polynomials with
prescribed index ¢ and vanishing order at zero equals to r. See more details in [89].

5.1 Small indices

As shown in [89], all PPs of the form g(x) = " f (22~ /%) with small indices ¢ can
be generated algorithmically by Corollary 5.2 together with Equation (1.2). Theo-
retically, we can describe the coefficients of these PPs when ¢ is small as well. For
example, for odd g, the polynomial g(z) = 2 f(2(9=1)/2) is a PP of F,, if and only if
(r,(g—1)/2) = 1and n(f(=1)f(1)) = (=1)"*!, where 7 is a quadratlc character.
Let us fix r such that (r, (¢ — 1)/2) = 1. Because we only need to consider polynomi-
als with degree less than ¢ — 1, we have f(z) = ax +b and thus n(b*> —a?) = (—1)"+1,
On the other hand, by Corollary 5.2, the parity of ind, (b + a) and ind(b — a) +
must be different. Hence b = (7% + ¥ +1#7")/2 and a = (¥ — 42 147)/2, or
b= (v**1 4++%%7) /2 and a = (y**+! — 42*7) /2 for some integers 0 < i,j < g — 2.

When ¢ > 3, the following list of PPs with small indices with special formats for
f(x) has been characterized earlier.

e f(z) =a°+ 1for £ =3,5,7 (L. Wang 2002 [86], Akbary-Wang 2005 [4]).

s f(x) =2+ 1forp=—1 (mod ¢) orp =1 (mod ¢) and ¢ | m. (Akbary-Wang
2006 [5])
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e hp(z) =2F + 2 +... 4z +1and f(z) = he(x); p= —1 (mod 2¢) where
{ is either odd or 2¢; with odd ¢;. (Akbary-Wang 2007 [6])

o hy(x) :=aF + 21+ ... 4+ 241 for £ = 3,5 or odd prime < 2p + 1. (Akbary-
Alaric-Wang 2008 [1]).

o f(x) = hy(a©)! for € = 3,5,7, 11. (Zieve 2008 [103])

Because of the restriction on the forms of the polynomials, the description of these
PPs can be nice and clean. For example,

Theorem 5.3 (Akbary-Alaric-Wang 2008 [1]). Let £ be an odd prime such that { <
2p + 1, then P(x) = 2" (z% + .-+ + 2% + 1) is a PP of F, if and only if (r,s) = 1,
(Lk+1)=1, 2r+ks,{)=1,and (k+1)s =1 (mod p).

Without restriction on the format of polynomials, it should be feasible to solve the
following problem.

Problem 3. Classify all PPs of IF, of small indices explicitly in terms of their coeffi-
cients.

Let g(x) = 2" f(z\ @ V/%) with f(z) = by 12!~ + bp_ra!2 + -+ + bz + bo.
First we use Corollary 5.2 to obtain conditions for f(¢?) for all i = 0,...,¢ — 1.
Essentially f (C’) = G for some positive integer t;, where 0 < ¢ < ¢ — 1 and
(co,c1,...,ce—1) is any permutation of Z,. This can be written as a system of linear
equations AX = C such that

1P 1 - 1 ]
A 1 C'l e Qe‘—z <€‘—l |
i Cf.—l C(€—1;(£—2) ((5_1.)(5_1)
bo ,Yco+£t0
X = b.l C= ,ycl+€t1_r
be—1 ryclf—]‘f’étg;l—([fl)r

Then we can use the inverse of A (Inverse Discrete Fourier Transform) to solve for X
and find all possible coefficients of PPs with prescribed index ¢. This method works
for PPs of any index, although it is more efficient for PPs of small indices.
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5.2 Arbitrary indices

We can also obtain the following characterization of PPs of the form z” f (z(¢~1/¢)
with arbitrary index ¢. In this case, further restrictions on either the polynomial f(x)
or the size of the finite field are required. For example, related to the work on small
indices, Marcos [67] studied some permutation polynomials such that f(x) = hy(x)+
bx®for ¢ >3and0 < d < {— 1, where hy(x) = o + k14 ... 42+ 1. Onthe
other hand, we have the following result when the format of the polynomial f(z) is
not explicit.

Theorem 5.4 (Akbary-Wang 2007 [6]). Let ¢ — 1 = {s. Assume that (f(¢?))* = ¢**
foranyi=0,...,0—1andafixed k. Then P(z) = x" f(z®) is a PP of Fy if and only
if(r,s)=1and (r+k,0) = 1.

In this case, 2" f(x)® behaves like a monomial x"+* over py. The following corol-
laries are all important consequences of Theorem 5.4.

Corollary 5.5 (Akbary-Wang 2007 [6]). Let ¢ — 1 = {s. Assume that (f(¢"))* = 1 for
anyi=0,...,0—1. Then P(x) = " f(x®) is a PP of Fy if and only if (r,q— 1) = 1.

Corollary 5.6 (Rogers 1890, Dickson 1897, Wan and Lidl 1991, see Corollary 1.4 in
[831). Let £ | ¢ — 1 and f(z) be any polynomial over . Then P(z) = x" f(z*)’ is a
PP of Fy ifand only if (r,q — 1) = Land f(¢*) # 0 forall 0 <i < ¢ — 1.

Corollary 5.7 (Laigle-Chapuy 2007 [64]). Let p be a prime, ¢ be a positive integer
and v be the order of p in Z/VZ. For any positive integer n, take q = p™ = ptor
and ls = q — 1. Assume f(x) is a polynomial in Fpen[z]. Then the polynomial
P(x) = 2" f(x®) is a PP of Fy if and only if (r,q — 1) = 1 and f(¢*) # O for all
0<i</-—-1.

In these corollaries =" f (z)° behaves like the monomial =" over py. The following
is an extension of the previous results. In this case, 2" f(z® + a)® behaves like the

monomial 22" over fi,.

Theorem 5.8 (Zieve 2009 [104]). Let t > 0 be an integer; and let f(z) = 't f(zt),
where f € Fy[z]. Let a € F} and (e,£) = 1. Assume that every 1 € py.( ) satisfies
N+ 3 € pus and 2t f (% + a)’) € ps. Then P(x) = 2" f(2° + a) is a PP of Fy iff
(2r +tes, ) = 1and (r,s) = 1.

5.3 Intermediate indices

In recent years, there have been several studies on constructing permutation polynomi-
als with indices £ close to the size of a subfield or the size of certain cosets (e.g., g — 1
orqg+ loverFp, g—1lor ¢ '+ 4+ q+1over F4n). We call them intermediate
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indices. Many of these permutation polynomials are often over finite fields with even
extensions.

Index? =q — 1

—1
can reduce a permutation of Fy» to a permutation over a subfield F,, (because z” f(z)*
maps 0 to 0 and yup = F7). Then we obtain a direct consequence of Corollary 5.1.

Let us consider the finite field Fy». When the index is ¢ — 1, then s = f;l We

Theorem 5.9 (Zieve 2013 [105]). Let q be a prime power, £ = ¢ — 1 and s = (¢" —
/(g—=1)=q"'++q+ 1. Then P(x) = 2" f(«®) is a PP of Fyn if and only if
(r,s) = 1 and a" f(z) fD(z) - - f@" ") (x) permutes F,, where F19) () denotes the
polynomial obtained from f(x) by raising every coefficient to the q*-th power.

In particular, if f(z) € Fg4[z], i.e., all the coefficients of f(z) are in IF,, then we
must have, over [Fy,

2 f@)fO (@) f 0 @) = " f )"

Namely, if f(z) € F,[z], then P(z) = 2" f(2(@"~D/(@=1)) is a PP of Fn if and
only if (r, (¢" — 1)/(¢ — 1)) = 1 and 2" f(x)" is a PP of .

When the coefficients of f(x) are in Fy» \ Fy, several recent papers study the cases
when f(z) = x° 4+ a and n is a small positive integer. This is related to the study
of complete permutation polynomials. A complete permutation polynomial (CPP) is a
polynomial f(x) such that both f(x) and f(z) + « induce bijections of ;. The most
studied class of CPPs are monomials P(z) = a~'z?. It is well known that P(z) =
a~'z%is a PP of [Fyn if and only if ged(d, ¢" — 1) = 1. Hence the characterization of
CPP monomials P(z) = a~ 'z is essentially reduced to the study of the permutation
behavior of the binomial z¢ + az. If there exists a complete permutation monomial
of degree d over I, then d is called a CPP exponent over I,. Related work has been
done recently in [12, 13, 15, 16, 66, 95].

Let ¢ = p” and let ¢~ 2% be the CPP monomial over [Fn such thatd = ’;Z:l + 1.

For any a € Fpnk, leta; = apik, where 0 < 7 < n — 1. Define

n—I1

he(z) =2 H(x + a;).

i=0
Then Corollary 5.1 directly gives the following.

pnk

Corollary 5.10 (Wu-Li-Helleseth-Zhang 2015 [96]). Let d = pk:l] + 1. Then z% +
az € Fynk[x] is a PP of F i if and only if h(x) € F[x] is a PP of F .
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In this case z(z+a )9~ reduces to a polynomial h, () with a lower degree n-+1 over
ppk—1 or F .. When n is small, we essentially need to study permutation polynomials
of low degree over a subfield F .

Since the classification of low degree permutation polynomials over I, is well
known (see forn example [63]), we can obtain the classification of CPP monomials

g1 . . . .
P(x) =a 'z’ a1 over F4» for small n’s. Indeed, using cubic permutation polynomi-
als, Zieve solved the case when n = 2.

Corollary 5.11 (Zieve 2013 [105]). For o € ]FZ2 and B € Fy, the polynomial P(x) =
ax9? + B is a complete permutation polynomial over Fp if and only if

* ¢=5 (mod 6) and a9~ has order 6;

« ¢ =2 (mod 6) and a9~ has order 3; or

¢« ¢=0 (mod 3) and a7 ! = —1.

An extension of the above result for f(z) = az? + (3 can be found in [105] using
degree-4 permutation polynomials over F,. Similarly, the following result holds.

Corollary 5.12 (Zieve 2013 [105]). For o € ]Fz3 and f € Fy, the polynomial P(z) =
az? a2 4 Bz is a complete permutation polynomial over F ;5 if and only if
e ¢=0 (mod 2) and a® + a2~ 4 o =0;
e q=Tand20** +4a"? +a®+1=0and B ¢ {0,—1};
cqg=3anda? + ¥+’ +1=0and = 1;
e g=2and o # 1.

In [15, 16, 95, 96], PPs of the form f,(z) = % + ax over F4» were thoroughly in-
vestigated for n = 2, 3,4. For any odd p, Wu et al [95] give a necessary and sufficient
description for the case n = 4. For n = 6, sufficient conditions for f,(z) to be a PP

of F .6 were provided in [95, 96] for the special cases of characteristic p € {2,3,5},
6

whereas in [12] all a’s for which a:v%ﬂ is a CPP over F s are explicitly listed. The
case n = p — 1 was dealt with in [96, 66] as well. Using the classification of ex-
ceptional polynomials, Bartoli et al. [13] classified complete permutation monomials
of degree d = q;%]l + 1 over the finite field with ¢™ elements in odd characteristic,
where n + 1 is a prime and (n + 1)* < q. However, when n + 1 is large or not prime,
the classification of CPP exponents is still open. For example, when n + 1 is a prime
power such as 8 or 9, only a few new examples of CPPs are provided in [13]. Recently,
we constructed several new classes of complete permutation monomials a~'z¢ of I,
using the AGW criterion, when h, () is either a Dickson permutation polynomial or
a degree p exceptional polynomial [33]. More interesting classes of PPs with inter-
mediate indices are expected to be constructed and classified in this way. Hence we
propose the following.
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g" -1
Problem 4. Classify complete permutation monomials ¢!z -1 1 of F4» for more
general n.

For ¢ = 2! and n = 2°t, Bhattacharya and Sarkar [17] solved the problem for
a € Fp. However, it is not known if a € Fan. They also extended their study to
trinomials. Our next proposed problem is the following.
Problem 5. Classify sparse permutation polynomials of F,» with index ¢ — 1, i.e.,

n_1
sparse permutation polynomials of the form P(x) = z" f (xqu) of Fyn.

Indexf = q + 1

In this subsection we consider PPs over F 2, =g+ 1and s = ¢ — 1. Then we must
have z¢ = ! where = € p,. Because

- f ()
l‘rf )4 L _ r ,
W= )
we can simplify f(x)? using 279 = 2~ over y, and study the permutation behavior of

x” f(x)*® over g as arational function. Sometimes this approach is called the fractional
method [55]. Under certain assumptions, 2" f(x)® can behave very nicely over 1.

1

Theorem 5.13 (Zieve 2013 [105]). Let q be a prime power, { = ¢+ 1 and s = q — 1.
Let 3 be an (-th root of unity in Fy. Let f(z) € Fp[z] be a polynomial of degree d
such that f(0) # 0 and 2 f(1/2)9 = Bf(x9). Then P(x) = a" f(x*) is a PP of Fpo if
and only if (r,s) =1, (r — d,?) = 1, and f(x) has no roots in ji,.

Corollary 5.14 (Zieve 2013 [105]). Let £ = g + 1 and B* = 1. Then flx) =
z" (x4 8= is a PP of Fp if and only if (r,q — 1) = 1, (r —d,f) = 1,
and (—p)\at1)/gedlatld) £

In the previous result, 2" f (z)* behaves like 2"~ over g+1. For these permutation
binomials of index ¢ + 1, it was conjectured that there are only finitely many (g, 3) for
which f(z) = 2" (24~ + 3~1) is a PP of F > under the assumption that r > 2 be a
prime and 39*! # 1. See Hou and Lappano [43, 46, 52] and references therein for this
conjecture and partial results along this direction. We remark that they used different
techniques such as Hermite’s criterion, power sums, and combinatorial identities.

In a series of works on permutation binomials and trinomials using power sums,
Hou characterized the class of permutation trinomials of the form P(x) = z(a +
b~ 4caz?@=1)) over IF ;> (see [46] and references therein). Here we can view P(z) =
xf(z97") where f(z) = a + bx + cx?.

Theorem 5.15 (Hou 2013-2014 [46]). Let q be an odd prime power, let f(x) = ax +
brd + cx?i! ¢ F[x]. Then f is a PP of F 2 if and only if one of the following is
satisfied:
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ca=b=0,¢=1,3 (mod 6).
e (—a)tD/2 = _10r3,b=0.
ab#0,a=0b""91— i—‘; is a square of IFy.

e abla — bl_q) #0,1— % is a square of %, b* — a?b?~! — 3a = 0.

Theorem 5.16 (Hou 2013-2014 [46]). Let q be an even prime power, let P(x) =
ax 4 bxd 4 cx?17! € Fp [x]. Then f is a PP of F 2 if and only if one of the following
is satisfied:

ca=b=0,q=2°

cab#0,a=0""9 Trq/z(b_l_q) =0.

« abla —b'79) #0, & € Fy, Trypn() =0, 0> +a*b? ' +a=0.

Recently, in Li-Helleseth [58], Li-Qu-Li-Fu [55], Gupta-Sharma [38], Zha-Hu-Fan

[100], various researchers constructed permutation trinomials in the form of 2" h (a:q_ 1 ) ,
where h(x) = 1 4 2° 4 2 has low degree over F,» and ¢ is even. In general,

xrh(x)q—l — " (.%')

,(1+ 2% 4+ 2t)e

Trota

B R
1+ a5 +at

$T+$T_S+$T_t
14 x5+ ot

The idea of the fractional method is to show that ‘”Tﬁ‘/f:;jx"ﬁrit £ yrﬁ‘i;ﬁr%rit if
.. . . o 2 yory

T # Y € pg+1. This is equivalent to solving multivariate equations (see [29, 27, 53, 91]

for ¢ even) or ensuring that an algebraic curves C'(x,y) = 0 has no rational points

(z,y) over ,u% with x # y ([11, 14]). There are several results dealing with higher

degree polynomials h(z) = 1 + x* + x! of special type. For example,

Theorem 5.17 (Li-Qu-Chen 2017 [53]). Let ¢ = 2" and h be a positive integer. Then
P(z) =+ 29 4 2@ D4/2 g q PP of Fp ifand only if h # 0 (mod 3).

Theorem 5.18 (Li-Qu-Chen-Li 2017 [54]). Let ¢ = 2", where h is odd, and f(z) =

q273q+5 2q273q

+4
x+x 3  +ax 3 . Then f(x) is a permutation trinomial over I 2.

Theorem 5.19 (Li-Qu-Chen-Li 2017 [54]). Let ¢ = 2", h > 1,i be integers and
f(z) = 2iatt3 4 p(40)ati=3 4 (=245 Thep f(2) is a permutation trinomial
over F o if ged(3 +2i,q — 1) = L and k # 0 (mod 4).
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Li, Qu, and Wang [56] have developed another systematic way to characterize
permutation polynomials of the form f(z) = z"h (z47') € F 21| over F» where
h(zx) € Fy[z] is an arbitrary polynomial. The main tools consist of the reduction of the
degree of the g-th power of h(x) by using the structure of 1,1, and the application of
the AGW criterion twice so that we can reduce the permutation of F» to a subset of
the subfield IF,.

Theorem 5.20 (Li-Qu-Wang 2018 [56]). Let f(z) = a"h (3:‘1_1) € Fpalz] be such
that all coefficients of h(x) belong to Fy and S be the set defined as follows:

S = {GGFZ:T”(é):l} if g is even,
{CLEFqZ’r](az_4):_1} IfQiSOdd.
Leta =z +z~ " and h(x) = hi(a)z + ho(a). Assume that

h3(a)Dy_5(a) + h3(a)D,(a) + 2hi(a)hy(a)Dy—1(a)

R(a) = W(a) + h(a)ha(a)a + H(a) |

where D;.(a) is the Dickson polynomial of the first kind. Then f(x) permutes F . if
and only if the following conditions hold simultaneously:

e ged(r,g—1)=1;

« for the corresponding fractional polynomial g(x) = z"h(x)9~", g(x) = 1 has a
unique solution v = 1 in pig1 and g(x) = —1 has a unique solution x = —1 in
Hg+15

o h(z) # 0 forany x € pgr1;
* R(a) permutes {2,—2} U S.

Many explicit classes of PPs of the form z"h (mq_l) over F» can be explained
by using this result. We refer the reader to [56] and references therein. When the
coefficients of h(x) are in > \ ¥, the characterization is even more complicated, so
we need to restrict our polynomial i () to some special polynomials. We propose the
following problem.

Problem 6. Classify sparse permutation polynomials of F . of index ¢ + 1. Namely,
PPs of the form z” f(x9~!) when f is sparse.

For example, there are many recent works on characterization of PPs of trinomials
when the coefficients are in qu. In [53], Li, Qu and Chen proved

Theorem 5.21 (Li-Qu-Chen 2017 [53]). Let ¢ = 2 and k be a positive integer. Let
P(x) = 2(1+az?@= ) 4 q9/2299=0) be such that a € [F,2 and the order of a is g+ 1.
Then P(x) is a PP of F 2.
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Tu, Zeng, Li and Helleseth in [81] proved the sufficiency of the conditions in the
following theorem and conjectured their necessity. Then Bartoli [10] proved the neces-
sity using low degree algebraic curves and computational packages such as MAGMA.
Hou [47] found a way to prove both directions at the same time.

Theorem 5.22 ([81], [10], [47]). Let ¢ = 2", h > 3. Let P(z) = x + Baa- D+ 4
az? @~V € F o[z] be such that o, B € %, Then P(x) is a PP of F 2 if and only if

« B=a" and Try)(1 + ﬁ) =0; or
o B(1+ a2t 4 oY) 4 a2 = 0, B £ 1, and Trypp(Bey) = 0.

odt!

Exponents of many of these permutation polynomials are so called Niho exponents.
See Li and Zeng [60] for an extensive survey of permutation polynomials from Niho
exponents. Many open problems are proposed in [60] as well. Sometimes P(x) may
not be explicitly expressed as P(x) = 2" f (29~ !). Indeed, Kyureghyan and Zieve [51]
studied polynomials of the form x + *yTr(xk) and proved the following result.

Theorem 5.23 (Kyureghyan-Zieve 2016 [51]). Let ¢ = 1 (mod 4) and let v € Fp
satisfy (27)9D/2 = 1. Then P(x) = z + 7Trqz/q(x<q+l)2/4) permutes I ».

Let N = ‘1%3. Then P(z) = z= + VTrqz/q(z(q“)z/“) = z(1 + 2Nl 4
yz@N+D@=D) is a PP of F,z if and only if g(z) = z(1 + vV + ya?V+1)e1 s

a bijection on /1,1 1. In fact, g(z) behaves as ¢ix on the non-squares in j1,1 and 3z

on the squares, for certain elements ¢y, ¢ € fig41.

Theorem 5.24 (Li-Qu-Chen-Li 2017 [54]). Let g = 2". Then f(z) = cx+Trp , (z*)
is a PP over F ; for each of the following cases:
e k=2¢—1,c=1ifhisevenorc =1ifhisodd.

(3q—2)(¢*+q+1)

3 Chisevenand = 1.

o k=
. k:w,hisoddandé: 1.

« k=2?0"243.2""2 ¢ € F and 2> + x + ¢ = 0 has no solution in F,,.
. k:w,hisoddandc%] =1.

2_ .
. /{::%,hmevenandc:l.

PNt .
cc=landk = A h =1 (mod 3);
Jqﬂwv h =2 (mod 3).

The fractional polynomial z” f (x)® can behave like a rational function. For example,

in the following result, the polynomial 2" f (z)* behaves like g~ ! 02" 0 g where g(z) =

=BT i -
~z—g 1s injective from pup to fug.
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Theorem 5.25 (Zieve 2013 [105]). Let q be a prime power, { = ¢+ 1 and s = q — 1.
Let n > 0 and k > 0 be integers, and let 3,y € Fp be such that Bt =1 and
vt # 1. Then P(x) = "R ((ya® — B)" — y(x° — 49B)") is a PP of ¥z if and only
if (n+2k,s) =1and (n,f) =1.

Similarly, we have

Theorem 5.26 (Zieve 2013 [105]). Let q be a prime power, { = ¢+ 1 and s = q — 1.
Let n > 0 and k > 0 be integers, and let 8,5 € Fp be such that B =1 and
§ ¢ By Then P(z) = x" R ((§2° — B69)™ — (2 — B)") is a PP of ¥ if and only if
(n(n +2k),s) = 1.

Here 2" f () behaves like g~! o 2™ o g where g(z) = 5?_%‘” is injective from pi,

to [F; U {oo}. There are also several work on rational functions of low degree, see for
example, Bartoli and Giulietti [11, 14]. A generalization of Theorems 5.25, 5.26 can
be found in [14]. Also in [51], Kyureghyan and Zieve constructed a few classes of PPs
of the form = + Tr, /q(xk ) using rational bijections over j; when n = 2, 3.

Now we describe a construction through rational functions of arbitrary high degree.
Let n be a positive integer and o € F» \ {0}. Then we define the following polyno-
mials over F .

Gn(z,0)

T (w0)" Itis

The Rédei function is a rational function over IF » defined as Ry, (z,a) =
easy to check that

(4 Va)" =Gz, a) + Hy(z, a)Va. (5.1)

In the following result, the fractional polynomial " f (x)*® behaves like a Rédei func-
tion that is a rational function of arbitrary degree.

Theorem 5.27 (Fu-Feng-Lin-Wang 2018 [34]). Suppose n > 0 and m are two inte-
gers. Let a € F 2 satisfy o9t = 1, and g4 be the set of all distinct (q + 1)-th roots
of unity. Then the polynomial

P(x) _ xn+m(q+])Hn(mq71’a)

permutes F > if and only if any one of the following conditions holds:
(i) Vo € pgrr and ged(n(n +2m),q—1) = 1.
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(i) Vo & pgy1, ged(n+2m,q— 1) = 1 and ged(n, g+ 1) = 1.

Similarly, the statement works for P(z) = "™t G, (2971 ).

This class of PPs of the form " f(x9~") has a nice property such that the degree of
f can be arbitrarily high and can be generated recursively.

Large intermediate indices

For a finite field of size ¢, we can study permutation polynomials of index £ = ¢" !+
--- 4 g + 1. However, P(z) may not be explicitly expressed as P(x) = 2" f(x971).
Indeed, in the study of polynomials of the form x + fyTr(xk), Kyureghyan and Zieve
considered n = 3 and £ = ¢*> + ¢ + 1 and they proved the following

q2+1

Theorem 5.28 (Kyureghyan-Zieve 2016 [S1]). If g is odd, then P(x) = x+Trp (2 )
permutes I 5.

The index approach requires us to prove that g(z) = z(1 +z(@*1/2 4 g(@+at2)/2
x(q2+2)(Q+1)/2))q—1 permutes the set g1, ..

Theorem 5.29 (Li-Qu-Chen-Li 2017 [54]). Let ¢ = 2" and f(x) = cx+Trp 2 (2F) €
F4[z]. Then f(x) is a permutation polynomial over F . if one of the following condi-
tions occurs:

o k=2t 3 92l L oMl and ¢ € T

ck=¢ —q+1landc=1.

ck=¢"-¢ +qandc=1.

We note that £ = ¢> + ¢> + ¢ + 1 in the above theorem. Also in the paper, two
other permutation trinomials with index ¢ = ¢> + ¢ + 1 over F s are constructed by
multivariate method. Similar results were given by Wang, Zhang and Zha [91] for
b= +q+1 over 3.

Theorem 5.30 (Wang-Zhang-Zha 2018 [91]). Let ¢ = 2" and h # 1 (mod 3). If
flx) =1+ 29 279 0or f(x) = 1 + 2972 + 279, then P(x) = xf(z7 ") is a
permutation polynomial over F ;5.

The following result follows directly from Corollary 5.1.

Theorem 5.31 (Bartoli-Masuda-Quoos 2018 [14]). Let n > 2, s > 0 be integers,
B € pign-14...iqi1, and L € Fyn|[x] be such that L9 = BxtL for some fixed integer t.
Then x8+k(q"—1+qn_2+‘.»+(l+1)L(gg‘1_l ) permutes Fyn if and only if (s —t,¢" ' +--- +
q+1)=1(s+k(g+1),g—1) =1, and L has no roots in pign-1 .. 4.
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A concrete class of permutation polynomials over F s using Theorem 5.31 and
MAGMA is also provided in [14]. Earlier, for £ = @ +q+1, Ding et al. [28]
and Yuan [97] gave several explict classes permutation polynomials over F s where
g=3"and g = 3(mod 4) respectively. Wang et al. [92] presented six classes of
permutation trinomials over [ s with ¢ = 3. Bartoli [9] characterized four classes of
permutation trinomials over F s in terms of their coefficients in Fy, ¢ = pFandp > 3.

Finally we propose the following problem.

Problem 7. Construct and classify permutation polynomials of F;» with intermediate
indices such as £ = ¢" '+ -+ q+ 1, c(¢" '+ - +q+1),0r ‘M+q“,
where c is a positive factor of ¢ — 1 and d is a positive factor of ¢" ! + - + ¢ + 1.
For even n, construct and classify permutation polynomials of Fy» with index ¢ =
¢ ' —q" 2+ ¢ 3+ 4 ¢ — 1 oraconstant scale of /.

5.4 The maximum index

Obviously, most PPs over the finite field F,» have index ¢™ — 1, the largest possible
index. In particular, Corollary 5.1 or Corollary 5.2 is trivial when the index is the
largest possible. Therefore the index viewpoint is not so useful when the index of a
polynomial is the largest index. Nevertheless, we could still construct polynomials
piece-wisely and use cyclotomy of the small index ¢ to generate PPs with maximum
index. Here is an example of such constructions where we use simple monomials for
branch functions that are used to define polynomials piece-wisely.

Theorem 5.32 (Wang 2013 [88]). Let g — 1 = {sand Ay, ..., Ap_1 € Fy. Then

0 if v = 0;
Pwy={" I . (5.2)
Az, ifreCy, 0<i</l—1.

is a PP of Fy if and only if (ri,s) = 1 foranyi = 0,1, ...,0—1 and {ind~(A;)+r;i |
i=0,...,0— 1} is a complete set of residues modulo (.

In particular, these PPs have the following form with at most /> terms.

-1 0—1
1

P(.’I}) — Z Aig—jixTi*FjS

J

(2

Il
=}
Il
=}

Their inverses can be easily obtained as well, see [8§9]. For more results on other types
of piecewise construction, we refer the readers to [35, 24].

Problem 8. Classify more classes of permutation polynomials using other types of
branch functions.



Polynomials over finite fields: an index approach 23

There is vast literature on constructing permutation polynomials of special forms
over finite fields; many of these also have maximum indices. For more information
on permutation polynomials prior to the year 2015, we refer the interested readers to
[44, 72] and reference therein. Recently there is a focused study on sparse permutation
polynomials such as binomials, trinomials, few-nomials. Most of them have special
exponents and are defined over finite fields of even characteristic. One main technique
to prove these results is to generate the polynomial equation into a system of equations
by raising powers of the equation, and then covert the system into a lower-degree
multivariate systems of equations. See [29, 27, 53, 91] and the references therein.

There is also an extensive study of permutation polynomials of the form > (zP" —
x 4 6;)% + L(x); we refer the readers to recent papers [39, 65, 101] and references
therein. Other than solving special equations over finite fields using the multivariate
method, many of these results were obtained via an application of the general AGW
criterion; see [98, 99, 102, 56]. Because our purpose in this paper is to demonstrate the
index approach, we therefore decide not to list all the articles dealing with maximum
indices.

6 Conclusion: other results and problems

As mentioned above, the notion of the index of a polynomial over finite fields is quite
useful in the study of permutation polynomials, value set bounds, as well as character
sums of polynomials over finite fields. We can also study the inverses of permutation
polynomials by index approach [89, 57]. We would like to explore this index approach
further to some related problems. For example, it would be interesting to explicitly
evaluate character sums of polynomials using their indices. For the value sets of poly-
nomials, we would like to characterize polynomials with small value sets in terms of
their indices. Furthermore, it seems very interesting to classify PPs of small indices up
to intermediate indices in terms of their coefficients. Another interesting problem is
the distribution of PPs in terms of their indices. In [68], Masuda and Zieve showed that
permutation binomials over prime field IF, must have their indices less than ,/p + 1.
We would like to know whether this kind of behavior works for permutation trinomials
or few-nomials.

Problem 9. Study the distribution of indices for “sparse” permutation polynomials
over finite prime field.

It is also interesting to extend the index approach to other new types of problems.
Recently, Isik and Winterhof [48] studied the relationship between Carlitz rank and
the index of permutation polynomials. The Carlitz rank was introduced in [7] for
permutation polynomials to measure the smallest number of inversions used to rep-
resent this permutation as a composition of linear polynomials and inversions in al-
ternating order. We refer to [79] for a survey of results on Carlitz rank. Isik and
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Winterhof [48] proved that, if the permutation polynomial g is neither close to a poly-
nomial of the form az nor a rational function of the form az ", then the Carlitz rank
Crk(g) > ¢ — max{3Ind(g), (3¢q)'/*}, where Ind(g) denotes the index of g. More-
over, they showed that the permutation polynomial which represents the discrete log-
arithm guarantees both a large index and a large Carlitz rank. This results has crypto-
graphic applications.

Problem 10. Find more applications of indices of polynomials over finite fields.

Another interesting new problem is to study the distribution or characterization of
irreducible polynomials g(z) = 2 f (29~ 1/%) 4 b (b # 0) according to their indices.
For example, the characterization of irreducible polynomials of the form =" + b (cor-
responding to ¢ = 1) was done earlier. It would be natural to characterize/enumerate
those irreducible polynomials with prescribed indices. Similarly, it would be inter-
esting to study primitive polynomials, primitive normal polynomials with prescribed
indices. See related work in [31, 32, 42, 77, 71] and references therein.

We remark that the index for multivariate polynomials and polynomial vector maps
is also introduced in [74]. Results for value set bounds in terms of indices for such
polynomials are also obtained similarly. It would be interesting to extend our study
for other problems involving multivariate polynomials and polynomial vector maps as
well.
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