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This paper is dedicated to Professor G. B. Khosrovshahi on the occasion of his 70th birthday
and to IPM on its 20th birthday.

ABSTRACT. We introduce the notions of unsigned and signed generalized Lucas
sequences and prove certain polynomial recurrence relations on their character-
istic polynomials. We also characterize when these characteristic polynomials
are irreducible polynomials over a finite field. Moreover, we obtain the ex-
plicit expressions of the remainders of Dickson polynomials of the first kind
divided by the characteristic polynomial of generalized Lucas sequences. Using
these remainders, we show an application of generalized Lucas sequences in the
characterization of a class of permutation polynomials and their compositional
inverses.

1. Introduction

Fibonacci numbers form an integer sequence
0,1,1,2,3,5,8,13,21,34,55, ...

which was well known in ancient India. To the western world, it became popular
through the Italian Mathematician, Leonardo of Pisa known as Fibonacci (1170-
1250), who considered the growth of an idealized (biologically unrealistic) rabbit
population by using this sequence in his famous book Liber Abaci (1202). In the
language of recurrence relation, Fibonacci numbers {F,, }5°, satisfy a second order
homogeneous recurrence relation given by

FOZO,Fl :LFn: n71+Fn72 fOT"I’LZQ.

The so-called Lucas numbers {L,,}52, have the same recurrence relation but dif-
ferent initial values, that is,

LO = 2,L1 = LLn = Ln—l +Ln—2 fO’I’ n 2 2.

1991 Mathematics Subject Classification. Primary 11B39; Secondary 11T06.

Key words and phrases. Lucas sequences, finite fields, Dickson polynomials, irreducible poly-
nomials, permutation polynomials.

Research of the author was partially supported by NSERC of Canada. The author wants
to thank Hadi Kharaghani for kind and continuous support, and generous hospitality during the
visit to IPM. The author also wants to thank IPM, Behruz Tayfeh-Rezaie, and Saieed Akbari for
their warm hospitality. Finally the author thanks the referee for helpful suggestions.

©0000 (copyright holder)



2 QIANG WANG

Nowadays, Lucas sequences are referred as a family of sequences with the similar
structure. For a given pair of integers P,Q such that A = P? — 4(Q is a non-
square, there are two types of Lucas sequences. The first type is usually denoted
by {Va(P, Q)}7%o where

%(PaQ) = 27V1(P7Q) = PaVTL(P,Q) = PVn—l(PaQ) - QVTL—Q(P’Q) fO?" n=2.
The second type of sequences {U, (P, Q)}52, is defined via
Us(P,Q) = 0,U1(P,Q) = 1,U,(P, Q) = PU,_1(P,Q) — QUy 5(P,Q) for n > 2.

We call {V,,(P,Q)}22, the first type because we will see that they can be obtained
from Dickson polynomials of the first kind. Similarly, the sequence {U, (P, Q)}22,
can be obtained from Dickson polynomials of the second kind. Hence Fibonacci
numbers and Lucas numbers are {U, (1, —1)}22, and {V,,(1, 1)}, respectively.
When P =2 and @ = —1, sequences {U, (2, —1)}52, and {V,,(2, —1)}52, are called
Pell numbers and Pell-Lucas numbers respectively.

It is well-known that L, = V,,(1,—1) = a™ +b" where a = 1+T\/5 and b = 177\/5
Let n be a primitive 10-th root of unity, then we can rewrite a = n + 71, b =
73 +n73, and thus L, = (n + 71" + (n® + n=3)". Hence this motivated us to
introduce the following generalized notion of Lucas numbers in our previous work.

DEFINITION 1.1. ([4]) For any integer k£ > 1 and 7 a fixed primitive (4k + 2)-
th root of unity, the generalized Lucas sequence (or unsigned generalized Lucas
sequence) of order k is defined as {a,}5 , such that

2k k
an =Y (' +n7 )" =Y (=)' +n7 )"

t odd

We note that the Lucas numbers are simply generalized Lucas sequences of
order k = 2. Similarly, we can define

DEFINITION 1.2. For any integer k > 1 and 7 a fixed primitive (4k + 2)-th root
of unity, the signed (or alternating) generalized Lucas sequence of order k is defined
as {by}52 such that

2k k
bn= > (" +n7 )" =) (=)' +n)"
¢ ‘even =t
In fact, we will see that all the coefficients of both characteristic polynomials of
signed and unsigned generalized Lucas sequences of order k are integers and then
using Waring’s formula we can conclude that both sequences are integer sequences.
Several examples of these families of integer sequences can be found in Sloan’s On-
Line Encyclopedia of Integer Sequences. For example, generalized Lucas sequence
of order 4 is called an accelerator sequence for Catalan’s constant (A094649). Sim-
ilarly, the signed generalized sequences of order 3 and 5 are numbered as A094648
and A094650 respectively.
The following tables (Table 1, Table 2) contain initial values and recurrence
relations of unsigned and signed generalized Lucas sequence of order k for small
k’s.
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TABLE 1. Generalized Lucas sequences

k initial values | recurrence relations
k=1]1 Apt1 = Qnp
k=221 An+t2 = Qpy1 + Gn
k=31|3,1,5 An43 = Ony2 + 20p41 — Gn
k=414,1,7,4 Aptd = Gnt3 + 3any2 — 204p41 — Gn
k=515,1,9,4,25 Onts5 = Qptd + 4ap13 — 3apt2 — 3ap41 + ap

TABLE 2. Signed generalized Lucas sequences

k initial values | recurrence relations
k=111 bpy1 = —bn
k=212-1 bnto = —bpt1 +bn
k=31]3,—-1,5 bpts = —bpto +2bpy1 + by

k = 4 4, —].7 7, —4 bn+4 = —bn+3 + 3bn+2 + 2bn+1 - bn
k=5|5,-1,9,—4,25 | bpys = bpya + 4bp13 + 3bpio — 3bpy1 — by,

It is easy to see from the definition that the characteristic polynomial of gen-
eralized Lucas sequence of order k > 1 is

2k

gi(@) =[] (== " +07").

t=1
t odd

Similarly, the characteristic polynomial of signed generalized Lucas sequence of

order £ > 1 is
2k

fe@) = ] @= @' +n7").

t=1
t even

It is easy to see that fi(z) = 2+ 1, fa(x) = 22 +2 — 1, g1(x) = z — 1, and
g2(z) = 2% — x — 1. By convention, we let fo(x) = go(z) = 1.

In Section 2, we show that both characteristic polynomials of degree k satisfy
interesting recurrence relations with characteristic polynomials of degree k£ — 1 and
k — 2 (Theorem 2.1, Theorem 2.2). Namely,

(1.1) folx) =1, fi(z) =2+ 1, fr(x) = fr—1(x) — fr—a(x) for k >2
and

(1.2) go(x) = 1,91(2) = = — 1, g (2) = 2gr—1(x) — gr—2(x) for k > 2.

These polynomial recurrence relations provide us an easy way to compute character-
istic polynomials of the generalized Lucas sequences and signed generalized Lucas
sequences even for large k. Hence it is quite fast to generate unsigned and signed
generalized Lucas sequences. Moreover, we characterize when degree k polynomials
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fi(x) and gx(z) are irreducible polynomials over a finite field F,. It turns out that
2k + 1 must be prime (Theorem 2.5). In Section 3, we use some divisibility prop-
erties of characteristic polynomials gx(x) to obtain the explicit expressions for the
remainders R, () of Dickson polynomials D, (z) of the first kind divided by g (z)
(Theorem 3.2). As an application, we explain the connection between generalized
Lucas sequences over a prime field, R, (z), and a class of permutation polyno-
mials and their inverses over an extension field (Theorem 3.3 and Theorem 3.8,
respectively).

2. Characteristic polynomials

For any integer n > 1 and a parameter a in a field F, we recall that the Dickson
polynomial of the first kind D,,(z,a) € F[z] of degree n is defined by

Dn(:ﬂ,a)%J n <n,i)(a)ix”2i.

: n—1 )
=0

Similarly, the Dickson polynomial of the second kind E,, (z,a) € F[z] of degree n is
defined by

En(w,q) = Lnf (” N ’) (—a)iz"—2.

i=0
For a # 0, we write = y+a/y with y # 0 an indeterminate. Then the Dickson
polynomials can often be rewritten (also referred as functional expression) as

n

Do) = Dy (y+ y) =+ L

and

)

n+1l _ n+l n+1
En(xaa) =k, (y+ ,CL) = Y ¢ /y
y—aly

for y # £+/a; For y = £1/a, we have E,,(2\/a,a) = (n+1)(v/a)™ and E,(—2+/a,a) =
(n+ 1)(—/a)"™. It is well known that D, (x,a) = 2D, _1(x,a) — aD,_2(x,a) and
E.(z,a) = 2E,_1(z,a) — aE,_s(x,a) for any n > 2. Here we also note that
Vo(P,Q) = D, (P,Q) and U,,11(P, Q) = E,(P,Q).

In the case a = 1, we denote Dickson polynomials of degree n of the first and the
second kind by D,,(z) and E,,(z) respectively. It is well known that these Dickson
polynomials are closely related to the Chebyshev polynomials by the connections
D, (2z) = 2T, (z) and E,(2z) = Uy(z), where T,,(z) and U,(x) are Chebyshev
polynomials of degree n of the first and the second kind, respectively. More infor-
mation on Dickson polynomials can be found in [11].

For any k > 1, let n be a primitive (4k + 2)-th root of unity. It is well known
that nt + 77t with 1 <t < 2k are all the roots of Es(z). Hence the characteristic
polynomials fj(x) and gx(x) of signed and unsigned generalized Lucas sequences are
both factors of Egi(x). In fact, Faor(z) = fr(x)gr(x) because all three polynomials
are monic.

Next we prove the following results on the polynomial recurrence relations on
the characteristic polynomials fy(z) and gx(z).

< |



ON GENERALIZED LUCAS SEQUENCES 5

2k
THEOREM 2.1. Let gx(z) = H (x— (" +17")) be the characteristic polyno-

t=1
t odd

mial of generalized Lucas sequence of order k > 1 and go(x) = 1. Then

(i) gx(z) = Ex(z) — Ex—1(x) for k > 1.
(ii) gx(zx) satisfies the following recurrence relation:

go(@) =1, g1(z) =2 — 1, gk (2) = 2gp—1(2) — gr—2(x) for k > 2.

1-t

(iii) The generating function of the above recurrence is G(x;t) = 1= -

- k= TEN o
@) aule) = S -0rE ([ F )k
i=0 3]

PRrROOF. Let Gi(z) = Ex(z) — Ex—1(z) for k > 1. Using the functional expres-
. 1 yk+1_y7(k+1) . . 1 y(2k+1)+1
sion Ex(y+y~ ') = =T we can easily obtain Gi(y +y~') = RTICES IR
In particular, let i be a primitive (4k + 2)-th root of unity. Hence n?¢*+1 = —1
and thus Gi(n' +n7t) = % = 0 for all odd t. Hence all the roots of gx(z)
are roots of Gi(z). Moreover, deg(Gr(x)) = deg(gr(z)) = k and both Gi(x) and
gr(x) are monic, we conclude that (i) is satisfied. Using the recurrence relation
Ey(x) = xFEr_1(x) — Ex_2(x), one obtains (ii) immediately. Moreover, the gener-
ating function G(z;t) of gi(z) can be derived from

(1 -t +1?) i gr(z)t"

k=0

= ng t—szgk tk“—i—ng )tht2

= 1+ (x—Dt—at+ Z(gk+2(x) — zgk41 () + gi(x))t"

(1 — ot +t*)G(x;1)

k=0
= 1-—t.
Finally, to prove (iv), we have
ge(z) = Ek(z) — Ep-1(2)
Lk/2] . [(k—1)/2] .
_ LY k—j oh2 _ IRy k—1-— ph1-2j
_;O(U(j> ;J(”<j>
k . k
_ iz (o Ti/2] ki lij2) (k= Ti/2] -
200 (o) 20 (ot )=
k
_ rij2) (k= Ti/2] ki
21 )

O

Similarly, we have the following result for signed generalized Lucas sequences.
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2k
THEOREM 2.2. Let fr(z) = H (x — (" +n7") be the characteristic polyno-

t=1
t even

mial of signed generalized Lucas sequence of order k > 1 and fo(x) = 1. Then
(i) fe(z) = Ex(z) + Ex—1(z) for k> 1.
(i) fr(x) satisfies the following recurrence relation:

Jo@) =1, fi(@) =z + 1, fu(x) = 2 fo—1(2) — fr—2(x) for k> 2.

. . . . . 1+t

(iii) The generating function of the above recurrence is F(z;t) = 1= -

k
(k- .
@) i) = 3o (M
i=0 5]

PRrROOF. Let Fj(x) = Ep(z) + Ex—1(x) for &k > 1. Using the functional ex-
pression of E,(x), we can easily obtain Fi(y + y~ ') = % In particu-
lar, let 1 be a primitive (4k + 2)-th root of unity. Hence n?**! = —1 and thus
Fr(nt +n7t) = % = 0 for all even ¢. Hence all the roots of fi(x) are

roots of Fi(x). Moreover, deg(Fy(z)) = deg(fr(z)) = k and both Fj(z) and fx(z)
are monic. Hence we conclude that (i) is satisfied. Using the recurrence relation
Ey(xz) = xFEr_1(x) — Ex_2(x), one obtains (ii) immediately. Moreover, the gener-
ating function F(z;t) of fix(z) can be derived from

(1—at+1*)F(x;t) = (1—xt+t2)§:fk(x)tk
k=0
= Y A@t =Y af@ T+ 3 fula)ett?
k=0 k=0 k=0
= 1+ @+ Dt —at+ > (frra(@) = firr(@) + fila))th+?
=
= 1+t ’
Finally, to prove (iv), we have
ful@) = Ep(x)+ Ep-1(z)
Lk/2] . [(k=1)/2] .
o Y k—3j k2 IR k—1-yj ph—1-2]
- ;0(1)(]') p> (1)< j )
k . k .
_ o\ Li/2) k—Tli/2] o 1y Li/2) k—Ti/2] ki
2 () * 2 ()
k .
_ _\li/2) k—Ti/2] ki
S (* o)

O

The functional expressions of fi(z) and gx(x) are quite useful in the above
proofs. We summarize them as follows:
2Rt

Fly—1) fory # 0,41, f(2) = 2k+1, and fi(-2) = (=1)%;

(2.1) fuly+y™") =
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and
(2.2)
2k+1
gely+y) = Loy fory £ 0,#L0u(2) = 1, and gi(-2) = (<1 2k + 1)

Using these functional expressions, one can also easily obtain the following result
(see also Exercise 2.11 in [11]).

COROLLARY 2.3. Let fr(x) and gi(x) be characteristic polynomials of signed
and unsigned generalized Lucas sequences of order k. Then we have

(1) fm+n(x) = fm(x)En(x) - f’m—l(x)En—l(w)'
(ii) gm+n(z) = gm(I)En(I) - gm—l(x)En—l(x)'
(iii) If (2d4+ 1) | (2k + 1) then fq(z) | fr(x) and gq(z) | gr(z).

Next we will see some applications of Eor(z) = fr(z)gr(x). First, using
Esi(z) = fr(x)gr(x), Theorem 2.1 and Theorem 2.2, it is obvious to obtain the
following interesting combinatorial identity for any 0 < m < 2k.

k i , ri . . )
3 (-plel (k im> (—1)L3) (k jfﬂ) _ 0_1 P if m.is odd,
= 11] 1Z] (—1)= ( m ) if mis even.
itj=m

Now we can characterize when fi(x) and gx(x) are irreducible polynomials over
a finite field. Let Fy be a finite field with char(F,) = p. Since the factorization of
Esi(z) over a finite field F, is well known (see for example, [6] or [8]), we can obtain
the factorization of fi(x) and gi(x) over Fy as well. Of course, it is enough to give

the result for the case that ged(2k+1,p) = 1. Indeed, if (2k+1) = p"(2t+ 1) where
ged(2t + 1,p) = 1, then it is straightforward to obtain fi(x) = fi(x)?" (z — 2)pr2_1
and gi(z) = g(2)? (z + 2)“771 by using the functional expressions of fi(z) and
gr(x).

THEOREM 2.4. Let F, be a finite field with char(F,) = p, ged(2k +1,p) =1,
and ¢ be Euler’s totient function.

(i) If q is even, then fr(x) = gr(x) is a product of irreducible polynomials in
F,[x] which occur in cliques corresponding to the divisors d of 2k + 1 with d > 1.

To each such d there correspond ¢(d)/2kq irreducible factors, each of which has the
form

ka—1 . .

[T =i+

i=0
where (g is a primitive d-th root of unity and kq is the least positive integer such
that ¢®¢ = £1 (mod d).

(11) If q is odd, then fi(x) is a product of irreducible polynomials in F,[x] which

occur in cliques corresponding to the odd divisors d of 4k + 2 with d > 2. To each
such d there correspond ¢(d)/2kq irreducible factors, each of which has the form

kqa—1

IT @ +¢)).

=0

where (g is a primitive d-th root of unity and kg is the least positive integer such
that ¢8¢ = £1 (mod d).
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(111) If q is odd, then gi(x) is a product of irreducible polynomials in Fy[x] which
occur in cliques corresponding to the even divisors d of 4k + 2 with d > 2. To each
such d there correspond ¢(d)/2kq irreducible factors, each of which has the form

ka—1 v .

II @—q +¢*).

i=0
where (g is a primitive d-th root of unity and kq is the least positive integer such
that ¢*¢ = £1 (mod d).

PROOF. 1t is easy to see that fi(x) = gr(x) for even q. Moreover, if ¢ is odd
and d is odd, then (4 is a even power of a primitive (4k + 2)-th root of unity.
Similarly, if ¢ is odd and d is even then (4 is an odd power of a primitive (4k+2)-th
root of unity. The rest of proof follows from [6] or [8]. O

If k4 is the least positive integer such that ¢*¢ = 1 (mod d), then we say the
order of ¢ modulo d is k4 which is denoted by ordy(q) = kq. Similarly, if k4 is
the least positive integer such that ¢*¢ = —1 (mod d), then we say the order of ¢
modulo d is 2k, which is denoted by ordy(q) = 2k4. Conversely, if ordi(q) = 2k
then, by the definition of k4, we can obtain that ky = k. However, if ordy(q) = k,
then kg is not always equal to k. Indeed, if k is even, then kg = %; otherwise,
kq = k. Now we have the following result which tells us when fj(x) and gi(x) are
irreducible polynomials in F,[x].

THEOREM 2.5. Let Fy be a finite field with ¢ = p™. If either fi(z) or gi(x)
is irreductble in Fylx], then 2k + 1 must be prime. Furthermore, the following are
equivalent

(i) fx(z) is an irreducible polynomial in Fy[x];
(i) gr(z) is an irreducible polynomial in Fylx];
(iii) k=1, or ordag+1(q) = 2k, or orday1(q) =k and k is odd.

ProoF. First we consider ged(2k + 1,p) # 1. In this case, 2k + 1 = p"(2t + 1)
where » > 1 and ged(2t + 1,p) = 1. If fr(x) or gr(x) is irreducible, then ¢t = 0
and 21 =1 by using the comments before Theorem 2.4. Hence k¥ = 1 and
2k + 1 = 3 is prime. In fact, f1(z) and ¢;(z) are linear polynomials and they are
always irreducible in F,[z].

Now we assume that ged(2k + 1,p) =1 and k > 2. If 2k + 1 is not prime, then
there are more than one divisors d of 2k+1 such that d > 1. Hence by Theorem 2.4,
neither fi(z) nor gi(z) is irreducible in Fy[z]. When 2k + 1 is a prime number, by
Theorem 2.4, there is only one possible choice for d = 2k + 1 when ¢ is even, and
only two possible choices for d (i.e., d = 2k + 1 for fr(z) and d = 4k + 2 for gx(z))
if ¢ is odd. Hence ¢(d) = 2k. Therefore ¢(d)/2kq = 1 if and only if k4 = k.

If ¢ is even, then fi(z) = gi(z) is an irreducible polynomial in F,[z] if and only
if ordag+1(q) = 2k, or ordsg+1(q) = k and k is odd.

If ¢ is odd, then fy(x) is an irreducible polynomial in Fy[z] if and only if
ordak+1(q) = 2k, or ordar4+1(q) = k and k is odd; Similarly, gi(z) is an irreducible
polynomial in F,[z] if and only if ordar42(q) = 2k, or ordar+2(q) = k and k is odd.
However, since ¢ is odd, we have (2k + 1) | (¢* & 1) if and only if (4k +2) | (¢’ £1)
for any positive integer i. Hence gi(x) is an irreducible polynomial in Fg[z] if and
only if ordag+1(q) = 2k, or ordagy1(q) = k and k is odd. O
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3. Permutation polynomials

Let IF, be a finite field of ¢ = p™ elements. In this section, we will explain an
application of generalized Lucas sequence over the prime field F,, in the characteri-
zation of a class of permutation polynomials of F; and their compositional inverses.
We recall that a polynomial is a permutation polynomial (PP) of F, if it induces a
bijective map from IF, onto itself. The study of permutation polynomials of a finite
field goes back to 19-th century when Hermite and later Dickson pioneered this area
of research. In recent years, interests in permutation polynomials have significantly
increased because of their potential applications in cryptography, coding theory,
and combinatorics. For more background material on permutation polynomials we
refer the reader to Chapter 7 of [12]. In [10], Lidl and Mullen proposed several
open problems and conjectures involving permutation polynomials of finite fields.
The following is one of the open problems.

PrROBLEM 3.1 (Lidl-Mullen). Determine conditions on k, r, and q so that
P(x) = 2 + az™ permutes F, with a € F,*.

Note that we may assume each polynomial defined over F; has degree at most
(¢ — 1) because z? = z for each € F,;. There are many papers on permutation
binomials published in the past twenty years. In particular, different types of
characterizations were given. We refer the reader to [3], [4], [5], [7], [13], [14], [15],
[18], [19], [20], [21], [22], [23], [24] [25], [26], [28], [29], among others.

In this section, we follow the approach from [3], [4], and [26] in terms of
generalized Lucas sequences. We will refine a result of the characterization of PPs
in [26] by studying the remainders of Dickson polynomials of the first kind divided
by the characteristic polynomial of the associated generalized Lucas sequences.
First, let us rewrite P(z) = 2% + az” = 2" (2" 4+ a) and let s = ged(k —r,q¢ — 1)
and ¢ = q;—l (here ¢ is called the index of P(z), see [2]). Then P(z) = =" (2 + a)
for some e such that (e,f) = 1. If a = b° for some b € Fy, then 2" (z° + a) is
a PP of F, if and only if 2"(z°® + 1) is a PP of F,. Hence we only concentrate
on polynomials of the form P(x) = 2" (2 + 1) such that ged(e,¢) = 1 from now
on. Obviously, ¢ must be odd. Otherwise, P(0) = P(1) = 0, a contradiction. It
is quite easy to see it is necessary that ged(r,s) = 1, ged(2e,¢) = 1 and 2° =1
for P(x) = 2" (2 4+ 1) to be a PP of F, ([26]). Moreover, ged(2r + es, ) = 1.
Otherwise, if ged(2r + es, £) = d > 1, then, for a primitive ¢-th root of unity ¢,

(DR = AT (G 4 1)
C_§(2T+ES)C§T(456 + 1)5
= (¢ + 1)

By Theorem 1 (f) [26] (or Lemma 2.1 in [28]), P(x) = z"(2°° 4+ 1) is not a
permutation polynomial of F,. Therefore ged(2r + es, £) = 1.

Now we collect all these necessary conditions for P(z) = 2" (2* + 1) to be a
PP as follows:
(3.1) ged(r, s) = 1, ged(2e,£) = 1,ged(2r +es,f) =1, and 2° = 1.

For ¢ = 3, the conditions in (3.1) are sufficient to determine P(x) is a PP of F,,.
However, for ¢ > 3, it turns out not to be the case (for example, see [3], [4]). For

general ¢, a characterization of PPs of the form x" (2 + 1) in terms of generalized

Lucas sequence of order k := % is given in [26]. In the following we study
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the remainders of Dickson polynomials of the first kind divided by characteristic
polynomials of generalized Lucas sequences and then improve the result in [26].

Let k > 1 and Ry, ;(z) be the remainder of degree n Dickson polynomial D,,(x)
of the first kind divided by gx(z). Because all roots of gi(z) are of form 7' + n~*
where 1 < ¢ < 2k is odd and 7 is a fixed primitive (4k + 2)-th root of unity, it is
clear that Ragt24n.k(2) = Ry k(x). We now give an explicit description of R,, x(z)
for any 0 < n < 4k + 1 by using certain divisibility properties of gi(z).

THEOREM 3.2. Let k > 1 and Ry, ;(z) be the remainder of degree n Dickson
polynomial D, (x) of the first kind divided by g (x). Then we have

_ ) gr-1(x), if n==k;
Rn,k(iv) = _R2k+1—n,k($), if k+1<n<2k+1;
Rigroni(z), if 2k4+2<n<4k+1;

Proor. If k = 1, then gi(x) = x — 1 and it is easy to compute directly
that Rovl(x) = 2, R171(£L') = ]., RQJ((E) = —]., R371(£U) = —2, R4,1(.’£) = —1, and
Rs.1(x) = 1. Hence the results hold for k = 1. So we assume that k > 2. Because
deg(D,(z)) = n and deg(gr(x)) = k, we have Ry, x(z) = Dy (z) for 1 <n <k —1.

Next we prove that Dy(x) = gr(z) + gr—1(x). We first show that all roots of
gk—1(x) are roots of Di(x) — gx(x). Indeed, let 6 be a primitive (4k — 2)-th root of

unity. Then for any odd ¢, Dy,(0" + 07%) — gp (6" +071) = O+ 4 = — % =

% = 0. Since deg(Dy(x)—gx(x)) = deg(gr—1(z)) and both Dy (z)—gr(x) and
gr—1(x) are monic, we have Dy (z) = gi(z) + gr—1(x) and thus Ry ;(r) = gr—1().

Now we prove that R, x(x) = —Ropt1-nik(z) for all Kk +1 < n < 2k + 1.
Equivalently, we prove that Ryy; () = —Ri—i+1,,(z) for all 1 <4 < k+1, namely,
96 (x) | (Dg+i(z) + Dg—i+1(z)). Indeed, for any odd t such that 1 <¢ < 2k —1 and
a fixed primitive (4k + 2)-th root of unity 1, we have Dy ;(nt +n7t) + Dy_;1(nt +
gt = Ut =it (ki Dt (ki Dt = (=it Dt (2R DE | 1) 4

pF=it Dt (p=@k+Dt 1 1) = 0. Hence all roots of gj(x) are roots of Dy ;(x) +

Dk,iJrl((E).
Similarly we can show that gx(x) | (Dagt1+4: () — Dagq1—i(z)) for all 1 < i < 2k
and thus R, x(z) = Ragyo—nk(x) for all 2k +2 <n <4k +1. O

Table 3 gives a list of Ry, ;(z)’s for small k > 2’s. We note that the degree of
R, k(x) is at most k — 1. Any remainder is either a Dickson polynomial of degree
< k—1or gip_1(z) or a negation of the above. Therefore, for the last two columns,
we only list the partial information. The rest entries can be found by following the
same symmetry pattern as in the first two columns.

Let L be left shift operator on the generalized Lucas sequence a = (ag, a1, . ..)
(see [9] for more information on LFSR sequences and shift operators). Namely,
La = (aj,as,...). For any f(x) = 2" — ¢, 12" 1 — ... — ¢co, we write f(L) =
L™ — ¢, 1 L" ' — ... — ¢yl where I = L° such that Ja = a. Because gi(z) is a
characteristic polynomial of generalized Lucas sequence a, we obtain gx(L)a = 0.
This means that gx(L)(a;) = 0 for each ¢ = 0,1,.... Since R, x(z) is the remainder
of degree n Dickson polynomial D, (x) of the first kind divided by gx(x), we also
obtain that R, (L)a = D,(L)a and thus Ry, ;(L)(a;) = D,(L)(a;) for each i =
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TABLE 3. R, ;(x) for small k’s

Row(z) | k=2 | k=3 k=4 k=5
n=20 2 2 2 2
n=1 T T T T
n=2 z—1 zZ —2 zZ =2 22 —2
n=3 —r41|zP—z—1 > — 3z % — 3z
n=4 —x —@¥—z—1) [ —a2"—22+1 T 427 42
n=>5 -2 —(2% - 2) —(@® =27 =22+ 1) [T —2® 32T 2w+ 1
n=206 -z —T —(2® — 32) —(2? — 2% =327+ 22 + 1)
n="7 —x+1|-2 —(27 —2) —(2 — 427 +2)
n=38 xz—1 —x —x —(2® — 3x)
n=29 x —(2% - 2) —2 —(2% - 2)
n =10 —(@T—2—1) —z
n =11 27—z —1 —2
n=12 2> —2
n=13 T
0,1,.... Hence we have the following characterization of permutation polynomials

of the form x"(z°* 4 1) over F,,.

THEOREM 3.3. Let ¢ = p™ be an odd prime power and ¢ — 1 = £s with £ > 3
and ged(e,€) = 1. Let k := %. Then P(x) = " (xz*° + 1) is a PP of F, if and
only if ged(r,s) = 1, ged(2r +es,€) =1, 2° =1, and

(3.2) R;, k(L)(acs) =—1 forallc=1,...,0—1,

where acs 1s the cs-th term of the generalized Lucas sequence {a;}5°, of order k over

Fp, jo = c(2¢?O~1r + 5) mod 2¢, R, x(z) is the remainder of Dickson polynomial
D; (x) of the first kind divided by gi(x). In particular, all j. are distinct even
numbers between 1 and 2.

PROOF. As we discussed earlier, it is necessary to have ged(r, s) = 1, ged(2r +
es,{) = 1, and 2° = 1 for P(z) to be a PP of F,. Under these conditions, by
Corollary 3 of [26], we have P(z) = 2" (2 + 1) is a PP of F if and only if

e
(3.3) S 1900, = 1,

3=0
for all ¢ = 1,...,¢ — 1, where tg-j“) is the coefficient of 7 in Dj; (x). Moreover,
Equation (3.3) is equivalent to D;, (L)(acs) = —1 for allc =1,...,¢ — 1. However,
D; (L)(acs) = Rj, k(L)(acs), hence we are done. O

REMARK 3.4. We emphasize that j.’ s are all distinct even numbers from 2 and
4k. Since we obtained explicit and simple expressions for R;, x(z) in Theorem 3.2,
the coefficients of R;, x(z) can be obtained easily. Moreover, the above result has

significant advantage over Corollary 3 in [26] since j. can be as large as 4k while all

the degrees of R,, x(x) are less than k. Abusing the notation tg-jc)

the condition (3.2) as
(3.4) Zt;j“)acsﬂ- =—1forallc=1,...,0-1
J

, We can rewrite
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)

where tgjc represents the coefficient of 27 in R;_j(z).

REMARK 3.5. In [4], we proved that if p = —1 (mod ¢) or p = 1 (mod ¥)
and ¢ | m then P(z) = z"(z** + 1) is a PP of F, where ¢ = p™ if and only if
ged(2e,0) = 1, ged(r,s) = 1, 2° = 1, ged(2r + es,£) = 1. In particular, in the
case that p =1 (mod ¢) and ¢ | m, the condition ged(2r + es, ) = 1 is redundant
([1]). Furthermore, the period of the generalized Lucas sequence a over F,, divides
s. Hence in this case, we always have Ro. ,x(L)(k) = —1foralle=1,2,...,¢—1.

Finally we consider a related question which is to find the compositional inverse
polynomial Q(z) = S-%"2b;a’ of a given permutation polynomial P(z). In 1991,
Mullen propose the following problem ([16]).

PROBLEM 3.6 (Mullen). Compute the coefficients of the inverse polynomial of
a permutation polynomial efficiently.

It is well-known that

q—2 -2
E sq_l_"Q(s) = E Pl E b;s' = E b; E gi—iti—n — _p
self, self, 1=0 1= selfy

for each 0 < n < ¢ — 2. Since P(z) is a permutation polynomial of Fy,

== Y (P(s))"77"Q(P(s)) = = Y sP(s)” '

P(s)€F, seF,

Set P(z)47 1" (mod 7 —x) = co + 12 + ... + cq—1297 !, we have

q—1
(3.5) by = — Z sP(s)7717" = — Z sZcisi = Cq_2.

s€F, seF, =0

Using Equation (3.5), Muratovié-Ribi¢ [17] described the inverse polynomial
of P(x) = a"f (:rs)u € F,[z] recently. In [27], we generalized the result to the
inverse polynomials of permutation polynomials of the form " f(z®). In particular,
for binomials " (2¢° 4 1), we have given the following characterization of the inverse
in terms of generalized Lucas sequences (Theorem 3.1 and Equation (5) in [27]).

THEOREM 3.7. Let p be an odd prime and ¢ = p™, £ > 3 is odd, ¢ — 1 = ¥s,
and ged(e,£) = 1. If P(x) = a"(z° + 1) is a permutation polynomial of F, and
Q(z) = bo + b1z + -+ -+ bg_o2972 is the inverse polynomial of P(x) modulo x4 — z,
then there are at most { nonzero coefficients b,. Thesen’s satisfyn = r~! (mod s).
Lett=r"‘mods andn.=q—1—cs—7 = —c)s—7 withc=0,1,--- ,£— 1.
Then

(3.6) by-tn, = 5 (2% + > t"ay, 1)),
j=0

~| =

where u, = 2(cr + %*1)6‘15(5)_1 + ¢s + 7 mod 2/, tg.uc) is the coefficient of x7 of
Dickson polynomial D, (x) of the first kind, and {a;}2, is the generalized Lucas
sequence of order Z*Tl.

Here we improve this result by replacing D,,, (z) with R, x(z) where k := 51

2
and ¢ = =1,

S
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THEOREM 3.8. Let p be an odd prime and ¢ = p™, £ > 3 is odd, ¢ — 1 = Us,
and ged(e, €) = 1. Let k== 5. If P(z) = 2" (2°° + 1) is a permutation polynomial
of Fy and Q(x) = by + b1z + ... + by_2x9™? is the inverse polynomial of P(z)
modulo x4 — x, then there are at most { nonzero coefficients b,,. These n’s satisfy
n=7r"1 (mods). Let7 =r"'mods andn,=q—1—cs—7= (£ —c)s—T with
c=0,1,...,£—1. Then

(37) besir = 5 (27 + Ru (L) an,),

where a,, is the ne-th term of the generalized Lucas sequence {a;}52, of order k over

Fp, ue = c(2re?® =1 4 5) +2(2=2)e?O =1 4 7 mod 2¢, R, k(z) is the remainder of
Dickson polynomial D, (x) of the first kind divided by gi(x).

PrOOF. Equation (3.6) in Theorem 3.7 can be rewritten as

(38) byrn. = 3 (2" + Dy (D)an,).

Since Dy, (L)(a;) = Ry, k(L)(a;) and ¢ — 1 — n, = c¢s + T, we are done. O

REMARK 3.9. Again the advantage of this version over Theorem 3.1 in [27] is
that the degrees of R, r(z) are less than k& and thus there are much fewer terms
involved in the summation of R, ;(L)(ay,). We also note that u.’s are all distinct
odd numbers from 1 to 20 —1 for c=0,...,¢ — 1.

In particular, if a is periodic with period dividing s, then the above result
reduces to

COROLLARY 3.10. Let p be an odd prime and ¢ = p™, £ > 3 is odd, ¢ —1 = {s,
and ged(e,f) = 1. If P(xz) = a"(z° + 1) is a permutation polynomial of Fy and
Q(z) = by + b1z + ...+ by_o29"2 is the inverse polynomial of P(x) modulo x4 — z.
Assume the period of the generalized Lucas sequence a = {a;}32, of order k := 5771
over I, divides s. Then

1 ,
(3.9) besir = Z(T—T + Ry, 1k(L)(as—7)), for c=0,1,...,0—1.

where 7 =~ mod s, u. = ¢(2re®©-1 4 5) 4 2(%)64’([)71 + 7 mod 2¢, R,_x(x)
is the remainder of Dickson polynomial D, (z) of the first kind divided by gy (z).

ExXAMPLE 3.11. Let £ = 3 and ged(e, 3) = 1. In this case, k = 1 and g1 (x) = 2 —
1. So {a;}$2, is the constant sequence 1, 1,. ... Moreover, by Theorem 3.2, we have
Ry 1(x) = —1 and Ry 1(x) = —1. Hence Ry 1(L)(acs) = Ra1(L)(cs) = —aes = —1
is automatically satisfied. Therefore, by Theorem 3.3, binomial =" (z¢° 4+ 1) is a PP
of F, iff ged(r,s) =1, ged(2r + es,3) = 1, and 2° = 1.

Again, by Theorem 3.2, we obtain that Ry 1(z) =1, Rg1(z) = —2, Rs1(z) = 1.
Let 7 = 77! mod s and u. = c¢(2re + s) + 2”7~te + 7. Then we have

_ As—7 = 17 Zf Ue = 1757
Ry 1(L)(as—r) = { Day_y = —2, if u.=3.

Moreover, by Theorem 3.8, we obtain

L=+ 1), if u.=1,5;
bcw_:{?( ), if

e —2), if u.=3.
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ExXAMPLE 3.12. Let ¢ =5 and ged(e,5) = 1. In this case, we have that k = 2,
g2(z) = 22 — 2 — 1 and {a;}3%, is the ordinary Lucas sequence. It is easy to
see from Theorem 3.2 that ngz( ) =2 —1, Ryo(x) = —x, Re2(x) = —z, and
Rso(z) = x — 1. Hence

cs — Ues,y ‘ ‘0:278;
chg(L)(acs):{ Gest1 ~ dess 1f ]

—Qcs+1, Zf Je = 47 6.
Under the conditions ged(r, s) = 1, ged(e, 5) = 1, ged(2r+es,5) = 1, and 2° = 1, we
obtain from Theorem 3.3 that R, 2(L)(acs) = —1iff either as41—as = 4541 —a45 =
—1 and ags41 = azs41 =1 0r agsp1 — a2s = azs41 —azs = —1 and as41 = ag541 =

1. By a useful property of Lucas sequence, i.e., ¢;nan = tmin + (—1)"am—n (in
particular, a2 = ag, + (—1)"2), we can easily deduce that R, 2(L)(acs) = —1 iff
s = 2. In particular, {a,} is s-periodic (see Lemma 6 in [25])
Moreover, we obtain from Theorem 3.2 that R;o(x) = 32(z) = 1— =z,
Rso(z) = =2, Rro(x) =1 —z, and Rgo(z) = z. Let 7 od s and u, =
c(2re® + s) + 27713 + 7. Therefore

As—7t1, if u.=1,9;
Ruc,Z(L)(as—F) - As—7 — As—741, 'Lf Ue = 3; 7;
—2a,_r, if ue = 5;
and we obtain from Theorem 3.8 that
%(25_Tj + asf’F+1)7 Zf Ue = 17 97
bcs-&-? = ?(25_i +as—7 — asff+1)7 Zf Ue = 37 7;
3(25_T —2a5_7), if uc =>5.

EXAMPLE 3.13. For £ =7 and gcd(e,7) = 1, we have that k = 3 and g3(x) =
23 — 2% —22x+1. We refer the reader to [3] for a complete description of generalized
Lucas sequences when P(z) = z"(x® + 1) is a permutation polynomial of F,. In
this case, {a,}5 is not always s-periodic. By Theorem 3.8 again, the inverse Q(x)
of P(x) satisfies

%(2 + an,41), if ue=1,13;
beosr = 0 T2~ e = gt +anga), i we =311
cor ?(2 + 20, — an, 42), if ue =5,9;

?(2nc — 2ap,), if ue=";

where 7 = r~! mod s, n. = (7T—c)s — 7 and u, = ¢(2re® + s) + 2721 e5 + 7 mod 14.
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