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Abstract

We shall consider the problem 
−∆u+ u = f(u), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω,

(1)

where Ω is a bounded annulus in RN (N ≥ 3) and the function f has either the exponential growth by the

means of Trudinger-Moser inequality f(u) = u(eu
2

− 1), or is of the power form f(u) = u|u|p−2 where p is
supercritical. It is standard that this problem always possess a positive radial solution. Our main goal in

this paper is to prove the existence of a positive non-radial solution for the case f(u) = u(eu
2

− 1), and to
prove the multiplicity of non-radial positive solutions for the case f(u) = u|u|p−2 when the annulus is thin.
We shall first state our results for a general annulus when the right hand side of (1) is of the form a(x)f(u)
where the function a(x) belongs to a class of sufficiently smooth non-negative functions which enjoys certain
symmetry and monotonicity properties. This class includes the case where the function a is radial.

1 Introduction

In this paper we study the existence of positive solutions of the Neumann problem given by
−∆u+ u = a(x)f(u), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω,

(2)

where Ω is an annulus in RN (N ≥ 3) and the function a(x) is a non-negative sufficiently smooth function
which has some symmetry and monotonicity properties. When f has a subcritical nonlinearity, one can
utilize a standard variational approach to obtain solutions of (2). In the case of supercritical f , (2) cannot
be treated using standard variational techniques due to the absence of appropriate Sobolev embeddings. We

shall address both cases f(u) = u(eu
2

− 1) and f(u) = u|u|p−2. We work on an appropriate convex subset
of H1(Ω) where Sobolev imbeddings can be improved due to the monotonicity of the underlying functions,
allowing suitable supercritical nonlinearities to be handled.
In [2], the authors considered a variant of (2) given by −∆u+u = |x|αup in B1 (the unit ball in RN centered
at the origin), with ∂u

∂ν = 0 on ∂B1. They employ a shooting method to prove the existence of a positive,
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radially increasing solution for every p > 1 and α > 0. Additionally, they conduct numerical computations
to observe the existence of oscillating solutions.
In [20] Serra and Tilli considered the variant of (2) where a(x) is replaced with a(|x|), Ω = B1 and f(u) is
still a supercritical nonlinearity. They then considered the associated classical energy

E(u) :=
1

2

∫
Ω

(|∇u|2 + u2) dx−
∫
Ω

a(|x|)F (u) dx,

where F ′(u) = f(u). To overcome a lack of compactness caused by the supercritical nature of f , they seek
critical points of E over the cone {u ∈ H1

rad(B1) : 0 ≤ u, u is increasing}. Their main contribution lies
in demonstrating that critical points of E on the cone are indeed critical points across the entire space.
Subsequently, many other studies have successfully utilized this technique. In [12] Grossi and Noris dealt
with {

−∆u+ V (|x|)u = |u|p−2u, x ∈ B1

u > 0, x ∈ B1,
(3)

under both Neumann and Dirichlet homogeneous boundary conditions. The authors assume that V (|x|) ≥ 0
and V ̸≡ 0. Under these assumptions, they prove the existence of a radial solution up = up(r) of (3) with

a Neumann boundary condition, where p is sufficiently large. The solution up satisfies up(|x|) → G(|x|,1)
G(1,1) as

p→ ∞, where G(r, z) is the Green’s function associated with the one-dimensional operator

L(u) = −u′′−N − 1

r
u′ + V (r)u, u′(0) = u′(1) = 0.

In [8], positive solutions to equation
−∆u+ u = a(x)|u|p−2u, x ∈ B1

u > 0, x ∈ B1

∂u

∂ν
= 0, x ∈ ∂B1,

(4)

were obtained using a new variational principle, under the same assumptions as earlier works. Specifically,
they assumed a(x) > 0 and p > 1, and established the existence of nontrivial solutions for a range of
values of p. Notably, in the case of a(x) = 1, their approach allowed them to show that the solution was
nonconstant, which was already a known result. However, their method also enabled them to deal directly
with a supercritical nonlinearity, without requiring any cut off procedures. For further results regarding
these Neumann problems on radial domains see [1, 12, 4, 3, 5, 6, 17].
In [7], the authors examined (2) where Ω is a bounded domain in RN with certain symmetry assumptions,
namely Ω was a domain of m revolution. They assumed that the coefficient a also satisfied some symmetry
conditions. In the case where f(u) = up−1, which corresponds to a supercritical result when p > 2∗ := 2N

N−2 ,

they were able to obtain positive nontrivial monotonic solutions, provided 2 < p < 2∗m := 2m
m−2 for some

m < N . For Neumann problems on general domains see [9, 11, 13, 14, 10, 15, 18, 24].
Throughout this paper, we work with the annulus Ω centered at the origin and having inner radius R1 and
outer radius R2, which is defined as

Ω = {x ∈ RN : R1 < |x| < R2}.

We will begin our discussion by considering the following equation with a Trudinger-Moser exponential
nonlinearity: 

−∆u+ u = a(x)u(eu
2 − 1), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(5)

Let RN = Rm × Rn where m,n ≥ 1 and m+ n = N . The variables s and t are defined as

s :=
√
x21 + · · ·+ x2m , t :=

√
x2m+1 + · · ·+ x2N . (6)
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Using these definitions, Ω can be expressed as Ω = {x ∈ RN : R2
1 < s2 + t2 < R2

2}. We denote Ω̂ to be the
subset of R2 defined by

Ω̂ = {(s, t) ∈ R2 : s > 0, t > 0, R2
1 < s2 + t2 < R2

2}.

For our applications we consider problem (5) in the case where a is a continuous function of (s, t) and it
satisfies the following property:

A(m,n) : a = a(x) is a function of (s, t) where s and t are given in (6), and a(s, t) is continuously differen-

tiable function with respect to (s, t) and sat − tas ≤ 0 in Ω̂.

When there is no confusion we just use A instead of A(m,n). Typical examples of functions a satisfying
A(m,n) are a(x) = 1, and a(x) = |x|α for α ≥ 2.

Our main results related to the Neumann problem (5) are stated in the following two theorems.

Theorem 1.1 Let Ω ⊂ RN be an annulus domain. Assume that a satisfies condition (A). Then there exists
a positive weak solution to the Neumann problem (5).

In our next result we will show that even when the coefficient a(x) in (5) is radial, the solution obtained in
Theorem 1.1 is nonradial. To illustrate this, we consider the problem

−∆u+ u = a(|x|)u(eu2 − 1), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(7)

with a radial coefficient a(|x|) and show that the solution obtained in Theorem 1.1 does not possess radial
symmetry.

Theorem 1.2 Let u be the solution of (7) obtained in Theorem 1.1. Assume that β > N where

β = inf
ψ∈H1(Ω)\{0}

∫
Ω
|∇ψ|2 dx+

∫
Ω
ψ2 dx∫

Ω
ψ2

|x|2 dx
. (8)

Then u is nonradial. In particular, if R1 = R, R2 = R+1, then β is sufficiently large for large values of R,
which leads to the existence of a positive weak nonradial solution of (7).

Observe that β denotes the optimal constant in the classical Hardy inequality on the domain Ω, which is
attained since Ω does not contain the origin and is not an exterior domain. In addition to our study of
the Trudinger-Moser exponential growth problem, we also investigate the semilinear Neumann problem with
power-type nonlinearity given by 

−∆u+ u = a(x)|u|p−2u, x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(9)

We are now list our results regarding the existence and multiplicity of positive solutions for the Neumann
problem (9).

Theorem 1.3 Assume that Ω ⊂ RN is an annulus, and a satisfies (A(m,n)) with n ≤ m and N = m+ n.

Assume that 1 ≤ p <
2(n+ 1)

n− 1
for n > 1, and 2 < p <∞ for n = 1. Then (9) has a positive weak solution.

Next we shall prove that the solution obtained in Theorem 1.3 is nonradial when radii R1, R2 satisfy certain
conditions. To do so, we consider a(x) = a(|x|) is radial, that is

−∆u+ u = a(|x|)|u|p−2u, x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(10)
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It should be noted that for this specific case, problem (10) always have a positive radial solution. The
following theorem will prove that it is also possible to obtain non-radial solutions.

Theorem 1.4 Suppose that N = m + n with m,n ≥ 1. Let u be the solution of equation (10) obtained in
Theorem 1.3. If p > 2 and

p− 2 > 2N/β,

where β is the optimal constant in the Hardy inequality given in (8), then u is nonradial.

The following theorem concerns with the existence of multiple positive solutions for (10).

Theorem 1.5 Given a natural number 1 ≤ k ≤ ⌊N2 ⌋, if 2 < p <∞ satisfies 2+ 2N
β < p < 2k+2

k−1 when k > 1,

and 2 + 2N
β < p when k = 1, then the equation (10) has k positive distinct nonradial solutions. Moreover,

if R1 = R, R2 = R + 1, and k = ⌊N2 ⌋, then for large values of R, the value of β is sufficiently large, which

results in the existence of ⌊N2 ⌋ distinct positive nonradial weak solutions of (10) when

2 < p <
2⌊N2 ⌋+ 2

⌊N2 ⌋ − 1
.

The paper is structured as follows. In Section 2, we present our main results related to the Trudinger-Moser
exponential growth equation (5). In Section 3, we focus on a semilinear Neumann problem with a power-type
nonlinearity, namely equation (9).

2 Semilinear Neumann elliptic problem with a Trudinger-Moser
exponential growth

In this section we deal with 
−∆u+ u = a(x)u(eu

2 − 1), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω,

(11)

where Ω is an annulus in RN (N ≥ 3) and the function a(x) is a nonnegative sufficiently smooth function
which satisfies condition (A).
Let us first briefly recall some standard notations from the theory of Orlicz spaces.

Definition 2.1 Let ξ : R+ → R+ be a convex increasing function such that

ξ(0) = 0 = lim
s→0+

ξ(s), lim
s→∞

ξ(s) = ∞.

We say that a measurable function u : Ω → R belongs to Lξ if there exists λ > 0 such that∫
Rd

ξ

(
|u(x)|
λ

)
dx <∞.

We denote then

∥u∥Lξ = inf

{
λ > 0,

∫
Ω

ξ

(
|u(x)|
λ

)
dx ≤ 1

}
. (12)

It is standard that ∥·∥Lξ is a norm. In what follows, we shall fix ξ(s) = es
2 − 1 and denote the Orlicz space

Lξ by L endowed with the norm ∥·∥L.
Even though our results are for domains in RN withN ≥ 3, but it is worth noting that the Sobolev embedding
for bounded domains in dimension N = 2 for the Orlicz space L can be expressed as follows:
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Lemma 2.2 Suppose O is a bounded domain in R2. Then

∥u∥L(O) ≤
1√
4π

∥u∥H1(O). (13)

We would like to emphasize that the embedding (13) can be directly inferred from the Trudinger–Moser
inequality, which was proven in [19].

Proposition 2.3 There exists a constant κ such that for any domain O ⊂ R2

sup
∥u∥H1(O)≤1

∫
O
(e4πu

2

− 1) dx ≤ κ, (14)

The inequality is sharp: for any growth eαu
2

with α > 4π the supremum is +∞.

We shall consider the Banach space V = H1(Ω) ∩ L, and its topological dual as V ∗. The norm on V and
the duality pairing between V and V ∗ are given by

∥u∥V =∥u∥H1(Ω)+∥u∥L,

⟨u, u∗⟩ =
∫
Ω

u(x)u∗(x) dx, ∀ u ∈ V, ∀ u∗ ∈ V ∗.

Let I : V → R be the Euler-Lagrange functional corresponding to (11) i.e.,

I(u) =
1

2

∫
Ω

(|∇u|2 + u2) dx− 1

2

∫
Ω

a(x)(eu
2

− u2 − 1) dx.

We can decompose I as the difference of two functionals, namely, Ψ and Φ, where

Ψ =
1

2

∫
Ω

(|∇u|2 + u2) dx , Φ =
1

2

∫
Ω

a(x)(eu
2

− u2 − 1) dx,

and we have

I = Ψ− Φ.

Note that Φ is a continuously differentiable function on V and Ψ is a proper (i.e. Dom(Ψ) ̸= ∅ ), convex
and lower semi-continuous. Consider

H1
G = {u ∈ H1(Ω) : gu = u,∀g ∈ G}

where G := O(m)×O(n) where O(k) is the orthogonal group in Rk and gu(x) := u(g−1x). To solve equations
defined on an annulus Ω = {x ∈ RN : R2

1 < s2 + t2 < R2
2}, it is often useful to relate the equation to a new

equation defined on Ω̂ = {(s, t) ∈ R2 : s > 0, t > 0, R2
1 < s2 + t2 < R2

2}. By transforming the problem to
a new domain, one can take advantage of its simpler geometry and use techniques that are better suited to
the problem at hand. Assume that u(x) is a solution to the equation −∆u(x) + u(x) = f(x), x ∈ Ω

∂u

∂ν
= 0, x ∈ ∂Ω,

(15)

with f being a function defined on Ω with the same symmetry as the domain (i.e., for any g ∈ G, we have
gf(x) := f(g−1x)). Then, u can be written as u = u(s, t) and it satisfies the equation

−uss − utt −
m− 1

s
us −

n− 1

t
ut + u = f(s, t), in Ω̂, (16)

with
∂u

∂ν
= sus + tut = 0 on (s, t) ∈ ∂Ω̂ \

(
{s = 0} ∪ {t = 0}

)
. If u is sufficiently smooth then us = 0 on

∂Ω̂ ∩ {s = 0} and ut = 0 on ∂Ω̂ ∩ {t = 0} after considering the symmetry properties of u.
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In order to improve compactness, we now define the convex set K as the set of functions which are monotonic
in an angle. More precisely, K = K(m,n) is given by

K = K(m,n) = {0 ≤ u ∈ H1
G : sut − tus ≤ 0 a.e. in Ω̂}. (17)

Note that we can express (s, t) in terms of polar coordinates as s = r cos(θ), t = r sin(θ), where r = |x| =
|(s, t)| and θ is the usual polar angle in the (s, t) plane. Using this representation, we can rewrite the set K
as a set of functions u that satisfy the inequality uθ ≤ 0 in

Ω̃ =
{
(θ, r) : R1 < r < R2, θ ∈ (0,

π

2
)
}
.

Let us now introduce the functional IK(u) : V → (−∞,+∞] by

IK = ΨK − Φ, (18)

where ΨK is the restriction of Ψ to K defined by

ΨK(u) =

{
Ψ(u), u ∈ K

+∞, u /∈ K.

We will now recall the definition of a critical point for lower semi-continuous functions introduced by Szulkin
[22].

Definition 2.4 Let V be a real Banach space and Ψ : V → (−∞,+∞] be proper, convex and lower semi-
continuous. Let E be a function on V defined by

E := Ψ− Φ, (19)

where Φ ∈ C1(V,R). A point u0 ∈ V is said to be a critical point of E if u ∈ Dom(Ψ) and if it satisfies the
inequality

⟨DΦ(u), u− v⟩+Ψ(v)−Ψ(u) ≥ 0 , ∀v ∈ V.

Definition 2.5 We say that E defined in (19) satisfies the Palais–Smale compactness condition (PS) if
every sequence uj such that

• E[uj ] → c ∈ R,

• ⟨DΦ(uj), uj − v⟩+Ψ(v)−Ψ(uj) ≥ −ϵj∥v − uj∥, ∀v ∈ V,

where ϵj → 0, then {uj} possesses a convergent subsequence.

The following theorem by A. Szulkin [22] is a very useful result called the Mountain Pass Theorem.

Theorem 2.6 Suppose that E : V → (−∞,+∞] is of the form (19) and satisfies the Palais-Smale condition
and the Mountain Pass Geometry (MPG):

1. E(0) = 0.

2. There exists e ∈ V such that E(e) ≤ 0.

3. There exists some ρ such that 0 < ρ <∥e∥ and for every u ∈ V with ∥u∥ = ρ one has E(u) > 0.

Then E has a critical value c > 0 which is characterized by

c = inf
γ∈Γ

sup
τ∈[0,1]

E(γ(τ)),

where Γ = {γ ∈ C([0, 1], V ) : γ(0) = 0, γ(1) = e}.

Inspired by the variational principle proposed in [16], we prove the following result.
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Theorem 2.7 Let V = H1(Ω) ∩ L and K be a convex and closed subset defined in (17). Let a be a
non-negative continuously differentiable function that is not identically zero. Assume that the following two
assertions hold:

(i) The functional IK : V → R defined in (18) has a critical point ū ∈ V as in Definition 2.4, and;

(ii) There exists v̄ ∈ K with
∂v̄

∂ν
= 0 on the boundary of Ω such that

−∆v̄ + v̄ = a(x)ū(eū
2

− 1),

in the weak sense, i.e.,∫
Ω

∇v̄∇η dx+

∫
Ω

v̄η dx =

∫
Ω

a(x)ū(eū
2

− 1)η dx, ∀η ∈ V. (20)

Then ū ∈ K is a weak solution of the equation −∆u+ u = a(x)u(eu
2 − 1), x ∈ Ω

∂u

∂ν
= 0, x ∈ ∂Ω.

(21)

Proof: Since ū is a critical point of I, it follows from Definition 2.4 that

⟨DΦ(ū), ū− v⟩+Ψ(v)−Ψ(ū) ≥ 0 , ∀v ∈ V,

which means

1

2

∫
Ω

|∇ū|2 + ū2 dx− 1

2

∫
Ω

|∇v|2 + v2 dx ≤
∫
Ω

a(x)ū(eū
2

− 1)(ū− v) dx, ∀v ∈ K. (22)

On the other hand, by (ii), there exists v̄ ∈ K satisfying (20). Thus, by substituting η = ū − v̄ in (20) one
gets ∫

Ω

∇v̄∇(ū− v̄) dx+

∫
Ω

v̄(ū− v̄) dx =

∫
Ω

a(x)ū(eū
2

− 1)(ū− v̄) dx. (23)

Now by setting v = v̄ in (22), and taking into account the equality (23) we obtain that

1

2

∫
Ω

|∇ū|2 + ū2 dx− 1

2

∫
Ω

|∇v̄|2 + v̄2 dx ≤
∫
Ω

∇v̄∇(ū− v̄) dx+

∫
Ω

v̄(ū− v̄) dx,

from which we deduce
1

2

∫
Ω

|∇ū−∇v̄|2 dx+
1

2

∫
Ω

|ū− v̄|2 dx ≤ 0, (24)

which implies that ū = v̄ for a.e. x ∈ Ω. Taking into account that ū = v̄ in (20) we have that ū is a weak
solution of (21).

□
Our approach to prove the main result in this section involves applying Theorem 2.7. In order to demonstrate
the validity of condition (i) in this theorem and proof of the existence of a critical point for the nonsmooth
functional IK , we will begin by establishing the following theorems, which provides important insights into
the problem at hand. Hereafter C will denote a positive constant, not necessarily the same one.

Theorem 2.8 For N ≥ 3, let Ω be an annular domain in RN = Rm × Rn, where n = 1 and m = N − 1.
Then for every α ≤ 4π, we have

sup
u∈K, ∥u∥H1(Ω)≤1

∫
Ω

(eαu
2

− 1) dx <∞, (25)

where K = K(N − 1, 1) is a convex and closed subset of H1(Ω) defined in (17). In particular we have
K ∩H1(Ω) ⊂ V.
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Proof: To prove the statement, we make use of polar coordinates (s, t) = (r cos θ, r sin θ) and write the
integral in terms of r and θ. For a given function u = u(s, t) ∈ K, the integral becomes∫

Ω

(eαu
2

− 1) dx = C

∫
Ω̂

(eαu(s,t)
2

− 1)sN−2 ds dt = C

∫ π
2

0

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ.

If we choose θ ∈ [
π

3
,
π

2
], since θ → eαu(r,θ)

2

is monotone, we obtain that

∫ π
2

π
3

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ ≤
∫ π

2

π
3

∫ R2

R1

rN−2 cosN−2(θ − π

4
)(eαu(r,θ−

π
4 )2 − 1) r dr dθ

≤
∫ π

4

π
12

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ,

and therefore∫ π
2

0

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ ≤ 2

∫ π
3

0

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ.

On the other hand,∫ π
3

0

∫ R2

R1

rN−2 cosN−2(θ)(eαu(r,θ)
2

− 1) r dr dθ =

∫
{Ω̂,s≥δ}

(eαu(s,t)
2

− 1)sN−2 ds dt, (26)

for some positive constant δ > 0. By setting O = {Ω̂, s ≥ δ} we have that

1 ≥ ∥u∥2H1(Ω) = C(m,n)

∫
Ω̂

(u2t + u2s + u2)sN−2 ds dt

≥ C(m,n)

∫
O
(u2t + u2s + u2)sN−2 ds dt

≥ C(m,n)δN−2

∫
O
(u2t + u2s + u2) ds dt.

Therefore, we have that ∫
O
(u2t + u2s + u2) ds dt ≤ 1

C(m,n)δN−2
. (27)

Looking at the term on the right hand side of (26), and applying Proposition 2.3, we have∫
{Ω̂,s≥δ}

(eαu(s,t)
2

− 1)sN−2 ds dt ≤ C

∫
O
(eαu(s,t)

2

− 1) ds dt <∞,

due to the inequality (27). This completes the proof. □

Theorem 2.9 For N ≥ 3, let Ω be an annulus in RN = Rm × Rn. Assume that n ≤ m and

1 ≤ p <
2(n+ 1)

n− 1
.

Then the imbedding K(m,n) ⊂ Lp(Ω) is compact with the obvious interpretation if n = 1.

Proof: We shall show that ∥ u ∥Lp≤ C(∥ u ∥L2 + ∥ ∇u ∥L2) for all u ∈ K. We write (s, t) in terms of polar
coordinates s = r cos θ and t = r sin θ. Then for u = u(s, t), we have∫

Ω̂

|u(s, t)|psm−1tn−1 ds dt =

∫ π
2

0

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ.
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If we choose θ ∈ [
π

3
,
π

2
] we see that there exist some constant C such that sin θ ≤ C sin(θ − π

4
). Since

θ → u(r, θ) is monotone, we obtain that∫ π
2

π
3

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ

≤ C

∫ π
2

π
3

∫ R2

R1

rm−1 cosm−1(θ − π

4
)rn−1 sinn−1(θ − π

4
)u(r, θ − π

4
)p r dr dθ

≤ C

∫ π
4

π
12

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ,

and therefore ∫ π
2

0

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ

≤ C

∫ π
3

0

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ.

On the other hand,∫ π
3

0

∫ R2

R1

rm−1 cosm−1(θ)rn−1 sinn−1(θ)u(r, θ)p r dr dθ =

∫
{Ω̂,s≥δ}

|u(s, t)|psm−1tn−1 ds dt,

for some positive constant δ > 0. We can bound the right hand side above by∫
{Ω̂,s≥δ}

|u(s, t)|psm−1tn−1 ds dt ≤ C

∫
{Ω̂,s≥δ}

|u(s, t)|ptn−1 ds dt.

Then by a change of variable t = |y| we obtain∫
{Ω̂,s≥δ}

|u(s, t)|ptn−1 ds dt =

∫
{Ω1,s≥δ}

|u(s, y)|p ds dy,

where Ω1 = {(s, y) : (s, |y|) ∈ Ω̂} ⊂ Rn+1. If p ≤ 2(n+ 1)

n− 1
then

( ∫
{Ω1,s≥δ}

|u(s, y)|p ds dy
) 2

p ≤ C

∫
{Ω1,s≥δ}

(|∇u(s, y)|2 + u(s, y)2) ds dy

≤ C

∫
{Ω̂,s≥δ}

(|∇u(s, t)|2 + u(s, t)2) tn−1sm−1ds dt

≤ C

∫
Ω̂

(|∇u(s, t)|2 + u(s, t)2) tn−1sm−1ds dt

≤ C

∫
Ω

(|∇u|2 + u2) dx

= C∥u∥2H1(Ω).

□

we can now proceed with verifying the validity of condition (i) in Theorem 2.7.

Lemma 2.10 Let K = K(N − 1, 1). The functional IK defined in (18) fulfills both the mountain pass
geometry and (PS) compactness condition.
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Proof: First recall that K is a convex cone in H1(Ω) that is weakly closed. By applying Theorem 2.8, we
can conclude that there exists a positive constant C such that

∥u∥H1(Ω) ≤∥u∥V ≤ C∥u∥H1(Ω), ∀u ∈ K. (28)

Now, suppose that uj is a sequence in K such that IK(uj) → c ∈ R, ϵj → 0 and

⟨DΦ(uj), uj − v⟩+Ψ(v)−Ψ(uj) ≥ −ϵj∥v − uj∥V , ∀v ∈ V. (29)

Replacing v by ruj (r ∈ R) in (29), it becomes

1− r2

2
∥uj∥2H1(Ω) + (r − 1)

∫
Ω

a(x)u2j (e
uj

2

− 1) dx ≤ ϵj(r − 1)∥uj∥V . (30)

On the other hand, since IK(uj) → c, we have

1

2
∥uj∥2H1(Ω) −

1

2

∫
Ω

a(x)(euj
2

− u2j − 1) dx ≤ c+ 1, (31)

for large values of n. Now set 1 < r and r2 − 1 < 4(r − 1). We can take ζ > 0 such that

1

4(r − 1)
< ζ <

1

r2 − 1
.

Multiply (30) by ζ and adding up with (31) yields that

1 + ζ(1− r2)

2
∥u∥2H1(Ω) + ζ(r − 1)

∫
Ω

a(x)u2j (e
uj

2

− 1) dx− 1

2

∫
Ω

a(x)(euj
2

− u2j − 1) dx (32)

≤ c+ 1 + ζϵj(r − 1)∥uj∥V .

The choice of ζ implies that

1 + ζ(1− r2)

2
∥uj∥2H1(Ω) +

1

4

∫
Ω

a(x)u2j (e
uj

2

− 1) dx− 1

2

∫
Ω

a(x)(euj
2

− u2j − 1) dx

≤ 1 + ζ(1− r2)

2
∥uj∥2H1(Ω) + ζ(r − 1)

∫
Ω

a(x)u2j (e
uj

2

− 1) dx− 1

2

∫
Ω

a(x)(euj
2

− u2j − 1) dx. (33)

Also as a consequence of the inequality x2(ex
2 − 1)− 2(ex

2 − x2 − 1) ≥ 0, we can deduce that

1

4

∫
Ω

a(x)u2j (e
uj

2

− 1) dx− 1

2

∫
Ω

a(x)(euj
2

− u2j − 1) dx ≥ 0,

which, together with (32) and (33), gives

1 + ζ(1− r2)

2
∥uj∥2H1(Ω) ≤ c+ 1 + ζϵj(r − 1)∥uj∥V . (34)

Since all the coefficients on the left-hand side of the inequality are positive due to the choice of ζ, we can
conclude that

∥uj∥2H1(Ω) ≤ C(1+∥uj∥V ), (35)

for some constant C > 0. Since uj ∈ K, we can conclude, based on (28), that

∥uj∥2H1(Ω) ≤ C(1+∥uj∥H1(Ω)). (36)

Standard results in Sobolev spaces allow us to conclude, after possibly passing to a subsequence, that there
exists a function ū ∈ H1(Ω) such that uj ⇀ ū weakly in H1(Ω). This, in turn, implies that uj → ū strongly

10



in L2(Ω). Also by Theorem 2.8 we have that ū ∈ K. By setting v = ū in (29), and using Hölder’s inequality
we obtain

1

2
(∥uj∥2H1(Ω)−∥ū∥2H1(Ω)) ≤

∫
Ω

a(x)uj(e
uj

2

− 1)(ū− uj) dx+ ϵj∥uj − ū∥H1(Ω)

≤∥a(x)∥L∞∥eu
2
j − 1∥L2∥uj(uj − ū)∥L2 + ϵj∥uj − ū∥H1(Ω)

≤∥a(x)∥L∞∥eu
2
j − 1∥L2∥uj∥L4∥uj − ū∥L4 + ϵj∥uj − ū∥H1(Ω). (37)

Furthermore, by the Trudinger-Moser inequality in H1(Ω) presented in Theorem 2.8, along with the contin-
uous embedding in Theorem 2.9, one can derive that

sup
j≥1

∫
Ω

(euj
2

− 1)2 dx <∞.

Hence, from (37), we can conclude that

lim sup
j→∞

(∥uj∥2H1(Ω)−∥ū∥2H1(Ω)) ≤ 0 (38)

Using the properties of weak convergence, we also have

0 ≤ lim inf(∥uj∥2H1(Ω)−∥ū∥2H1(Ω))

which together with (38) implies that uj → ū strongly in H1(Ω). This completes the proof of the (PS)
compactness condition for the function Ik. We now verify the mountain pass geometry of the functional IK .
It is clear that IK(0) = 0. Take w ∈ K. Then, for any λ > 0, we have

IK(λw) =
λ2

2

∫
Ω

(|∇w|2 + w2) dx− 1

2

∫
Ω

a(x)(eλ
2w2

− λ2w2 − 1) dx.

It is now obvious that IK(λw) < 0 for λ sufficiently large. Take u ∈ K with ∥u∥H1 = ρ > 0. We have

IK(u) =
1

2

∫
Ω

(|∇u|2 + u2) dx− 1

2

∫
Ω

a(x)(eu
2

− u2 − 1) dx

≥ 1

4
∥u∥2H1 −

1

2
ν

∫
Ω

[
eu

2

− (1 +
1

2ν
)u2 − 1

]
dx,

where ν =∥a(x)∥L∞ . Note that

lim
x→0

1

x2
[
ex

2

− (1 +
1

2ν
)x2 − 1

]
= − 1

2ν
,

and also

ex
2

− (1 +
1

2ν
)x2 − 1 ≤ Cex

2

,

for some constant C > 0. Therefore we obtain

ex
2

− (1 +
1

2ν
)x2 − 1 ≤ Cx3ex

2

− x2

4ν
.

As a consequence, it follows that

IK(u) ≥ 1

4
∥u∥2H1 +

1

8
∥u∥2L2 −

1

2
νC∥u∥3L6

( ∫
Ω

e2u
2

dx
) 1

2

≥ 1

4
∥u∥2H1 −

1

2
νC∥u∥3L6

( ∫
Ω

e2u
2

dx
) 1

2 .
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We may now apply Theorem 2.8 and Sobolev imbedding, to conclude that

IK(u) ≥ 1

4
∥u∥2H1 − C∥u∥3H1 =

1

4
ρ2 − Cρ3 > 0,

provided ρ is small enough. If u /∈ K, then clearly IK(u) > 0. Therefore the mountain pass geometry holds
for the functional Ik. □

In the following proposition, we shall prove the invariance property of the equation (11) with respect to the
convex set K = K(m,n).

Proposition 2.11 Let N = m+n with m,n ≥ 1. Suppose Ω ⊂ RN is an annular domain, a ∈ A(m,n) and
u ∈ K(m,n). Then there exists v ∈ K(m,n) satisfying −∆v + v = a(x)u(eu

2 − 1), x ∈ Ω
∂v

∂ν
= 0, x ∈ ∂Ω,

(39)

in the weak sense.

Proof: Let u ∈ K be fixed. By setting uk(x) = min{u(x), k} for k ≥ 1, we have uk ∈ H1(Ω). Observe
that the cut off does not effect the symmetry and also preserves the monotonicity of u. Therefore since
u ∈ H1

G(Ω) has symmetry, we obtain that uk ∈ H1
G(Ω) and the monotonicity of u and uk should be the

same. Now we shall consider the following problem −∆v + v = a(x)uk(e
u2
k − 1), x ∈ Ω

∂v

∂ν
= 0, x ∈ ∂Ω.

(40)

Taking into account the associated energy on H1
G(Ω) and using the standard regularity theory we can deduce

the existence of a unique 0 ≤ vk ∈ H3
G(Ω)∩C1,α(Ω) which solves (40). We want to show that vk ∈ K(m,n).

Note that vk = vk(s, t) satisfies the equation

−vkss − vktt −
m− 1

s
vks −

n− 1

t
vkt + vk = a(s, t)uk(e

u2
k − 1) in Ω̂, (41)

with
∂vk

∂ν
= svks + tvkt = 0 on (s, t) ∈ ∂Ω̂ \

(
{s = 0} ∪ {t = 0}

)
. We set wk = svkt − tvks . Then differentiating

wk with respect to s and t, we obtain

wks = vkt + svkts − tvkss , wkt = −vks − tvkst + svktt

and
wkss = 2vkst + svktss − tvksss , wktt = −2vkst − tvkstt + svkttt

These together with a computation from the equation (41) imply that for all (s, t) ∈ Ω̂

−wkss − wktt −
m− 1

s
wks −

n− 1

t
wkt +

m− 1

s2
wk +

n− 1

t2
wk + wk = H (42)

where
H = uk(e

u2
k − 1)(sat − tas) + a(s, t)(2u2ke

u2
k + eu

2
k − 1)(s(uk)t − t(uk)s).

This problem behaves like a two dimensional problem away from the sets {s = 0} and {t = 0}. Since uk ≥ 0

and it has the same monotonicity as u, it follows that H ≤ 0 in Ω̂. We now turn our attention to what
happens along the ∂Ω̂. On the portions of ∂Ω̂ that correspond to {s = 0} and {t = 0} we have vks = 0 and
vkt = 0, respectively. This is enough to ensure wk = 0 on these portions of the boundary. Furthermore, on

the remaining portion of ∂Ω̂ we have

∂wk

∂ν
= swks + twkt = svkt + s2vkts − stvkss − tvks − t2vkst + stvktt

= s(vkt + svkts + tvktt)− t(svkss + vks + tvkts)

= s(
∂vk

∂ν
)t − t(

∂vk

∂ν
)s = 0.

12



For ϵ > 0 small consider φ(s, t) := (wk(s, t)− ϵ)+. Let dµ(s, t) = sm−1tn−1 ds dt and note that∫
Ω̂

|∇s,t(w
k − ϵ)+|2 dµ(s, t) =

∫
Ω̂

∇s,t(w
k).∇s,t(w

k − ϵ)+ dµ(s, t)

=

∫
Ω̂

−∆s,t(w
k)(wk − ϵ)+ dµ(s, t)

−
∫
Ω̂

(wk − ϵ)+
(m− 1

s
wks +

n− 1

t
wkt

)
dµ(s, t)

+

∫
∂Ω̂

(wk − ϵ)+
∂wk

∂ν
dµ(s, t), (43)

from which together with the fact that (wk(s, t) − ϵ)+ = 0 near {s = 0} ∪ {t = 0} and
∂wk

∂ν
= 0 on the

remaining portions of ∂Ω̂, we obtain ∫
Ω̂

|∇s,t(w
k − ϵ)+|2 dµ(s, t)

=

∫
Ω̂

−∆s,t(w
k)(wk − ϵ)+ dµ(s, t)−

∫
Ω̂

(wk − ϵ)+
(m− 1

s
wks +

n− 1

t
wkt

)
dµ(s, t). (44)

Multiplying inequality (42) by φ and integrating it over Ω̂ yields that∫
Ω̂

−∆s,t(w
k)(wk − ϵ)+ dµ(s, t)−

∫
Ω̂

(wk − ϵ)+
(m− 1

s
wks +

n− 1

t
wkt

)
dµ(s, t)

+

∫
Ω̂

(wk − ϵ)+
(m− 1

s2
wk +

n− 1

t2
wk + wk

)
dµ(s, t)

=

∫
Ω̂

(wk − ϵ)+H dµ(s, t) ≤ 0.

Therefore, we have∫
Ω̂

|∇s,t(w
k − ϵ)+|2 dµ(s, t) +

∫
Ω̂

(wk − ϵ)+
(m− 1

s2
wk +

n− 1

t2
wk + wk

)
dµ(s, t) ≤ 0,

thereby giving that∫
Ω̂

|∇s,t(w
k − ϵ)+|2 dµ(s, t) +

∫
Ω̂

|(wk − ϵ)+|2
(m− 1

s2
+
n− 1

t2
+ 1

)
dµ(s, t) ≤ 0.

We can conclude that (wk− ϵ)+ = 0, and hence wk ≤ ϵ holds for all ϵ > 0 on Ω̂. As a result, we have wk ≤ 0

in Ω̂, which implies that vk ∈ K(m,n). We now proceed to show that vk is bounded in H1(Ω). Using vk as
a test function, it follows from (40) that∫

Ω

|∇vk|2 dx+

∫
Ω

|vk|2 dx =

∫
Ω

a(x)uk(e
u2
k − 1)vk dx. (45)

On the other hand,∫
Ω

a(x)uk(e
u2
k − 1)vk dx ≤∥ a(x) ∥L∞

( ∫
Ω

u2k(e
u2
k − 1)2 dx

) 1
2 ∥ vk ∥L2

≤∥ a(x) ∥L∞∥uk∥L4∥eu
2
k − 1∥L4 ∥ vk ∥L2

≤ C ∥ vk ∥H1 , (46)

where we have used Theorem 2.8 in the last inequality together with the fact that vk ∈ K. From (45) and
(46) we deduce that

∥ vk ∥2H1≤ C ∥ vk ∥H1 ,
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which implies that vk is bounded. After passing to a subsequence (still denoted by vk), we may assume
that vk ⇀ v weakly in H1(Ω) for some v. More precisely, we have v ∈ H1

G(Ω). On the other hand, since

u2k(e
u2
k − 1)2 → u2(eu

2 − 1)2 pointwise and the function y → y2(ey
2 − 1)2 is increasing, we can apply the

monotone convergence theorem to conclude that uk(e
u2
k−1) → u(eu

2−1) in L2(Ω). Passing to a subsequence
deduce that vk → v in W 2,2(Ω). It follows that ∇vk → ∇v in L2(Ω), and therefore vks → vs a.e. in Ω and

vkt → vt a.e. in Ω. Hence, vks → vs a.e. (s, t) ∈ Ω̂ and vkt → vt a.e. (s, t) ∈ Ω̂. Indeed, setting w := svt − tvs,

we have wk → w a.e. (s, t) ∈ Ω̂, and consequently w ≤ 0 in Ω̂. This implies that v ∈ K(m,n), as desired. □

Proof of Theorem 1.1. Let K = K(N − 1, 1). From Lemma 2.10, we can conclude that the function Ik
satisfies both the mountain pass geometry and the (PS) compactness condition. Consequently, by applying
Theorem 2.6, we obtain that IK possesses a non-trivial critical point ū ∈ K. Therefore, condition (i) of
Theorem 2.7 is satisfied. Furthermore, condition (ii) in Theorem 2.7 can be verified using Proposition 2.11.
This completes the proof of the existence of a weak solution for (11). □

Now we shall prove that the solution obtained in Theorem 1.3 is nonradial provided a(x) = a(|x|) is a radial
function, that is 

−∆u+ u = a(|x|)u(eu2 − 1), x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(47)

Before proceeding with the proof, we need to cover some preliminaries. Consider the variational formulation
of an eigenvalue problem given by

µ1 = inf
ψ∈H1

loc(0,
π
2 )

{∫ π
2

0

|ψ′(θ)|2w(θ) dθ;
∫ π

2

0

|ψ(θ)|2w(θ) dθ = 1,

∫ π
2

0

ψ(θ)w(θ) dθ = 0

}
, (48)

where w(θ) = cosm−1(θ) sinn−1(θ) and suppose ψ1 satisfies the minimization problem. Then (µ1, ψ1) satisfies
−∂θ(w(θ)ψ′

1(θ)) = µ1w(θ)ψ1(θ), θ ∈ (0, π2 )

ψ′
1(θ) > 0, θ ∈ (0, π2 )

ψ′
1(0) = ψ′

1(
π

2
) = 0,

(49)

and note (µ1, ψ1) is the second eigenpair, the first eigenpair is given by (µ0, ψ0) = (0, 1). An easy computation
shows that

µ1 = 2N, ψ1(θ) =
m− n

N
− cos(2θ).

Let us recall the definition of the best constant in Hardy inequality for the domain Ω,

β = inf
ψ∈H1(Ω)\{0}

∫
Ω
|∇ψ|2 dx+

∫
Ω
ψ2 dx∫

Ω
ψ2

|x|2 dx
.

We are now ready to prove the existence of a non-radial solution.

Proof of Theorem 1.2. Assuming by contradiction, the solution u of (47) obtained in Theorem 1.1 is a
radial function. Note that IK(u) = c > 0 where the critical value c is characterized by

c = inf
γ∈Γ

sup
τ∈[0,1]

I(γ(τ)),

where Γ = {γ ∈ C([0, 1], V ) : γ(0) = 0 ̸= γ(1), IK(γ(1)) ≤ 0}. We claim that there exists some element
γ ∈ Γ such that

IK(γ(τ)) < IK(u), ∀ τ ∈ [0, 1].

This implies that
c ≤ max

τ∈[0,1]
IK(γ(τ)) < IK(u),
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which contradicts IK(u) = c. Now to prove our claim, set v(r, θ) = u(r)ψ(θ) where ψ(θ) =
m− n

N
− cos(2θ)

being the solution of (49) with µ1 = 2N . Let l > 0 be such that IK((u+ σv)l) ≤ 0 for all |σ| < 1. Consider

γσ(τ) = τ(u+ σv)l.

We have γσ ∈ Γ for all |σ| < 1. Moreover, there exists a unique twice differentiable real function g on a small
neighbourhood of zero with g′(0) = 0 and g(0) = 1/l such that

max
τ∈[0,1]

IK(γσ(τ)) = IK(g(σ)(u+ σv)l).

Now we define h : R → R by
h(σ) = IK(g(σ)(u+ σv)l)− IK(u).

We already know that h(0) = 0 and h′(0) = ⟨I ′K(u), v⟩ = 0. If we prove that h′′(0) < 0, then there exists σ
sufficiently small such that h(σ) < 0, or equivalently,

max
τ∈[0,1]

IK(γσ(τ)) = IK(g(σ)(u+ σv)l) < IK(u).

In this way the desired conclusion follows by taking γ = γσ. The only remaining condition that needs to be
checked is

h′′(0) = ⟨I ′′K(u); v, v⟩ =
∫
Ω

(|∇v|2 + v2) dx−
∫
Ω

a(|x|)(eu
2

− 1 + 2u2eu
2

)v2 dx < 0.

To do this, we aim to show that M(u, v) < 0, where M(u, v) is defined as

M(u, v) =

∫
Ω̂

(v2s + v2t + v2)sm−1tn−1 ds dt−
∫
Ω̂

a(s, t)(eu
2

− 1 + 2u2eu
2

)v2sm−1tn−1 ds dt.

By writing M(u, v) in polar coordinates, we get

M(u, v) =

∫ π
2

0

∫ R2

R1

(
ψ2(u2r + u2) +

u2ψ′2

r2
− a(r)(eu

2

− 1 + 2u2eu
2

)u2ψ2

)
rN−1w(θ) dr dθ.

where w(θ) = cosm−1(θ) sinn−1(θ). If we consider the equation −∆u+ u = a(r)u(eu
2 − 1), then we have∫ R2

R1

(u2r + u2)rN−1 dr =

∫ R2

R1

a(r)u2(eu
2

− 1)rN−1 dr. (50)

and therefore

M(u, v) =

∫ π
2

0

∫ R2

R1

(u2ψ′2

r2
− 2a(r)u4eu

2

ψ2
)
rN−1w(θ) dr dθ.

By definition of µ1 = 2N in (48), we can simplify the above expression to obtain

M(u, v) =

∫ π
2

0

∫ R2

R1

(
2N

u2ψ2

r2
− 2a(r)u4eu

2

ψ2
)
rN−1w(θ) dr dθ

≤
∫ π

2

0

∫ R2

R1

(2N
β

(u2r + u2)ψ2 − 2a(r)u4eu
2

ψ2
)
rN−1w(θ) dr dθ, (51)

where β is the best constant in Hardy inequality. Putting this together with (50) gives

M(u, v) ≤
∫ π

2

0

∫ R2

R1

a(r)u2ψ2

(
2N

β
(eu

2

− 1)− 2u2eu
2

)
rN−1w(θ) dr dθ. (52)
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It should be noted that the inequality A(eu
2−1) < 2u2eu

2

holds for every A < 2. Thus, the assumptionN < β
implies M(u, v) < 0, which completes the proof that the solution is non-radial. We will now show that β can
be sufficiently large for large values of R when R1 = R, R2 = R+ 1. Set ΩR := {x ∈ RN : R < |x| < R+ 1}
and

βR = inf
ψ∈H1(ΩR)\{0}

∫
ΩR

|∇ψ|2 dx+
∫
ΩR

ψ2 dx∫
ΩR

ψ2

|x|2 dx
.

It suffices to show that
βR
R2

→ C as R → ∞, for some constants C. Note that βR is attained at some wR

that is radial. More precisely, wR solves the equation −∆(wR(x)) + wR(x) = βRwR(x)
|x|2 , in ΩR

∂wR
∂ν

= 0, in ∂ΩR.
(53)

Setting vR(r) = wR(R+ r), we obtain

−v′′R(r)−
N − 1

R+ r
v′R(r) = [

βR
(R+ r)2

− 1]vR(r), in 0 < r < 1, (54)

and
v′R(0) = v′R(1) = 0.

We may assume that max[0,1] vR = 1, by normalizing, which implies that vR is a bounded sequence. Let
φ ∈ C∞

c (0, 1) be fixed. Set φ̄(r) = φ(r −R). Then

βR ≤
∫ R+1

R
[|φ̄′|2 + φ̄2]rN−1 dr∫ R+1

R
φ̄2

r2 r
N−1 dr

=

∫ 1

0
[|φ′|2 + φ2](R+ t)N−1 dt∫ 1

0
φ2

(R+t)2 (R+ t)N−1 dt
≤ C(R+ 1)2,

for some constant C. This implies that, there exists a subsequence βRm and β̄ ∈ R such that
βRm

R2 → β̄.
On the other hand, vm = vRm is bounded, so that by passing to a subsequence if necessary, there is some
v ≥ 0 such that vm → v in C0,δ[0, 1]. Therefore, by passing to the limit in (54) we get that v satis-
fies −v′′(r) = (β̄ − 1)v(r) in (0, 1) with v(0) = v(1) = 0 and sup(0,1) v = 1. It is now obvious that

v(r) = cos(πr − π
2 ) and β̄ = π2 + 1. This in fact shows that β is sufficiently large for large values of R, as

desired. □

3 Supercritical elliptic problems

In this section we examine the equation
−∆u+ u = a(x)|u|p−2u, x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(55)

where Ω is a bounded annulus in RN = Rm × Rn and p > 2. Here we assume that a ∈ A(m,n) and n ≤ m.
We shall consider the Banach space V = H1(Ω) ∩ Lp(Ω) equipped with the following norm

∥u∥ =∥u∥H1(Ω)+∥u∥Lp(Ω).

Let I : V → R be the Euler-Lagrange functional corresponding to problem (55), i.e.,

I(u) =
1

2

∫
Ω

(|∇u|2 + u2) dx− 1

p

∫
Ω

a(x)|u|p dx.
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Let

K = K(m,n) = {0 ≤ u ∈ H1
G ∩ Lp(Ω) : sut − tus ≤ 0 a.e. in Ω̂}. (56)

In this case the Euler-Lagrange functional corresponding to (55) restricted to K is

IK = ΨK − Φ, (57)

where

Ψ =
1

2

∫
Ω

(|∇u|2 + u2) dx , Φ =
1

p

∫
Ω

a(x)|u|p dx,

and ΨK is the restriction of Ψ to K defined by

ΨK(u) =

{
Ψ(u), u ∈ K

+∞, u /∈ K.

To prove Theorem 1.3, we will utilize a modified version of Theorem 2.7 applicable specifically to our problem
(55).

Theorem 3.1 Let V = H1(Ω) ∩ Lp(Ω) and K be a convex and closed subset of V defined in (56). Let a
be a non-negative continuously differentiable function that is not identically zero. Assume that the following
two assertions hold:

(i) The functional IK : V → R defined in (57) has a critical point ū ∈ V as in Definition 2.4, and;

(ii) There exists v̄ ∈ K with
∂v̄

∂ν
= 0 on the boundary of Ω such that

−∆v̄ + v̄ = a(x)|ū|p−2ū,

in the weak sense.

Then there exist û ∈ K such that I(û) > 0 and û is a weak solution of the equation (55).

Since the proof follows by a similar strategy as that of Theorem 2.7, we omit it for brevity. We employ
Theorem 2.9 to verify condition (i) in Theorem 3.1 and establish the existence of a critical point for the
non-smooth functional IK in the following lemma.

Lemma 3.2 The functional Ik satisfies the mountain pass geometry and (PS) compactness condition. More-
over, IK has a non-trivial critical point in K.

Proof: Suppose that uj is a sequence in K such that IK(uj) → c ∈ R, ϵj → 0 and

⟨DΦ(uj), uj − v⟩ −Ψ(v)−Ψ(uj) ≥ −ϵj∥v − uj∥V , ∀v ∈ V. (58)

Replacing v by ruj (r ∈ R) in (58), it becomes

1− r2

2
∥uj∥2H1(Ω) + (r − 1)

∫
Ω

a(x)|uj |p dx ≤ ϵj(r − 1)∥uj∥V . (59)

On the other hand, since IK(uj) → c, we have

1

2
∥uj∥2H1(Ω) −

1

p

∫
Ω

a(x)|uj |p dx ≤ c+ 1, (60)

for large values of n. Now set 1 < r and r2 − 1 < p(r − 1). We can take ζ > 0 such that

1

p(r − 1)
< ζ <

1

r2 − 1
.
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Multiply (59) by ζ and adding up with (60) yields that

1 + ζ(1− r2)

2
∥uj∥2H1(Ω) + [ζ(r − 1)− 1

p
]

∫
Ω

a(x)|uj |p dx ≤ c+ 1 + ζϵj(r − 1)∥uj∥V . (61)

Now from the choice of ζ, all the coefficients in the left-hand side of the latter inequality are positive, thus
we have

∥uj∥2H1(Ω) ≤ C(1+∥uj∥V ), (62)

for some constant C > 0. Moreover, since K is a weakly closed convex subset in H1(Ω) and also according
to Theorem 2.9,compactly embedded in Lp, there exists a constant C such that

∥u∥H1(Ω) ≤∥u∥V ≤ C∥u∥H1(Ω), ∀u ∈ K,

which, together with (62), imply that uj is bounded in H1. It follows, by a standard result in Sobolev spaces,
after passing to a subsequence (still denoted by uj), that there exists ū ∈ H1(Ω) such that uj ⇀ ū weakly
in H1(Ω) and uj → ū a.e.. Also, again by Theorem 2.9, from boundedness of {uj} ⊂ K in H1(Ω), one can
deduce that the strong convergence of uj to ū in Lp. By setting v = ū in (58), and using Hölder’s inequality
we obtain

1

2
(∥uj∥2H1(Ω)−∥ū∥2H1(Ω)) ≤

∫
Ω

a(x)|uj |p−1(uj − ū) dx+ ϵj∥uj − ū∥V

≤∥a(x)∥L∞∥uj∥p−1
Lp ∥uj − ū∥Lp + ϵj∥uj − ū∥V .

Therefore,

lim sup
n→∞

(∥uj∥2H1(Ω)−∥ū∥2H1(Ω)) ≤ 0. (63)

Also, the properties of weak convergence implies that

0 ≤ lim inf(∥uj∥2H1(Ω)−∥ū∥2H1(Ω)),

which together with (63) yield that uj → ū strongly in V . This completes the proof of the (PS) compactness
condition for the function Ik. Verifying that the mountain pass geometry holds for the functional Ik is a
straightforward process. Now by virtue of Theorem 2.6, we can deduce that the functional IK possesses a
non-trivial critical point ū ∈ K. □

In the following proposition, we demonstrate that condition (ii) of Theorem 2.7 holds, which is necessary to
establish the effectiveness of the variational approach.

Proposition 3.3 Let Ω be an annulus and a satisfies condition (A(m,n)). Suppose u ∈ K(m,n). Then
there exists v ∈ K(m,n) satisfying  −∆v + v = a(x)up−1, x ∈ Ω

∂v

∂ν
= 0, x ∈ ∂Ω,

(64)

in the weak sense.

Proof: By setting uk(x) = min{u(x), k} for k ≥ 1, we obtain uk ∈ H1(Ω). It should be observed that
uk ∈ H1

G(Ω) and the monotonicity of u and uk are the same. Now we shall consider the following problem −∆v + v = a(x)uk
p−1, x ∈ Ω

∂v

∂ν
= 0, x ∈ ∂Ω.

(65)

Taking into account the associated energy on H1
G(Ω) and using the standard regularity theory, we can de-

duce the existence of a unique 0 ≤ vk ∈ H3
G(Ω) ∩ C1,α(Ω) which solves the equation (65). Following the
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same argument as in the proof of Proposition 3.3, it is easy to see that that vk ∈ K(m,n) and possesses
boundedness. Passing to a subsequence (still denoted by vk), we may assume that vk ⇀ v weakly in H1(Ω)
for some v ∈ H1

G(Ω). On the other hand, since p′(p − 1) = p, we may use up−1
k → up−1 in Lp

′
(Ω) and,

after passing to a subsequence, deduce that vk → v in W 2,p′(Ω). It follows that ∇vk → ∇v in Lp
′
(Ω), and

therefore vks → vs a.e. in Ω and vkt → vt a.e. in Ω. Hence, vks → vs a.e. (s, t) ∈ Ω̂ and vkt → vt a.e. (s, t) ∈ Ω̂.

By defining w := svt − tvs, we have svkt − tvks → w a.e. (s, t) ∈ Ω̂, and thus w ≤ 0 in Ω̂. This gives the
desired monotonicity of v and hence v ∈ K(m,n). □

Proof of Theorem 1.3. Note that conditions (i) and (ii) in Theorem 2.7 follows from Theorem 2.9 and
Proposition 3.3 respectively. This proves the existence of a weak solution for (55). □

Now we discuss the case when a(x) = a(|x|) is radial, that is
−∆u+ u = a(|x|)|u|p−2u, x ∈ Ω

u > 0, x ∈ Ω
∂u

∂ν
= 0, x ∈ ∂Ω.

(66)

We shall show that the solution obtained in Theorem 1.3 is nonradial.

Proof of Theorem 1.4. Assuming, by contradiction, that the solution u of (66) obtained in Theorem 1.3
is a radial function, we can follow a similar approach as in the proof of Theorem 1.2. The only remaining
condition that needs to be checked is

h′′(0) = ⟨I ′′K(u); v, v⟩ =
∫
Ω

(|∇v|2 + v2) dx− (p− 1)

∫
Ω

∣∣a(|x|)u∣∣p−2
v2 dx < 0.

We proceed to do this by showing M(u, v) < 0, where

M(u, v) =

∫
Ω̂

(v2s + v2t + v2)sm−1tn−1 ds dt− (p− 1)

∫
Ω̂

a(s, t)up−2v2sm−1tn−1 ds dt.

By writing M(u, v) in polar coordinates, we get

M(u, v) =

∫ π
2

0

∫ R2

R1

(
ψ2(u2r + u2) +

u2ψ′2

r2
− (p− 1)a(r)upψ2

)
rN−1w(θ) dr dθ,

where w(θ) = cosm−1(θ) sinn−1(θ). If we consider the equation −∆u+ u = a(r)up−1, then we have∫ R2

R1

(u2r + u2)rN−1 dr =

∫ R2

R1

a(r)uprN−1 dr.

and therefore

M(u, v) =

∫ π
2

0

∫ R2

R1

u2ψ′2

r2
rN−1w(θ) dr dθ − (p− 2)

∫ π
2

0

∫ R2

R1

ψ2
(
u2r + u2

)
rN−1w(θ) dr dθ.

Combining this with the definition of µ1 = 2N in (48) implies that

M(u, v) = µ1

∫ π
2

0

∫ R2

R1

u2ψ2

r2
rN−1w(θ) dr dθ − (p− 2)

∫ π
2

0

∫ R2

R1

ψ2
(
u2r + u2

)
rN−1w(θ) dr dθ

=

∫ π
2

0

|ψ(θ)|2w(θ) dθ
(
µ1

∫ R2

R1

u2

r2
rN−1 dr − (p− 2)

∫ R2

R1

(
u2r + u2

)
rN−1 dr

)
. (67)
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We deduce from definition of β, the best constant in Hardy inequality, that∫ R2

R1

β
u2

r2
rN−1 dr <

∫ R2

R1

(u2r + u2)rN−1 dr.

Putting this together with (67) gives

M(u, v) ≤
∫ π

2

0

|ψ(θ)|2w(θ) dθ
(
µ1

β

∫ R2

R1

u2rr
N−1 dr − (p− 2)

∫ R2

R1

(
u2r + u2

)
rN−1 dr

)
=

∫ π
2

0

|ψ(θ)|2w(θ) dθ
∫ R2

R1

(
u2r + u2

)
rN−1 dr

(
2N

β
− (p− 2)

)
< 0.

This completes the proof. □

The existence of distinct solutions in Theorem 1.5 can be demonstrated by selecting different decompositions
of RN = Rm × Rn

Proof of Theorem 1.5. Let RN = Rm × Rn with n ≤ k. By doing so, we obtain
2k + 2

k − 1
≤ 2n+ 2

n− 1
which

implies that

p <
2n+ 2

n− 1
.

Now, we can apply Theorem 1.3 and deduce that for each n ∈ {1, ..., k} there exists a solution of the form

um,n = um,n(s, t) where s =
√
x21 + · · ·+ x2m and t =

√
x2m+1 + · · ·+ x2N . Furthermore, since p−2 > 2N

β , we

obtain from Theorem 1.4 that the solutions um,n are non-radial. Now we shall prove the distinction between
non-radial solutions for different values of n and m. Let 1 ≤ n < n′ ≤ ⌊N2 ⌋ and set m = N −n,m′ = N −n′.
Suppose um,n ∈ K(m,n) and um′,n′ ∈ K(m′, n′) are the non-radial solutions obtained in Theorem 1.3,

corresponding to the decomposition of RN into Rn×Rm and Rn′×Rm′
, respectively. Assume by contradiction

that um,n(s, t) = um′,n′(s′, t′) where

s =
√
x21 + · · ·+ x2m, t =

√
x2m+1 + · · ·+ x2N ,

s′ =
√
x21 + · · ·+ x′2m, t′ =

√
x2m′+1 + · · ·+ x2N .

Assuming xi = 0 for i ̸= 1,m′ + 1, we have s =
√
x21 + x2m′+1, t = 0, s′ = |x1| and t′ = |xm′+1|. Therefore,

um,n(
√
x21 + x2m′+1, 0) = um′,n′(|x1|, |xm′+1|)

It follows that um′,n′ is a radial function, which is a contradiction. This completes the proof of the fact that
the equation (9) has k positive distinct nonradial solutions. By using similar arguments to those in the proof
of Theorem 1.2, it is possible to observe that β can be made sufficiently large for large values of R when
R1 = R and R2 = R + 1. We now assume that k = ⌊N2 ⌋. We deduce from the above discussion that there

are ⌊N2 ⌋ distinct positive nonradial solutions of (9) when

2 +
2N

β
< p <

2⌊N2 ⌋+ 2

⌊N2 ⌋ − 1
.

Using the fact that β can be sufficiently large, we have ⌊N2 ⌋ distinct positive nonradial solutions provided

2 < p <
2⌊N2 ⌋+ 2

⌊N2 ⌋ − 1
.

□
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