COMPLETELY BOUNDED MULTIPLIERS OVER LOCALLY COMPACT
QUANTUM GROUPS

ZHIGUO HU, MATTHIAS NEUFANG, AND ZHONG-JIN RUAN

ABSTRACT. In this paper, we consider several interesting multiplier algebras associated with a locally
compact quantum group G. Firstly, we study the completely bounded right multiplier algebra M7, (L1(G)).
We show that M, (L1(G)) is a dual Banach algebra with a natural operator predual Q" (L1(G)), and
the completely isometric representation of M, (L1(G)) on B(L2(G)), studied recently by Junge, Neufang
and Ruan, is actually weak*-weak* continuous. Secondly, we study the left uniformly continuous space
LUC(G) and its Banach algebra dual LUC(G)*. We prove that LUC(G) is a unital C*-subalgebra of
Loo(G) if the quantum group G is semi-regular. We show the connection between LUC(G)* and the quan-
tum measure algebra M (G), as well as their representations on Lo (G) and B(L2(G)). Finally, we study
the right uniformly complete qotient space UCQ"(L1(G)) and its Banach algebra dual UCQ" (L1(G))*.
For co-amenable quanum groups G, we obtain the weak*-homeomorphic completely isometric algebra iso-

morphism M7, (L1(G)) = M(G) and the completely isometric isomorphism UCQ"(L1(G)) = LUC(G).

1. INTRODUCTION

Let G = (Loo(G),T, p,9) be a locally compact quantum group. Then the operator predual L;(G) of
Lo (G) with the multiplication I', is a faithful completely contractive Banach algebra. If we let Cy(G)
denote the associated Hopf C*-subalgebra of L (G), then its operator dual M(G) = Cy(G)* is a faithful
completely contractive Banach algebra, containing L;(G) as a closed two-sided ideal. Therefore, we
can study the quantum group analogue of many other Banach algebras interesting in abstract harmonic
analysis, and we can develop a corresponding theory for quantum harmonic analysis. The aim of this paper
is to study the following spaces associated with locally compact quantum groups G: (1) the completely
bounded right multiplier algebra M7, (L1(G)) of L1(G) and its predual Q" (L1(G)); (2) the left uniformly
continuous space LUC(G) and its operator dual LUC(G)*; (3) the right uniformly complete quotient
space UCQ"(L1(G)) and its the operator dual UCQ" (L1 (G))*.
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In Section 2, we recall notations and definitions of locally compact quantum groups introduced by
Kustermann and Vaes in [20] and [21]. We also collect some module properties for the Hopf C*-algebra
Co(G) and the quantum measure algebra M(G).

Sections 3 and 4 are devoted to the study of the completely bounded right multiplier algebra M7, (L1 (G)).
It is shown in the recent paper [17] by Junge, Neufang, and Ruan that for any locally compact quantum

group G, there exists a completely isometric algebra isomorphism

(1.1) " : My, (L1(G)) = CB] (¥ (B(Ls(G))),

where CBZ’:‘Z"G()G) (B(L2(G))) is the algebra of normal completely bounded L. (G)-bimodule homomor-
phisms on B(L2(G)), which map Lo (G) into Lo (G). We show in Theorem 3.4 and Proposition 3.5 that
M, (L1(G)) is a dual Banach algebra with a natural operator predual Q"(L;(G)). This generalizes the
results by Haagerup and Kraus [12] on completely bounded Fourier multiplier algebra M., A(G) and the
results by Kraus and Ruan [19] on completely bounded Kac multiplier algebra M., A(K). We prove in
Theorem 4.1 that the isomorphism ©" in (1.1) is actually a weak™® homeomorphism. This generalizes the
weak*-homeomorphic representation theorems for measure algebras M(G) and for completely bounded
Fourier multiplier algebras M., A(G) proved by Neufang, Ruan, and Spronk in [30, Theorem 3.2 and
Theorem 4.5]. We also study the relation between Q"(L1(G)) and Cy(G), and obtain the weak*-weak™
continuity of the canonical embedding M(G) — M7, (L1(G)). This leads to some characterizations of
co-amenable quantum groups, generalizing results in [19, §7] for Kac algebras to locally compact quantum
groups. Since the argument for completely bounded left (respectively, double) multiplier algebra is quite
similar, we only remark briefly the corresponding results at the end of Section 4.

Section 5 is focused on the left uniformly continuous space LUC(G) (respectively, the right uniformly
continuous space RUC(G)) on a locally compact quantum group G. In the case of the commutative
quantum group G, = L. (G), where G is a locally compact group, the space LUC(G,) is the usual
space LUC(G) of bounded left uniformly continuous functions on G. On the other hand, if we consider
G, = L(QG), the dual quantum group of G,, then LUC(G,) is the space UCB(G) of uniformly continuous
linear functionals on A(G) introduced by Granirer [10]. It is known that both LUC/(G) and UCB(G) are
unital C*-algebras. It is also easy to see that if G is a discrete (respectively, compact) quantum group,
then LUC(G) = Lo (G) (respectively, LUC(G) = Cy(G)) is a unital C*-algebra. However, it is still
an open question whether LUC(G) is a C*-algebra for an arbitrary locally compact quantum group G.

Runde showed in [37] that LUC(G) is an operator system in L., (G) such that
(1.2) Co(G) C LUC(G) C M(Co(G)),

where M (Cy(G)) C Loo(G) denotes the multiplier algebra of Cy(G). He further showed that LUC(G) is
a unital C*-subalgebra of M (Cy(G)) if G is co-amenable and Cy(G) has a bounded approximate identity
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contained in the centre of Cy(G). Moreover, Salmi [38] introduced a left uniformly continuous C*-algebra
LUC(G) by a different C*-algebra approach. Results in [38] indicate that if G is co-amenable and the
associated right fundamental unitary operator V is regular, then our LUC(G) is equal to LUC(G) and
thus is a unital C*-algebra. Our main result Theorem 5.6 in Section 5 shows that for the large class of
semi-regular locally compact quantum groups G, which includes Kac algebras, LUC(G) and RUC(G) are
indeed unital C*-subalgebras of M (Cy(G)).

Given a locally compact quantum group G, the Arens products on L. (G)* induce a natural completely
contractive Banach algebra structure on LUC(G)* and RUC(G)*, respectively. We study in Section 6
the Banach algebras LUC(G)* and RUC(G)*, their relations with the quantum measure algebra M(G),
and characterizations of co-amenable quantum groups in terms of representations of these algebras. We
shall focus our study on LUC(G)*. The corresponding results for RUC(G)* can be obtained analogously.

In Section 7, we introduce the right uniformly quotient space UCQ"(L1(G)) and its operator dual
UCQ"(L1(G))*. We show that there is a natural completely contractive Banach algebra structure on
UCQ"(L1(G))*, and we study the completely isometric representation of UCQ" (L1(G))* on B(L2(G)).
We show in Theorem 7.3 that if G is co-amenable, then UCQ" (L1 (G)) = LUC(G) completely isometrically.
In particular, if G, and G4 are the commutative and the co-commutative quantum groups associated with
a locally compact group G, respectively, then we have UCQ"(L1(G,)) = LUC(G), and UCQ"(L1(Gs))
is the right-hand side version of the uniformly complete quotient space UCQ(G) introduced (via the left
fundamental unitary operator W) by Popa and Ruan in [33]. Therefore, results obtained in this section
unify and generalize some results on LUC(G)* and UCQ(G)* in [29], [30], and [33].

2. DEFINITIONS AND PRELIMINARY RESULTS

Let us first recall from [21] and [39] that a (von Neumann algebraic) locally compact quantum group is
a quatriple G = (Lo (G), T, ¢, 1), where Lo (G) is a Hopf von Neumann algebra with a co-associative co-
multiplication I' : Lo (G) — Loo(G)®Loo(G), and ¢ and v are normal faithful left and right Haar weights
on Lo (G), respectively. For each locally compact quantum group G, there exist a left fundamental unitary
operator W on La(G, ¢) @ La(G, ¢) and a right fundamental unitary operator V on La(G, ) ® La(G, )

which satisfy the pentagonal relation; that is,

(2.1) WiaWi3Waz = WasWia and ViaVizVag = VagVia.

The co-multiplication I' on Lo (G) can be expressed as

(2.2) I(z)=W*1@z)W = V(e 1)V
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for all x € Loo(G). We identify La(G, ) and La(G, 1)), and simply use L2(G) for this Hilbert space in

the rest of this paper. In this case, there exists a unitary operator U on L2(G) such that
(2.3) V=X1eU)W(leU"X,

where ¥ is the flip operator on L2(G) ® L2(G) given by Z(§®@n) =n®¢& (&, n € L2(G)).

The pre-adjoint of I' induces an associative completely contractive multiplication
(2.4) *: f1® fa € Li(G)OL1(G) — fix fa=(f1 ® fo) oT € L1(G)

on L1(G) = Loo(G)s. It is known from [13, Proposition 1] that the multiplication % is faithful in the
sense that for any f € L1(G), we have f = 0 if fxg = 0 (respectively, g x f = 0) for all g € L1(G). Let
(L1(G) x L1(G)) denote the closed linear span of f xg with f, g € L1(G). Then we have

(2.5) (L1(G) x L1(G)) = L (G),

since the multiplication x is a complete quotient from L;(G)®L1(G) onto Li(G). A locally compact
quantum group G is called co-amenable if L1(G) has a bounded left (respectively, right, or two-sided)
approximate identity. It is shown in [13] that G is co-amenable if and only if L;(G) has an approximate
identity, which consists of normal states on Lo (G).

If G is a locally compact group, we let G, = (Loo(G),Ta, @a,¥a) denote the commutative quantum
group associated with the commutative Hopf von Neumann algebra L., (G) with the co-multiplication
Lo(f)(s,t) = f(st). The dual quantum group G, of G, is the co-commutative quantum group G, =
(L(G),Ts, ps,9s), where L(G) is the left group von Neumann algebra with the co-multiplication I'; (A(t)) =
A(t) @ A(t). We can also consider the dual quantum group Gfl = G/, associated with the right group von
Neumann algebra R(G) and the co-multiplication I, (p(t)) = p(t) ® p(t). In this case, L1(G,) is the usual
convolution algebra L1 (G), and L1 (G;) = L1 (GY) is the Fourier algebra A(G). Therefore, the commutative
quantum group G, is always co-amenable, and the co-commutative quantum group G, (respectively, G/,)
is co-amenable if and only if the associated group G is amenable.

Given a locally compact quantum group G, we can obtain the left reqular representation X\ : L1(G) —
B(L2(G)) defined by

A f e Li(G) = A(f) = (f @ )(W) € B(L2(G)),
which is an injective completely contractive algebra homomorphism from L;(G) into B(L2(G)). Then
Loo(G) = {A(f) : f € L1(G)}" is the Hopf von Neumann algebra in the dual quantum group G. Corre-
spondingly, we can obtain the right regular representation p : L1(G) — B(L2(G)) defined by

p:feLi(G) = p(f)=(® f)V) e B(LAG)),

which is also an injective completely contractive algebra homomorphism from L (G) into B(L2(G)). Then

Loo(G") = {p(f) : f € L1(G)}" is the Hopf von Neumann algebra in the dual quantum group G’. It follows
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that W € Loo(G)®Loo(G) and V € Lo (G')@ Lo (G). We can conclude from (2.3) that

(2.6) p(f) = UMHU”

for all f € L1(G).
We can also define the completely contractive injections

A f € Li(G) = Alf) = (1@ /)W) € Loo(G)

and

In fact, we have

Co(G) = )\*(Ll(G))H-H _ p*(Ll(G’))H.H

of L (G) with the co-multiplication
I':ze€e Co(G) — F(.Z‘) = V({E & 1)V* S M(Co(G) & C()(G)),

where M (Cy(G) ® Cy(G)) is the multiplier algebra of the C*-algebra Cy(G) ® Cy(G). It is known that for

any locally compact quantum group G,
I'(Co(G))(Co(G) ®1) and T'(Co(G))(1® Co(G))

are norm dense in Cy(G) ® Co(G) (cf. [21, Corollary 6.11]).
Let M(G) = Co(G)* denote the operator dual of Cy(G). Then M(G) is a completely contractive
Co(G)-bimodule with the module operation given by

(pex,y) = (u,zy) and (v ep,y)= (1, yr)

for p € M(G) and z, y € Co(G). Since the linear span of p e z (respectively, = e u) with u € M(G)
and x € Cy(G) is norm dense in M (G), we can obtain the following proposition by Cohen’s factorization
theorem and the fact that Cy(G) is weak™ dense in Lo (G).

Proposition 2.1. Let G be a locally compact quantum group. Then the following assertions holds.
(1) M(G) is a Co(G)-bimodule with M(G) = M(G) e Cy(G) = Co(G) e M(G).
(2) L1(G) is a Co(G)-bimodule with L1(G) = L1(G) ¢ Cy(G) = Co(G) o L1 (G).
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Suppose that 1 € M(G) = Cop(G)*. It is known that p has a unique strictly continuous extension
i € M(Co(G))*. Tt is also known that for any C*-algebra B, the right slice map p® ¢ : Co(G) ® B — B

is completely bounded and has a unique extension
(@1 M(Cy(G) ® B) — M(B)

that is strictly continuous on the unit ball of M (Cy(G) @ B) (cf. [2, Theorem 2.1]). This is also true for
the left slice map ¢ ® u : B ® Co(G) — B. Therefore, for all u, v € M(G), we have

—

(2.7) (p@v)ol =j(t@v)ol =i(n@i)oT

(cf. [2, Proposition 2.2]). If there is no confusion, we will omit the symbol “~” for these extensions.
Clearly, these extensions are norm preserving. Note that (1 ® ¢)I'(z) € Co(G) and (¢ ® p)T'(z) € Co(G)
for p € M(G) and z € Cy(G) (cf. [20, Definition 4.1]). Then we can express (2.7) as

pwxv = pdv = pudv.

See Section 6 for the precise meaning of the products O and .

Thus (p,v) — (4 ® v) oI’ defines a completely contractive multiplication x on M (G). With this
multiplication, M (G) is a completely contractive dual Banach algebra (i.e., the multiplication on M(G)
is separately weak*-weak* continuous), and M (G) contains L;(G) as a norm closed two-sided ideal.

For 2 € Cy(G) and p € M(G), by (2.7), we get
pxz =0 ul(z) € Co(G) and zxpu=(p®)(x) € Co(G).
We have the following proposition on the canonical M (G)-bimodule action on Cy(G).

Proposition 2.2. Let G be a locally compact quantum group. Then Co(G) is an operator M (G)-bimodule
such that

Co(G) = (L1(G) * Co(G)) = (M(G) * Co(G)) = (Co(G) x L1(G)) = (Co(G) x M(G)).
Therefore, the multiplication = on M(G) is faithful, and Co(G) can be expressed as
Co(G) = (L1(G) x L1 (G")) = (L1(G') x L1 (G))

via the completely contractive injection p. : L1(G') — Co(G).

Proof. Tt suffices to show that the linear span of f*z (respectively, zx f) with f € L1(G) and z € Cy(G) is
norm dense in Cy(G). This follows from the Hahn-Banach theorem and the fact that the set {I'(z)(1®vy) :
z,y € Co(G)} (respectively, {T'(z)(y ® 1) : z,y € Co(G)}) is norm dense in Cy(G) ® Co(G). Indeed, if
w€ M(G) and p(f *2z) =0 for all f € Li1(G) and « € Cy(G), then for any y € Cy(G), we have

(ke [,T(@)(1®y))=pu(ye f)*xz)=0.
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This shows that Cy(G) = (L1(G) x Cy(G)). We can similarly prove that Cyo(G) = (Co(G) * L1(G)). O

Remark 2.3. It was shown by Bédos and Tuset [3] that a locally compact quantum group G is co-
amenable if and only if M (G) is unital. Therefore, when G is co-amenable, we have M (G)xM (G) = M (G).
However, it seems open whether we have (M (G) x M (G)) = M(G) for non-co-amenable quantum groups

G with M(G) # L1(G) (cf. (2.5)).

If G is a locally compact group, then Cy(G,) = Co(G) is the space of continuous functions on G
vanishing at infinity, and M(G,) = M(G) is the measure algebra of G. Correspondingly, Co(G,) = C%(G)
is the left group C*-algebra (respectively, Co(G) = C;(G) is the right group C*-algebra) of G, and we
have M(G,) = BA(G) (respectively, M(G) = B,(G)).

To end this section, we note that there is a universal quantum group C*-algebra C,(G) such that
its dual space Cy(G)* is a completely contractive unital Banach algebra, containing M(G) as a norm
closed two-sided ideal. For the commutative quantum group G,, we have C,(G,) = Cy(G); for the co-
commutative quantum group G, we have Cy(G;) = C*(G), the full group C*-algebra of G. It is known
that G is co-amenable if and only if M(G) = C,(G)* (respectively, Co(G) = C,(G)). The reader is
referred to [1] and [3] for details.

3. THE DUAL BANACH ALGEBRA STRUCTURE ON M7, (L1(G))

Let G be a locally compact quantum group. Let us first recall from [16] that a linear map T on L (G)

is called a right centralizer (respectively, a left centralizer) if
T(f*g)=fxT(g) (respectively, T(f xg) =T(f)*g)
for all f, g € L1(G). A double centralizer is a pair (S,T) of maps on L;(G) such that
fxS(g)=T(f)»g

for f, g € L1(G). We let C7(L1(G)), CY(L1(G)), and Cup(L1(G)) denote the spaces of completely
bounded right, left, and double centralizers on L1 (G), respectively. We regard C", (L1(G)) and C%, (L1(G))
as operator subspaces of CB(L1(G)). Then C% (L1(G)) and C,(L1(G)) are unital (and thus faithful)
completely contractive Banach algebras with multiplication given by the opposite composition and the

composition, respectively. The operator space matrix norm on Cu(L1(G)) is given by

1[(Sis, Tij)]llew = max{||[Si;]llet, [1[Tis]llen }

and the multiplication is given by

(S1,T1) o (S2,Tp) = (S1 0 Sa, Ty, 0T1).
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For each u € M(G), we can obtain the left and right multiplication maps

ml(f)=pxf and mi(f)=fxp

lﬂ, m},) is a double centralizer on L;(G) such that

on L1 (G). Tt is easy to see that (m
1y mi)llew = max{ oy, llev, Iy lleo} < [lpll-

This defines an injective completely contractive algebra homomorphism from M (G) into C7,(L1(G)),

CL (L1(G)), and Cep(L1(G))), respectively.

C

Proposition 3.1. Let G be a locally compact quantum group. Then G is co-amenable if and only if we

have the completely isometric algebra isomorphisms

(3.1) Clp(L1(G)) = M(G) = C(L1(G))

via the maps m! and m”, respectively. When G is co-amenable, we also have
(3.2) Cop(L1(G)) = Cen(L1(G)) = Ciy(La(G)).

Proof. If (3.1) holds, then M (G) is unital and thus G is co-amenable (cf. [3, Theorem 3.1]).
Conversely, suppose that G is co-amenable. Then L;(G) has a contractive approximate identity {f,}.

Let
m":p € M(G) — my, € Ch(Li(G))

be the completely contractive algebra homomorphism, and T € C7, (L1(G)). We may assume that the net
{T'(fa)} has a weak*-limit € M(G) with [|u|| < ||T|| < ||T||c- Then we have T' = mj,, since

(i (Fa) = (frma) = s f) = Hm(T(fu), 2% f)
lin(f T fa), 2) = B (T(f % o)) = (T(F), 2)

for all f € L1(G) and 2 € Cy(G). This shows that m” is an isometric algebra isomorphism from M(G)
onto C%(L1(G)). By a standard matricial argument, it is easy to see that m” is completely isometric.
Similarly, we have the completely isometric algebra isomorphism M (G) = C%, (L1(G)) via m!.

Now if (S,T) is a double centralizer in Ce(L1(G)), then T' € C7(L1(G)) and thus T = mj, for some

l

s since

w € M(G). In this case, we must have S =m

FxS(9) =T(f)xg=my(f)xg=(Fxp)xg=fx(nxg)=fxmg)
for all f, g € L1(G) and the multiplication * on L;(G) is faithful. This shows that the map

m:p € M(G) — (m!,m") € Cu(L1(G))

o o

is a completely isometric algebra isomorphism from M (G) onto C.,(L1(G)), and thus (3.2) holds. O
p y g P s
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In the rest of this section and in Section 4, we will mainly study results related to completely bounded
right centralizers. The corresponding results can be obtained analogously for completely bounded left or
double centralizers, which will be mentioned briefly at the end of Section 4.

Let us recall from [17] that the adjoint mapping
T € Co(L1(G)) — T™ € CBY, (6) (Lo (G))

defines a completely isometric algebra isomorphism from C7,(L1(G)) onto the algebra CB () (Loo(G))
of normal completely bounded right L;(G)-module homomorphisms on L. (G). Moreover, it was shown
in [17] that each T € C7,(L1(G)) is uniquely associated with a completely bounded right multiplier b in
Loo(G), for which we have p(f)b' € p(L1(G)) for all f € Li(G), the map

(3.3) mj, : f € Li(G) — p~ (p(/)}) € L1(G)

is completely bounded, and T = mg,. Therefore, we may regard V' as a concrete realization of the
right centralizer T. This can be regarded as the quantum group analogue of Wendel’s theorem [40] for
centralizers on convolution algebras L;(G) and Losert’s theorem [27] for centralizers on Fourier algebras
A(G), where G is a locally compact group.

We let M7, (L1(G)) denote the space of completely bounded right multipliers on L1 (G). Then M}, (L:(G))
is a unital subalgebra of Lo, (G'). Clearly, p(Li(G)) € M, (L(G)), and my .y =mj for f € Li(G). We
can completely isometrically and algebraically identify C7,(L1(G)) with M7 (L1(G)) if M7 (L1(G)) is

equipped with the operator space matrix norm from C7,(L(G)), i.e., we let

110351t a2 () = 105, Tlet-

Remark 3.2. We note that double (respectively, right and left) multipliers for Kac algebras K have been
studied by Kraus and Ruan in [19], where they obtained a representation of bounded double centralizers
(respectively, completely bounded double centralizers) as closed and densely defined operators (respec-
tively, bounded operators) on a dense subspace of Lo(K). The existence of a nice antipode x on K plays
an important role in their proof. Using the representation theorem in [17], we are able to prove the above
much stronger result on one-sided (i.e., right or left) completely bounded centralizers over general locally

compact quantum groups.

The following proposition is the quantum group analogue of [19, Proposition 5.8]. We include the proof

here for the convenience of the reader.

Proposition 3.3. Let G be a locally compact quantum group. Then, for each n € N, the closed unit ball
of M,,(M7,(L1(G))) is weak* closed in M, (Lo (G')).
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Proof. We first consider the case when n = 1. Let {0/} be a net in the closed unit ball M2 (L1(G))
of M’,(L1(G)) such that b — b € Loo(G’) in the weak* topology. Then p(f), — p(f)b' in the weak*
topology for all f € L1(G), and we have

(3.4) (B f), £y = - . p(f)) = (ol )b, £1) = (Y, F1) = (- F, p(f)) = (pu (V- £), £)

for all f' € L1(G') and f € Li(G). By [17, Proposition 4.1], ||5§||Mgb(L1(G)) < 1 is equivalent to that

1l (0 - )T < Mo« (Fi)I

for all [f},] € My,(L1(G’)) and m € N. Then we can conclude from (3.4) that for any [fs] € M,(L1(G))1,

we have
1o (b Fia)s Fe))ll = Timn [ [{ps (B - fr), Sl 111 < Wlpw (Fr0)]I
It follows that
1o« - il < Nl (]I,
and hence b’ € M’ (L1(G));.
We can analogously prove that the closed unit ball of M,,(M?,(L1(G))) is weak* closed in M, (Lo (G'))
for general n € N. The only thing we need to remark here is that for this purpose, we need a matricial

version of [17, Proposition 4.1]. That is, we need to show that a matrix element [3;]] € M, (Loo(G)) is
contained in the unit ball of M,, (M, (L1(G))) if and only if

o< % - Fell < o (S0

for all [f};] € Mm(L1(G')) (m € N). This can be shown by the same argument as used in the proof of [17,
Proposition 4.1]. We omit the details here. O

For any f' € L,(G’), we may define a linear functional g on Mg, (Li(G)) via
(3.5) (s, by = (¥, ).

Since || - | @y < I+ llaz, (2 (@)), we see that oy € My, (L1(G))* with [lag || < I/'|l. Hence, we obtain

an injective contraction
a: Ly(G') = MG(Li(G))".

The map « is actually completely contractive, since p(L1(G)) is weak*-dense in Lo (G’), and we have
I ar, (oo @y < Iz, (a7, (24 (@))) for all n € N. Thus we can identify Ly (G') with the subspace a(L1(G'))
of M’,(L1(G))*, which yields a new operator space norm on Ly (G’). We let

Q (L)) = a(La(@) | € My (Ly(G))"

(3.6) a: fle Ll((f}’) —aj € Q" (L1(G))
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defines an injective complete contraction from Li(G’) into Q"(L1(G)). Now we are ready to prove the

following quantum group analogue of [19, Theorem 6.2].

Theorem 3.4. Let G be a locally compact quantum group. Then the adjoint of the inclusion map

Q" (L1(G)) — ML (L1(G))* induces a complete isometry
M (L1 (G)) = Q"(L1(G))"™.

Proof. For every i € M, (L1(G)), we define a linear functional F;, on Ly(G) by

The definition of Q" (L1(G)) yields that

|<Fi,/af/>| = \(l;/af/ﬂ < ”B/HMCTb(Ll(G))”f/”QT(Ll(G))
for all f/ € Ly(G’). Thus F;, extends to a bounded linear functional on Q" (L1(G)), which is still denoted
by Fj,, such that [|F, || < [|6'||arr, (2, (c))- Analogously, we see that IF, Il < 1185511217, (2.1 (6))> Whence
F:ML(Li(G)) — Q"(L1(G))* is a complete contraction.
On the other hand, suppose that f € Q"(L1(G))* with ||f|| = 1. Since
[ N lgrzaey < IF

for all f' € Li(G’), we have i)’f = flr, @ € L1 (G)* = Lo (G'). We claim that IA)} lies in the closed unit
ball of M7 (L1(G)). Assume that this were false. Then, in view of Proposition 3.3, the Hahn-Banach
theorem entails that there is f' € Li(G’) such that

(3.7) |, <1
for all o' € M, (L,(G));, while
(3.8) ¥, f) > 1.

By (3.7), we have |||

or(L.(@)) < 1, whence

[, S = 1IN NN Nlgrnaen < 1

which contradicts (3.8). Therefore, B’f € M5 (L1(G)), as claimed. Since FB} = f, this shows that F
is surjective and ||F,fH = Hi’/fHMgb(Ll(G)y Thus, F is an isometric isomorphism from M, (L:(G)) onto

Q" (L1(G))*. A corresponding matricial argument shows that F' is in fact a complete isometry. O

As M7 (L1(G)) is a completely contractive Banach algebra, there is a canonical M7, (L1(G))-bimodule
structure on M, (L1(G))*. In particular, for w € Q"(L1(G)) and @’ € M, (L1(G)), we have the bounded

linear functionals @' - w and w - &’ on M7, (L1(G)) via

(M,a - w) = ('a',w) and (M, w-a') = @V,w) O e My(L(G))),
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which induce the complete contractions
a1+ My(L1(G)®Q"(L1(G)) — MG (L1(G))" and ¢ : Q"(L1(G))®M(L1(G)) — Mg, (Li(G))"

When w € Li(G'), viewing &’ € M, (L1(G)) in Lo (G'), we see that @’-w describes exactly the canonical left
action of Lo, (G) on L1(G'), and hence we have & -w € L1(G’). Since L;(G’) is norm dense in Q" (L1 (G)),
we conclude that the ranges of the complete contractions ¢; and ¢, are contained in Q" (L1(G)), and thus
Q" (L1(G)) is an operator M7, (L1 (G))-bimodule. Therefore, we have the following quantum group version
of [19, Proposition 6.3].

Proposition 3.5. Let G be a locally compact quantum group. Then Q"(L1(G)) is an operator M, (L1(G))-
bimodule, and M2, (L1(G)) is a completely contractive dual Banach algebra.

Identifying L, (G) with the subalgebra p(L1(G)) of M7, (L1(G)), we obtain an L, (G)-bimodule action
on Q" (L1(G)) given by
fro=p(f) w and w-f=w-p(f)
for f € L1(G) and w € Q"(L1(G)). Recall that p(L1(G)) is weak* dense in Lo (G). We can thus conclude

this section with the following analogue of Proposition 2.2. See Section 4 for further discussions on the

relation between Q" (L1(G)) and Cy(G).

Proposition 3.6. Let G be a locally compact quantum group. Then we have
Q"(L1(G)) = (L1(G) - Q"(L1(G))) = (Q"(L1(G)) - L1(G)).
This also implies that
Q"(L1(G)) = (M33(L1(G)) - @"(L1(G))) = (Q"(L1(G)) - M5 (L1 (G)))-

Therefore, the space Q"(L1(G)) can be expressed as

Q" (L1(G)) = (L1(G) - Li(&") = (L1 (G") - L (G))
via the completely contractive injections p : L1(G) — M7, (L1(G)) and a : Li(G') — Q"(L1(G)).

4. WEAK*-WEAK™ CONTINUITY OF THE REPRESENTATION ©" OF M, (L1(G))
Let G be a locally compact quantum group. In this section, we first show that the completely isometric

algebra isomorphism ©7 in (1.1) is weak™-weak™ continuous from M}, (L1 (G)) onto CBZ’L?G()G) (B(L2(G))).

Let us recall from operator space theory that the space CB (B(L2(G))) of normal completely bounded
maps on B(L,(G)) is a dual operator space with K(L2(G))®7 (L2(G)) as its operator predual, i.e., we

have the complete isometries

(4.1) CB? (B(L2(G))) = CB(K(L2(G)), B(L2(G))) = (K(L2(G))&T (L2(G)))".
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Note that the operator projective tensor product space K(L2(G))®7 (L2(G)) can be completely isometri-
)®

cally identified with the Haagerup tensor product space 7 (L2(G)) @" T (L2(G)) via the identification

Ten QWer gy = Wepy @ Wer s

where x¢ ,, is the rank one operator given by z¢ ,(¢) = (¢|1)€, and wes ,y is the normal linear functional

given by wer v (x) = (x€'|n’). Thus we can also write
CB? (B(La2(G))) = (T (L2(G)) ®" T(L2(G)))* = B(La2(G)) @ B(L2(G)),

where ®°" is the extended Haagerup tensor product (cf. [11], [6], [4], and [7]). Under these identifications,
a map ® on B(L2(G)) is contained in CB? (B(L2(G))) if and only if there exist two nets {a;} and {b;} in
B(L2(G)) such that sup{||a;||} sup{||b:]|} = ||®||e» < o0 and

(D(ze,n), wer ) = Z(aﬂg,nbi,%',n'> = Z(aiﬁln'ﬂbiﬁ’lm = (D, we,y ®wer )
for all ga n, 5/3 77/ € LQ(G)

Considering the complete quotient
1w € T(La(G)) — f' = wl,_ gy € I1(G)
via the restriction to LOO(@’) (see Section 5 for details), we can obtain the complete quotient
e © e - T(La(G)) ©" T(La(G)) — Li(G) @" Li(G).

The adjoint of s, ® mg, is a weak™-weak™ continuous completely isometry from (L1 (G") @" L1(G'))* into
CB?(B(L2(G))), whose range space is the weak™ closed subspace CB7 @) (B(L2(G))) of CB?(B(L2(G)))
consisting of normal completely bounded Lo (G)-bimodule homomorphisms on B(La(G)). This provides

us a weak*-homeomorphic completely isometric isomorphism
CBUOO(G)(B(LQ(G))) o (Ll(G/) ®h Ll(Gl))* _ Loo(G/) ®eh Loo(@f,)-

Then a map ® on B(L2(G)) is contained in CB‘Z (G)(B(Lg (G))) if and only if there exist two nets {a.} and
{0/} in Loo(G') such that ®(z) = 3, ajab, for all z € B(Ly(G)). In this case, for given f/, §' € L(G),
we can find &, €, 0, € Ly(G) such that f' and §' are the restrictions of we o and wer p to Loo(G),

respectively. Therefore, we have the duality
(@, fof)= Zf = (@igln’) (Bg' In) = (@(we,n) wer )

It is also easy to see that CB?’ L?}()G)(B(LQ (G))) is a weak™ closed subspace of CB7 @) (B(L2(G))) (and

hence of CB? (B(L2(G)))). Then it is a dual operator space and its operator predual is a complete quotient
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of L1 (G) ®" L1(G) (and hence of T(B(Ly(G))) @" T(B(L3(G)))). Let us still use ©" for the completely

isometric inclusion

(4.2) O : M7 (L1(G)) — CBS o (B(Ls(G))) = Loo(G) @ Log(@).

Loo(G)
Then the restriction 7, = (@T)*|L1(@,)®hLl(@) of the adjoint map (O©")* defines a complete contraction

from L, (G') @" L,(G') into M%(L1(G))*.

Theorem 4.1. Let G be a locally compact quantum group. Then the induced map m¢, is a complete

quotient from L (G') @" Li(G') onto Q"(L1(G)) so that ()" = ©". Therefore,

6" My,(L1(€)) = CBY ) (B(Ls(G))

is a weak*-homeomorphic completely isometric algebra isomorphism.

Proof. The theorem has been proved in [30, Proposition 4.4 and Proposition 4.8] for the case where G
is commutative or co-commutative. For general G, we need to consider the antipode S’ of (G’, which, in
general, is an unbounded operator on Lo (G’). Recall that the domain D(S’) of § is a dense subspace of
Loo(G'), which contains all (¢ ® f)(V*) = (f @ )(V) with f € L (G), and we have

S' (o V) =S((fo)(V) = (o)) = (e V),

where V = SV*%. It is seen that, for f € Ll(G’), the map f’ oS’ is not necessarily contained in Ll(G’).

Thus we need to consider a relatively smaller space
L1 .(G) = {f" € L1(G') : there exists §’ € L1(G’) such that §'(z') = f* o §'(2') for all ' € D(5")},

where f"*(#') = (f’ i%) (&' € Loo(G')). Tt is known by [39, §1.13] that L .(G') is a dense subalgebra of
L1(G'). Tt is worthy to note, though it is not needed here, that there is an involution on L; .(G’) given
by f'° = f"* 0 §' such that LL*(G’) is an involutive Banach algebra with the norm given by

1Nz, . @y = max{[LFIl 1711}

Let f € L1(G). Then p(f) € M7 (L:1(G)), and we have
0" (p())() = O5(f)() = (@ HV( @ V) € CB] o (B(L2(G))) = Loo(G') © Loo(G).

It follows from the duality (4.2) that for all f' € L;(G’) and §’ € Ly .(G), we have

(mo(f ®8).0(f)) = (F @0 (p(f)) =/ ©)(V)(G @)(V),f)
(f'® (5" 0 8) ©1)(ViaVas), ) = ((f' @ (§" 0 §')" @ ) (Vi3 VasVia), f)

(
(
= (@@ o8, Vi@epf)V)=(G"o8) & [, V(e(f)® V")
(3" 08" % ['.0(f)),
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where we use in the second equality the fact that
V=SV*T=30®8)(V)E = (5 @) (V*),
and thus
@ @)V =@ @)(V) =[(§" oS @)(V)]" = ((§' o 5" @)(V).
This shows that
mo(f ©§) = (5" 08« ' € Li(G') € Q"(L1(G))??

Therefore, 77, is a complete contraction from Ly (G @" L1(G') into Q" (L1 (G)), and hence the adjoint

map (7g)* is a weak™-weak™ continuous complete contraction from M/ (L1(G)) into Loo(G) @7 Loo (G).
Clearly, by definition, we have (7g,)* = ©". It follows that , is a complete quotient from Ly (G' )®hL1(G’ )
onto Q" (L1(G)), and thus O is a weak*-weak* continuous completely isometric algebra isomorphism from

M, (L1(@)) onto CB} =19 (B(Ls(G))). O

Remark 4.2. Tt is shown in [30, Proposition 4.4] that if G is a locally compact group equipped with the

left Haar measure 1, then the map
mo(id@ k) : f®ge Li(G)@" Li(G) — fxr.(g) € L1(G)

induces a complete quotient map from L;(G) ®" L;(G) onto Q(G). If we replace u by the right Haar
measure v = [i O Kq, then a simple calculation shows that this map is actually the same as the map

discussed in Theorem 4.1.

Next, we consider the weak*-weak* continuity of the following canonical embedding of M(G) into
M7 (L1(G)). Let
p: M(G) — Mj(Li(G))

be the composition of the injective completely contractive algebra homomorphism M(G) — C7,(L1(G)),

T

po my,

(see Section 3) and the completely isometric algebra isomorphism C7,(L1(G) = M7 (L1(G)),
mi, — b as shown in [17]. Then 5 : M(G) — M7 (L1(G)) is an injective completely contractive algebra

homomorphism satisfying p(f) = p(f) (f € L1(G)). Therefore, for all f € L;(G) and p € M(G), we have
p(f)p(p) = p(f)p(p) = p(f * 1) = p(f * 1),
Z.

Note that (p|z, ()" : M7 (L1(G))" — Loo(G). We let

and hence mg(u) =m

P = (Plr. () lor i) : Q" (L1(G)) = Loo(G).

Then j, is completely contractive. Moreover, for all f' € Li(G') and f € L1(G), we have

(Bl F), 1) = (£ (F)) = (F'.0(£)) = (pu(£), 1),
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and thus g, (f') = p.(f') € Co(G). Therefore, we have
pr : Q"(L1(G)) — Co(G).
Clearly, we have the following two commutative diagrams of complete contractions:
Li(&) £ Co(G)

(43) a N\, /‘ P
QA (L(G))

Li(G) =  My(Li(G))
(4.4) i\ a

where i : L1(G) — M(G) is the inclusion map.
Recall that Q" (L1 (G)) is an operator M7, (L1(G))-bimodule. It is easy to see that the diagrams (4.3) and
(4.4) are compatible with the associated canonical bimodule structures. More precisely, for all u € M(G)

and w € Q" (L1(G)), we have

(4.5) F() - w) = pxpu(w)  and 5w pl) = pu(w) *

Therefore, not only formally analogous, Proposition 2.2 and Proposition 3.6 are actually related via
the intrinsic connection between the M (G)-bimodule structure on Cy(G) and the M, (L1(G))-bimodule
structure on Q" (L1(G)).

Proposition 4.3. Let G be a locally compact quantum group. Then p. : Q"(L1(G)) — Co(G) is a
complete contraction, and
p=(p)" : M(G) — M[(L1(G))
is a weak*-weak* continuous injective completely contractive algebra homomorphism.
Proof. We only need to show that p = (p,)*. It is easy to see that p and (p.)* agree on Li(G). Let
f€Li(G) and u € M(G). Then
(P=)"(F > g) = p(f x 9) = p(f)p(9) = p(f)(P)"(9)

for all g € L1(G). Since M(G) and M7, (L1(G)) are dual Banach algebras and L1(G) is (M (G), Co(G))-
dense in M(G), we have

(D)™ (f % 1) = p(F) ()" (1)
On the other hand, since f x u € L1(G), we have

(D) (f %) = p(f ) = p(f)p(p).
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It follows that
p(N)(H) = p(f)(p) (1) in M(L1(G)) and hence in Log(G').
Therefore, () = (p.)*(p) for all € M(G), since p(L;1(G)) is weak*-dense in Lo (G'). O

The following theorem is the quantum group analogue of Kraus and Ruan [19, Proposition 7.4 and
Theorem 7.6]. We are able to provide a much simpler proof here due to the representation theorem in
[17].

Theorem 4.4. Let G be a locally compact quantum group. Then the following are equivalent:

(1) G is co-amenable;
(2) p: M(G) — M} (L1(G)) is a weak*-homeomorphic completely isometric algebra isomorphism;
(3) p Q”"(Ll( )) — Co(G) is a completely isometric linear isomorphism;

(3") pu: Q"(L1(G)) — Co(G) is a bounded linear isomorphism.

In particular, L1(G) is unital, i.e., G is a discrete quantum group, if and only if we have
Ll(G) - M(G) = Zb(Ll(G))'

Proof. (1) < (2) & (3) follows from Proposition 3.1 and Proposition 4.3, and (3) = (3') is obvious.
Suppose that (3’) holds. Then p, is a bounded linear isomorphism from Q" (L1(G)) onto Cy(G), and

hence p = (p«)* : M(G) — M}, (L1(G)) is surjective. Therefore, M(G) is unital, and thus the quantum

group G is co-amenable (cf. [3, Theorem 3.1]). O

Using Theorem 4.4 and a similar argument as that given in [19], we can easily obtain the following
quantum group analogue of [19, Theorem 7.6]. A direct proof can be found in the recent paper [18] by

Kalantar and Neufang.

Theorem 4.5. Let G be a locally compact quantum group. Then the following are equivalent:

(1) G’ is co-amenable;

2) ()l = ILFNl for all positive f € L1(G);
(3) There exists ¢ > 0 such that ||f|| < c||p(f)| for all positive f € Li(G).

Remark 4.6. (i) For a locally compact group G, it is known by Bozejko [5] (for discrete case) and Losert
[28] and Ruan [36] (for non-discrete case) that G is amenable if and only if B(G) = M (A(G)). However,
it is still open whether the corresponding result holds for general locally compact quantum groups.

(ii) It is seen from Proposition 4.3 that p. : Q"(L1(G)) — Co(G) is injective if and only if p(M(G))
is weak*-dense in M7, (L1(G)), which is true if and only if p(L1(G)) is weak™-dense in M7, (L1(G)). By
Theorem 4.4, this is the case if G is co-amenable. It is not clear whether this is true for non-co-amenable

quantum groups G.
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(iii) Considering the connection between Propositions 2.2 and 3.6, it might be interesting to see whether
there exists a Q" (L1(G)) action on M7, (L1(G)) that is compatible with the canonical Cy(G)-bimodule
structure on M (G) (cf. Proposition 2.1).

Finally, we note that the corresponding results for the completely bounded left centralizer algebra
CL(L1(G)) and the completely bounded left multiplier algebra M/, (Li(G)) can be obtained via the
left regular representation A\ and the left fundamental unitary W. For instance, there is a one-to-one

correspondence between S € C!, (L1(G)) and a € MY, (L1(G)) (C Loo(G)) such that
(4.6) S=mj : f € Li(G) — A" (aX(f)) € L1(G).
We can define the space Q'(L;(G)), show the complete isometry
M (L1(G)) = Q'(L1(G))*,
and obtain a weak*-homeomorphic completely isometric anti-algebra isomorphism

' : M, (L1(G)) = CB7 =W (B(L2(G))):

Also, we can prove that G is co-amenable if and only if Q'(L1(G)) = Co(G), or equivalently, M}, (L1(G)) =
M(G), and so on.
It is interesting to remark that, since the two regular representations p and X are related by the unitary

operator U = J.J on Ly(G), i.c., we have p(-) = UN(-)U* (see (2.6)), we can also express S in (4.6) by

S(f)=p '@ p(f)),

where @' = UaU* € Loo(G'). That is, we can identify M, (L;(G)) with U(M!,(L1(G)))U*, the space of
elements @ in Lo (G') such that @/ p(f) € p(L1(G)) and

(4.7) mi : f € Li(G) — p~H(@'p(f)) € L1(G)

is completely bounded.
With this setting, we can obtain the following correspondence between completely bounded double

centralizers and completely bounded double multipliers for general locally compact quantum groups.

Theorem 4.7. Let G be a locally compact quantum group. Then every completely bounded double central-
izer (S,T) € Cop(L1(G)) is uniquely associated with an operator V € Log(G') such that for all f € L1(G),
we have ¥p(f), p(F)¥ € p(L(G)) and

mh, () = 7 Fp()) and my,() = p~ (o))

are completely bounded maps on L1(G) with S = mé, and T =m;,.

Therefore, we can define the completely bounded double multiplier algebra M.,(L1(G)) to be the space
of all these operators b in Loo(G'), and we can completely identify Cuy(L1(G)) with My (L1(G)).
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Proof. Given any (S,T) €

Cwp(L1(G)), it follows from our discussion above that there exist a’ and b in
Loo(G') such that @' p(f), p(f)b €

p(L1(G)) and

S(f)=p~"(@p(f)) and T(f)=p~"(p(H)V)

for all f € Ly(G). It suffices to show that @’ = b'. Since (S,T) is a double centralizer on Ly (G), we have

Fxp=(@p(g)) = f*S(g) =T(f)xg=p~"(p(HV) xg
for all f, g € L1(G). Applying p to both sides of the above identity, we obtain

p()a'p(g) = p(H p(g),
and this implies that ' = ¥, since p(L1(G)) is weak*-dense in Lo (G'). O
We can analogously define the space Q(L1(G)) and prove the complete isometry

Q(L1(G))" = Map(L1(G)) = Mgy (L1 (G)) N M (L1(G)).
In this case, Q(Li(G)) is actually completely isometric to Q'(Li(G)) + Q"(L1(G)) in the category of
operator spaces. We omit the details here.

5. LUC(G) aNnD RUC(G)

Let G be a locally compact quantum group. We recall that the right fundamental unitary V of G

induces a co-associate co-multiplication
I'":2 € B(L2(G)) = V(@ 1)V* € B(L2(G))RB(Lo(G))

on B(L2(G)), and the restriction of I'" to Lo (G) is equal to the co-multiplication I' on Lo (G). The

pre-adjoint of I'" induces an associative completely contractive multiplication
brw @wy €T (La(G))RT (La(G)) — wy bwy = (wy @wy) oI" € T(La(G)).
Correspondingly, the left fundamental unitary W of G induces a co-associate co-multiplication
T2 € B(La(G)) — W*(1® z)W € B(La(G))@B(La(G))

on B(Ly(G)), and the restriction of T to Lo, (G) is also equal to the co-multiplication T' on Lo, (G). The

pre-adjoint of I'* induces another associative completely contractive multiplication
4w Qg € T(LZ(G))®T(L2(G)) — w1 <wy = (wl (24 WQ) o Fl S T(LQ(G))

We remark that in the setting of locally compact groups G, the above type of multiplicative structure
on T (Ly(G)) has been studied in [29], [31], [30], and [32]. Let J be the conjugate linear isomorphism on
Ly(G) obtained via the von Neumann algebra L..(G) with the left Haar weight ¢. Then R(z) = Ja*J
defines an *-anti-automorphism on B(L2(G)), which maps Loo(G) onto Loo(G) and maps Leo(G) onto
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LOO(G’). The restriction R = R‘Lw(@,) is the unitary antipode of G. Using R, we obtain a completely
isometric involution © on 7 (Ly(G)) given by w® = w*o R (w € T(L2(G))). We can also obtain a completely
isometric involution © on L1 (G) given by f° = f*o R (f € L1(G)).

Proposition 5.1. Let G be a locally compact quantum group. Then the involution ® on T (L2(G)) satisfies
(W1 P we)® =wd<aw (wy,ws € T (L2(G)).
Proof. Recall that the left and right fundamental unitary operators W and V are related by the formula
V=x(JeJJ)WJeJ).

Thus, for given wy and we in 7(L2(G)) and z in B(L2(G)), we can obtain

(w1 b wy)®, @) = (wybws, R(@*)) = (wy bws, Jaod) = (w1 @ ws, V(JaJ @ 1)V*)

= (W RwWLISJNW*(A@z)W(J®J)L) = (W aw?, ).
Therefore, we have (w1 >w2)® = wf <w? (w1, wa € T(L2(G))). O

We note that the multiplication > on 7 (Lo(G)) is always left faithful, since wy > wy = 0 for all
wgy € T(L2(G)) implies that w; = 0. However, the multiplication > is not right faithful on 7 (Ly(G)) if

Lo (G) # B(L2(G)), or equivalently, if G is non-trivial. Indeed, since V € Lo (G')® Lo (G), it is easy to
see that for wy € 7 (L2(G)) and x € B(L2(G)), we have

(Wi ®)olM(z) = (w1 ®@)(V(x®1)V") € Loo(G).

Therefore, if ws is any element in the pre-annihilator L (G)1 of Loo(G) in T(Lo(G)), then wi b ws =0
for all w; € 7(L2(G)). Corresponding, the multiplication < on 7 (Ls(G)) is right faithful, but not left
faithful if G is non-trivial.

The following Lemma shows that we may regard (7 (L2(G),>) (respectively, (7 (L2(G),<)) as a lifting
of L1(G). This phenomenon has been observed in [29], [31], and [30] for L;(G) and A(G) of a locally

compact group G.

Lemma 5.2. Let G be a locally compact quantum group. Then the pre-annihilator Loo(G) 1 of Lo (G)
in T(Ly(G)) is a norm closed two-sided ideal in (T (La(G)),>) (respectively, in (T (La(G)),<) ), and the
complete quotient map

w € T(L2(G)) — f =wlr.) € L1(G)
is an involutive completely contractive algebra homomorphism from (T (L2(G)),>) (respectively, from
(T(L2(G)),<)) onto L1 (G).

Therefore, we have the completely isometric involutive Banach algebra identification

(L1(G), %) = (T (L2(G))/ Loo(G) L, ») (respectively, (L1 (G), %) = (T (L2(G))/ Lo (G) L, <)),
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Proof. Tt suffices to show that for w € T(L2(G)) and w’ € Loo(G) 1, the products w>w’ and ' >w are
contained in Lo (G). To see this, let « be an arbitrary element of Lo (G). Then we have

(wrw ) =(wew, Ve )V*) = (we T(x))=0.
Similarly, we have w' > w € Loo(G) . Therefore, Loo(G), is a

This shows that w > w' € Loo(G)..

(G)L
norm closed two-sided ideal in (7 (L2(G)),>). We can analogously prove that L..(G) is a norm closed

two-sided ideal in (7 (L2(G)),<). The final statement follows from Proposition 5.1 and the fact that
(wibwa)lr. (@) = (w1 Qwa)|L_(g) for all wi, wa € (7 (L2(G)). O

The multiplications > and < define on B(L2(G)) a completely contractive right (7 (L2(G)),>)-module

structure

(z,w) € B(La(G)) x T(La(G)) = 2w = (w ) (V(z ® 1)V*) € Loo(G) C B(Ly(G))
and a completely contractive left (7(Ly(G)),<)-module structure

(w,7) € T(La(G))BB(La(G)) = waz = (1@ w)(W* (1@ 2)W) € Loo(G) € B(Ls(G)).
In particular, if # € Loo(G) and f = w|y,_(g) with w € T(Ls(G)), then we get
(5.1) spw=(w®)(@) =2+ f and z4w=(@w)(z) = f*z,

where z x f and f * x are the natural right and left L;(G)-module actions on L. (G), respectively.
Recall that the subspaces LUC(G) and RUC(G) of Ly (G) are defined by

LUC(G) = {(Loo(G) x L1(G)) and RUC(G) = (L1(G) * L (G))
(cf. [13] and [37]).
Proposition 5.3. Let G be a locally compact quantum group. Then we have

(1) LUC(G) = (LUC(G) * L1(G)) = (B(L2(G)) > T(L2(G)));
(2) RUC(G) = {L:(G) » RUC(G)) = (T(Ls(G)) 1 B(L2(G))).

Proof. Tt is clear from the definition that
(LUC(G) » L1(G)) € LUC(G) € (B(L2(G)) > T (L2(G)))-
Now given y € B(L2(G)) and w1y, wa € T (L2(G)), we get
z=ybw; = (w1 @)V(y® 1HV* € Lo (G),
and thus if let fo = ws|r_(¢) € L1(G), then we have

y>(wibws) = (yrpwr)bws =x* fo € LUC(G).
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Since the multiplication > is a complete quotient from 7 (La(G))®7 (L2(G)) onto 7 (La(G)), we have
(T(L2(G))>T(La(G))) = T(L2(G)), and hence we get (B(L2(G))>T7 (L2(G))) € LUC(G). Applying this

argument again, we conclude that
(B(L2(G)) > T (L2(G))) € (LUC(G) * L1(G)).
This proves (1). The proof for (2) is similar. O

Proposition 5.4. Let G be a locally compact quantum group. Then the following are equivalent:
(1) G is co-amenable;
(2) (T(L2(G)),>) has a contractive (or bounded) right approximate identity;
(3) (T(L2(G)),<) has a contractive (or bounded) left approximate identity.

Proof. We only prove (1) < (2). The equivalence (2) < (3) follows from Proposition 5.1. Let us first
assume that {f,} is a contractive right approximate identity of L1(G). For each «, we let w,, € 7 (L2(G))
be a contractive normal extension of f,. We shall show that {w, } is a contractive weak right approximate
identity of (7 (Lz2(G)),r).

Indeed, for given wy,ws € T(L2(G)), let f; € L1(G) denote the restriction of w; to Loo(G) (i =1, 2).
Then for any x € B(L2(G)), we have x>wy € LUC(G) C Lo (G), and hence

(b Pwa)Pwe,z) = (Wabwe,xbwi) = (fox fa,x>wr)
— (fy,zpw) = (W2, 2>w1) = (W1 >ws,T).
Since (T (L2(G))> T (L2(G))) = T (L2(G)) and {w, } is bounded, for all w € T (L2(G)) and = € B(L2(G)),
we also have
(WP wa, ) = (W, ).

By a standard convexity argument, we can get a contractive right approximate identity of 7 (Lo (G)).
Conversely, it is easy to show that if {w,} is a contractive (or bounded) right approximate identity for

(T (L2(G)),>), then fo = wa|r__(c) is a contractive (or bounded) right approximate identity for L1(G). O

The corollary below is an immediate consequence of Proposition 5.4 and Cohen’s factorization theorem.

Corollary 5.5. If G is a co-amenable locally compact quantum group, then we have
(1) LUC(G) = LUC(G) x L1(G) = Lo (G) x L1(G) = B(L2(G)) > T (L2(G));
(2) RUC(G) = L1(G) x RUC(G) = L1(G) * Loo(G) = T(L2(G)) < B(L2(G)).

By Proposition 2.2, we see that Co(G) € LUC(G). It is shown by Runde [37] that LUC(G) is an
operator system such that

Co(G) C LUC(G) C M(Co(G)).
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Runde further showed that if G is co-amenable and Cy(G) has a bounded approximate identity contained
in the centre of Cy(G), then LUC(G) is a unital C*-subalgebra of M (Cy(G)) (cf. [37, Theorem 5.3]).
Moreover, results obtained by Salmi [38] show that LUC(G) is a unital C*-algebra if G is co-amenable
and the right fundamental unitary operator of G is regular.

Let us recall from Baaj and Skandalis [1] that a fundamental unitary operator V' is regular (respectively,

semi-regular) if {t @w)(ZV) 1w e T(LQ(G))}”N equals K(L2(G)) (respectively, contains (L2 (G))).

Theorem 5.6. Let G be a semi-regular locally compact quantum group. Then LUC(G) and RUC(G) are
unital C*-subalgebras of M (Cy(G)).

Proof. To show that LUC(G) is a unital C*-algebra, we only need to prove that LUC(G) is closed under
multiplication. We shall use below the expression LUC(G) = (B(L2(G))>T (L2(G)) (cf. Proposition 5.3).
Suppose that y; € B(L2(G)) and w; = we, n, € T (L2(G)) (i =1, 2). We can write
wi(x) = (&) = nj z&
for x € B(L2(G)). We want to show that
(5.2) (1> wi)(y2>w2) = (01 @03 @) Vis(y1 © 1@ D) VizVas(1 @ g2 @ 1)Vo3(61 @ L2 @ 1)

is contained in LUC(G). Notice that we can move 3 in the 2nd-leg and &; in the 1st-leg together to the

middle (between V% and Va3) to form the rank one operator « = x¢, ,,, and thus we can write (5.2) as
(5.3) (ew)(y2bwr) = @)V @ DV (@ )V (2 @ V(2 @ 1)

Since G is semi-regular, the rank one operator x can be approximated in norm by operators of the form

N N

D (1 ®wg ) (VE) =) (@n)V* (&)

k=1 k=1

Therefore, we can replace z in (5.3) by operators & = (¢t ® n*)V*(£ ® ¢), and it suffices now to show that
(5.4) MoV )V (Ee )V (@ )V (L @)

= (e @)Viz(y @1 )ViVisVas(l©ys @ 1)Vas(E @& @)
is contained in LUC(G). Using the pentagonal relation

VisViaVas = VasViy,

we replace V5V 5 Va3 in (5.4) by Va3V, and we express (5.4) as
(5.5) (@0 @)Vis(n @ 1@ 1)Vas V(1 @ g2 @ V55(E @ & @1

= e @YVisVas(in @l )VhH1leyp @ )Va(E &L @)

= M @)VEVaaVip(n @10 D)V5(1 0y @ 1)V (@& @ 1).
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Finally, since (77 @ *)V* can be approximated by finite sums >, 77 ; ® 755 ; in L2(G) ® L2(G), we can
replace (N} @ n* ® ¢)V7% in (5.5) by (77 ® 775 ® ¢) and obtain

(77 @172 @ )Va3Via(y1 @ 1@ DVip(1 @ 52 @ DV ((€ © &2 @ 1)) = (41> we 0 Jy2) b wes . € LUC(G).

This shows that LUC(G) is closed under multiplication .

We can analogously prove that RUC(G) is a unital C*-algebra by considering the left fundamental
unitary operator W. We can also show this by using the fact that RUC(G) is a C*-algebra if and only
if LUC(G) is a C*-algebra. In fact, for x € B(L2(G)) and w € T(L2(G)), by Proposition 5.1 and the

argument given in [37], we have

[w® < R(z™)]" = Rz pw) = (w*)° < R(z),
and hence R maps LUC(G) onto RUC(G). O

Remark 5.7. We expect that the spaces LUC(G) and RUC(G) are unital C*-algebras for all locally

compact quantum groups G.

6. LUC(G)*

Let G be a locally compact quantum group. It is known from Banach algebra theory that there exist

left and right Arens products O and < on Lo, (G)* = L1 (G)**, which are defined by
(uOv, ) = (u,v0Oz) and (udv,z) = (v, xzdw)
for all p, v € Lo (G)* and @ € Loo(G). Here vOz and x{u are operators in Lo, (G) defined by

WOz, [) = v,z x f) = (v, (f @ )T (x)) and (xOp, f) = (u, frx) = (u, (@ [)T(2)).

Then (Loo(G)*,0) and (L (G)*, <) are completely contractive Banach algebras. In this section, we
shall mainly study the completely contractive Banach algebra structure on LUC(G)* induced by the left
Arens product 0. The corresponding results for RUC(G)* via the right Arens product ¢ can be obtained
analogously.

Suppose that v € LUC(G)*. Then we can define a completely bounded linear map
(6.1) v @ € Loo(G) — vz € Loo(G)

on Lo (G) with ||vr]ler < ||v||. Moreover, the map vy, is a right L1 (G)-module homomorphism on L. (G),

since

WO+ f),9) = (v, (xx f)xg) = W,xx (fxg)) = WOz, fxg) = ((vOz) % £, 9)
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for all z € Loo(G) and f, g € L1(G). Therefore, vy also maps LUC(G) into LUC(G), i.e., the space
LUC(G) is left introverted in Loo(G). In this situation, the left Arens product O on Lo (G)* induces

naturally a completely contractive multiplication on LUC(G)*, also denoted by [J, so that the restriction
v € (Lo(G)",0) — v|Lve) € (LUC(G)",0)

is a weak*-weak* continuous completely contractive Banach algebra quotient from (L. (G)*,0) onto
(LUC(G)*,0O).

In the rest of the paper, we will simply use LUC(G)* to denote the algebra (LUC(G)*,0). It is known
from [14, Theorem 15] that LUC(G)* is unital (respectively, right unital) if and only if G is co-amenable.

Recall that (1 ® ¢)I'(z) € Co(G) and (¢ ® p)I'(x) € Co(G) for all p € M(G) and = € Cy(G) (cf. [20,
Definition 4.1]). This means that Cy(G) is two-sided introverted in Loo(G). Thus the Arens products OJ
and ¢ on Lo (G)* induce two completely contractive multiplications on Co(G)*. It is seen in Section 2
that these two Arens products on Cy(G)* are the same and both equal to the multiplication x on M (G).
Therefore, the map LUC(G)* — M(G), v — v|c, () is a weak*-weak™® continuous completely contractive
Banach algebra quotient from LUC(G)* onto M (G).

As mentioned in Section 2, every u € M(G) extends uniquely to a strictly continuous linear functional

i on M(Cy(G)), which automatically satisfies |||l = ||u||. We let
m: M(G) — LUC(G)", pr flLuce)-

The following two propositions on the map 7 are the quantum group versions of the corresponding results
by Ghahramani, Lau and Losert [9] on L1 (G), and by Lau and Losert [24] on A(G), noticing that in these
two cases, each u € M(G) has a unique norm preserving extension to LUC(G) (cf. [24, Lemma 1] and
[26, Proposition 4.4]). The situation for the C*-algebra LUC(G) introduced by Salmi is studied in [38].
We point out that the fact that « is an isometric algebra homomorphism as shown below is also stated
in [34, Lemma 4.1]. However, the proof given in [34] is not appropriately explained, missing the strictly

continuous extension property for u in M(G).

Proposition 6.1. The map 7 : M(G) — LUC(G)* is a completely isometric algebra homomorphism
such that

LUC(G)* = n(M(G)) & Co(G)™,
where Co(G)*+ = {u € LUC(G)* : pl|cy(@) = 0} is a weak* closed ideal in LUC(G)*.

Therefore, we can completely isometrically and algebraically identify M (G) with the Banach subalgebra
m(M(G)) of LUC(G)*.

Proof. It is easy to see that m: u € M(G) — fi|ruc@) € LUC(G)* is a well-defined linear isometry. A

natural calculation shows that 7 is a complete isometry. We note that the co-multiplication I' actually
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maps M (Cy(G)) into M(Co(G) ® Co(G)) and is strictly continuous on the closed unit ball of M (Cy(G)).
Then, for any v € M(G), the map

(t@v)oT : M(Co(G)) — M(Co(G))

is completely bounded and strictly continuous on the closed unit ball of M (Cy(G)). Thus, by the definition
of the product O on LUC(G)*, we obtain n(v)Ox = (t @ v)['(x) (v € M(G), z € LUC(G)). Therefore,
we conclude from (2.7) that

—
—~

(r()Or(v),2) = (r(p), 7)) = (1, (S V)T (2)) = (& v, D)) = (@5 0,2) = (w(uxv), )

forall u, v € M(G), and z € LUC(G). It follows that 7 : M (G) — LUC(G)* is an algebra homomorphism.

It is clear that Co(G)* is a weak* closed subspace of LUC(G)*, and we can obtain the Banach space
decomposition

LUC(G)* = n(M(G)) ® Co(G)*.

Fix v € Co(G)t, p € LUC(G)*, and x € Cy(G). Then vz = 0, since z x f € Cy(G) (cf. Proposition

2.2) and thus
(Wlz, f) = v,z % f) =0

for all f € L1(G). This shows that uv € Co(G)*, and hence Cy(G)* is a left idea in LUC(G)*. To get
that Co(G)* is a right idea in LUC(G)*, we let po = pilco(@) € M(G). Then

(uBz, f) = (p,x* f) = (po, (f @ )L (2)) = (f, (¢ ® po)T'(x))
for all f € Li(G). Thus pOz = (¢ @ po)T(z) € Co(G). This implies that vOu € Co(G)+. Therefore,
Co(G)* is a right idea in LUC(G)*. O
For every p € LUC(G)*, the right multiplication map
my, v € LUC(G)" — vOu € LUC(G)*

is weak*-weak* continuous on LUC(G)*; however, this is not necessarily true for the left multiplication
map

TﬁL v e LUC(G)" — pOv € LUC(G)™.
We let

Z/(LUC(G)*) = {p € LUC(G)* : m,, is weak™-weak™ continuous on LUC(G)*}

!
W
denote the topological centre of LUC(G)*.

Proposition 6.2. Let G be a locally compact quantum group. Then we have

M(G) C Z,(LUC(G)*) C LUC(G)*.
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Proof. Let p € M(G). Since Li(G) is a two-sided ideal in M(G), we have L1(G) » p C Li(G). By
Proposition 2.1, each f € L1(G) is strictly continuous on M (Cy(G)), and hence 7(f) = f for all f € L1(G).
We conclude from [14, Corollary 3] that p € Z:(LUC(G)*). Therefore, M(G) C Z(LUC(G)*). O

It is seen that LUC(G)* is a dual Banach algebra if and only if LUC(G)* = Z;(LUC(G)*). In the case
where G is a locally compact group, this is equivalent to that LUC(G)* = M(G) (since Lau [22] showed
that Z,(LUC(G)*) = M(G)), which is true if and only if G is compact. We show in [15] that LUC(G)*
being a dual Banach algebra is equivalent to the compactness of G when either Z,(LUC(G)*) = M(G)
or G is amenable with L;(G) separable.

Moreover, we can obtain that LUC(G)* is commutative if and only if G is co-commutative and compact.
In fact, LUC(G)* is commutative if and only if L;(G) is commutative and LUC(G)* = Z,(LUC(G)*),

which is equivalent to that L;(G) = A(G) for a locally compact group G and UCB(G)* is commutative;

as shown by Lau and Losert in [25, Proposition 5.1], this is exactly the case when G is discrete.

Proposition 6.3. The multiplication O on LUC(G)* is right faithful, and is left faithful in the following
cases:

(1) G is co-amenable, i.e., LUC(G)* is unital;

(2) G is an SIN gquantum group, i.e., LUC(G) = RUC(G);

(3) Li1(G) is quotient strongly Arens irreqular, i.e., M(G) = Z,(LUC(G)*).

Proof. Let us first show the right faithfulness of OJ. Suppose that v € LUC(G)* and pOv = 0 for all
w € LUC(G)*. Then for all x € LUC(G) and f € L1(G), we have (v,x x f) = (vOz, f) = (fOv,z) = 0.
Therefore, we have v = 0 by Proposition 5.3.

We consider now the left faithfulness of [ in the three given cases.

Case (1). Suppose that G is co-amenable. Then LUC(G)* is unital, and hence OJ is faithful.

Case (2). It is easy to see that the multiplication O on LUC(G)* is left faithful if and only if

(6.2) LUC(G) = (LUC(G)*OLUC(G)).
Suppose that G is SIN. By Proposition 5.3, we have
LUC(G) = RUC(G) = (L1(G) x RUC(G)) = (L1(G) x LUC(G)).

This implies (6.2) and thus the left faithfulness of the multiplication .

Case (3). Suppose that Z,(LUC(G)*) = M(G). Let p € LUC(G)* be such that uOv = 0 for all
v e LUC(G)*, ie., ml, =0 on LUC(G)*. Then p € Z,(LUC(G)*) and hence . € M(G). Therefore, we
have p = 0, since the multiplication on M (G) is faithful (cf. Proposition 2.2). O
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Remark 6.4. At this moment, it is not clear whether the multiplication O on LUC(G)* is always left
faithful. We observe that the left faithfulness of O on LUC(G)* is equivalent to

Z(LUC(G)") [ (L1(G) x LUC(G))* = {0}.
Related to (2.5) and Remark 2.3, it is also not clear whether we have
(LUC(G)*OLUC(G)") = LUC(G)*
for non-co-amenable locally compact quantum groups G.

As seen in (6.1), each v € LUC(G)* defines a completely bounded right L;(G)-module homomorphism
vy, on Loo(G). Since LUC(G) = (B(L2(G)) > T (L2(G))), the map
(6.3) vy :x € B(L2(G)) — vz € B(L2(G))
is also a well-defined completely bounded right 7 (L2(G))-module homomorphism on B(Ly(G)) with
llvLlles < |lv]|, which obviously extends the map given in (6.1). Here we let
(vOz,w) = (v,z>w)

for all x € B(L2(G)) and w € T (L2(G)).

Let CB7(1,(c))(B(L2(G))) (respectively, CBr, c)(Loo(G)) and CBr, (¢)(LUC(G))) denote the space of
completely bounded right 7 (L2(G))-module homomorphisms on B(L2(G)) (respectively, the spaces of
completely bounded right L;(G)-module homomorphisms on L., (G) and LUC(G)). Then the map

(6.4) O v e LUC(G)" — v € CB(B(L2(G)))

gives an injective completely contractive algebra homomorphism from LUC(G)* into CBr(r,(c))(B(L2(G))),
CBr,(¢)(Leo(G)), and CByp, (¢)(LUC(G)), respectively. Clearly, @ is the adjoint map of the completely
contractive module product

B(L2(G))RT (Lo(G)) — LUC(G), (v,w) — x>w

(respectively, Loo(G)®L1(G) — LUC(G), (x, f) — x % f). Therefore, ®; maps LUC(G)* weak*-weak*
continuously into CBr(r,c))(B(L2(G))) and CBy, ) (L (G)), respectively.

Proposition 6.5. Let G be a locally compact quantum group. Then
O, v e LUC(G)* — v, € CB(B(L2(G)))

is a weak*-weak* continuous injective completely contractive algebra homomorphism.
Moreover, the quantum group G is co-amenable if and only if we have one (and hence all) of the

following (completely) isometric algebra isomorphisms via ®p,:

(1) LUC(G)* = CBr(L,(c)(B(L2(G)));
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(2) LUC(G)" = CBL, ) (Loc(G):
(3) LUC(G)" 2 CBy, 6 (LUC(E)).

Proof. Tt is obvious that each of (1), (2), and (3) implies the co-amenability of G, since LUC(G)* is unital
in these cases (cf. [14, Theorem 15]).

Conversely, suppose that G is co-amenable. Then L1 (G) and (7 (L2(G)),>) both have contractive right
approximate identities (cf. Proposition 5.4). Due to [23, Theorem 5.1], we have the isometric algebra
isomorphisms (1), (2), and (3). A standard matricial argument shows that they are actually complete

isometries. O

Finally, we note that ®; also induces an injective completely contractive algebra homomorphism
M(G) — CBr,(¢)(Co(G)), which is precisely corresponding to the left M(G)-module action on Cy(G),
where CBr,, (6)(Co(G)) is the space of completely bounded right L; (G)-module homomorphisms on Cy(G).

Under the embedding 7 : M(G) — LUC(G)*, we can obtain M(G) = CBT (1, ) (B(L2(G))) via @,
when G is co-amenable. Therefore, replacing LUC(G)* by M (G) and combining Theorem 4.4 with Bédos
and Tuset [3, Theorem 3.1] and Lau [23, Theorem 5.1], we can show that the co-amenability of G is also

characterized by one (and hence all) of the following (completely) isometric algebra isomorphisms:
M(G) = CB7(1,(6) (B(L2(G)));  M(G) = CB7,6)(Le(G));  M(G) = CBL,(¢)(Co(G)),
where the first two isomorphisms are also determined by the map p in Proposition 4.3. We omit the

details here.

7. UCQ"(L1(G)) AND UCQ" (L1 (G))*

As we have discussed in Sections 5 and 6, given a locally compact quantum group G, there exits
a completely contractive multiplication > on 7 (L2(G)) associated with the right fundamental unitary
V. We shall simply use 7 (L2(G)) to denote the algebra (7 (L2(G)),>). Then > induces a completely
contractive right 7 (Ly(G))-module structure

zrw=(w)I'(z) = (w)(V(z® 1)V
on B(L2(G)), and thus we obtain a complete contraction
S":x@w e B(Ly(G)AT (Ly(G)) — zbw = (w®)["(z) € LUC(G) C Loo(G).

We let UCQ"(L1(G)) denote the range space of S”, that is equipped with the operator space matrix
norm stemming from the quotient space B(La(G))&T (La(G))/kerS™. Then we obtain the commutative
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diagram of complete contractions:

B(L2(G))®T (L2 (G)) EUN LUC(G)
(7.1) AN S
UCcQ"(L1(G)) ,

where 7" is the complete quotient map from B(Lo(G))®7T (L2(G)) onto UCQ"(L1(G)), and i" is the
induced completely contractive injection (or inclusion) from UCQ" (L1 (G)) into LUC(G).
In the following, we shall consider a natural completely contractive Banach algebra structure on the

space UCQ"(L1(G))*. First, we note that for z € B(L2(G)) and w, w’ € T(L2(G)), we have
(zrw)pw =z> (W>W') e UCQ (L1(G)),
and

(7.2) |z >wllvegri @) < 128, @) lwliT(L.(c))-

In particular, we have

(7.3) ly>wllvegrw, @) < Wllvegr @, @y llwllz s @)

for all y € UCQ"(L1(G)) and w € T (Lo(G)). Therefore, the right 7 (L2(G))-module action on B(L2(G))
induces a right 7 (L2(G))-module structure on UCQ" (L1 (G)).
Next, we note that for n € UCQ"(L1(G))* and x € B(L2(G)), we can define n>x € B(L2(G)) by

n>z,w)=(n,z>w) (we T(L(G))),

and we have
[ne2lsr. @) < lInlllwlr,e)-
It is easy to see that
n>(zpw)=(nra)bw e UCQ"(L1(G))
for all n € UCQ"(L1(G))*, z € B(L2(G)), and w € 7 (L2(G)). The argument used in the proof of [33,
Lemma 2.1] shows that for n € UCQ"(L1(G))*, x1, -+ -, zx € B(L2(G)), and w1, - -+, wr € T (L2(G)), we

have
k k

Ine > (@ivw)llveer ey < InllD_(@ivw)lveor @)

i=1 i=1

It follows that for all n € UCQ"(L1(G))* and y € UCQ"(L1(G)), we have n>y € UCQ"(L1(G)) and

(7.4) In>ylvcer @) < Inlllvllveqr @)
Finally, we are ready to define a Banach algebra multiplication on UCQ"(L1(G))* by letting

(men,y)y = (myn>y) (mneUCQ(L1(G))*,y e UCQ"(L1(G))).
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Then we have m>n € UCQ"(L1(G))* and
(7.5) [[m > nl| < [[ml|[|n]

for all m, n € UCQ"(L1(G))*. In the rest of this section, the Banach algebra (UCQ"(L1(G))*,>) will
simply be denoted by UCQ" (L1(G))*.

Let ©" = (7")* be the adjoint map of 7”. Then ©" : UCQ"(L1(G))* — CB(B(L2(G))) is a weak*-
weak* continuous completely isometric injection. It is easy to see that ©" maps UCQ"(L1(G))* into
CBr1(1,6))(B(L2(G))). It is also easy to see that

0" : UCQ"(L1(G))" — CBr(L,(c)) (B(L2(G)))

*

is an algebra homomorphism. This shows in particular that UCQ" (L1 (G))* is a completely contractive

Banach algebra. Note that V € Lo (G')®&Loo(G), and

(0" (n)(x),w) = (n,x>w) = (n, (W@ )V (@ 1)V")
for all n € UCQ"(L1(G))*, x € B(L2(G)), and w € T (L2(G)). We can express the above as
(7.6) O"(n)(z)=n>r=>0en) V(e )V".
Thus for all n € UCQ"(L1(G))*, the map ©"(n) is an Lo (G)-bimodule homomorphism on B(Ly(G))
leaving Lo (G) invariant. That is, we also have

6" UCQ (L1(G)) — CBL= D (B(La(G)).

Summarizing the above discussions, we have the following.
Theorem 7.1. Let G be a locally compact quantum group. Then UCQ"(L1(G))* is a completely contrac-
tive Banach algebra, and
0" : UCQ"(L1(G))* — CB(B(L2(G)))

is a weak*-weak® continuous completely isometric algebra homomorphism satisfying

& (UCQ"(L1(G))") € CBr(1,)(B(L2(G))) N CB~ (3 (B(La(G))).

Since the inclusion map 7" in (7.1) is a complete contraction from UCQ"(L1(G)) into LUC(G) with a

norm dense range, its adjoint map
=T = (") : LUC(G)* — UCQ" (L (G))*

is a weak*-weak™ continuous injective completely contractive algebra homomorphism with a weak*-dense

range. Then the composition map

©" 0 Z" : LUC(G)* — CB(B(L2(G)))
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is a weak*-weak* injective continuous completely contractive algebra homomorphism, which is actually

equal to the map ®r, in (6.4). In fact, for all v € LUC(G)*, z € B(L2(G)), and w € T (L2(G)), we have

(@L(V)(2),w) = (rz>w) = (T V), z>w) = (O7(E"(V))(2),w).
As O is expressed in (7.6), we can also express ®r, by
(7.7) Or(v)(z)=vz=0)V(ze1)V*

for v € LUC(G)* and = € B(L2(G)). Therefore, the commutative diagram below is clearly dual to the
diagram (7.1):

LUC(G)* 2z, CB1(L,(c)) (B(L2(G)))
(7.8) g, o
UCQ"(L1(G))*

Proposition 7.2. Let G be a locally compact quantum group. then the following are equivalent:
(1) i": UCQ"(L1(G)) — LUC(G) is a bounded linear isomorphism;
(2) E": LUC(G)* - UCQ"(L1(G))* is surjective;
(3) @1 : LUC(G)* — CBr1(1,(c))(B(L2(G))) is bounded from below.

Proof. Recall that the range of =" is weak*-dense in UCQ"(L1(G))*, and UCQ"(L1(G)) C LUC(G) is
norm dense. Thus we have (1) < (2).

Note that ®;, = ©" 0 Z", and ©" : UCQ"(L1(G))* — CBr(1,(c))(B(L2(G))) is completely isometric.
Hence, we also have (2) < (3). O

Theorem 7.3. Let G be a co-amenable locally compact quantum group. Then the maps
i":UCQ"(Li(G)) — LUC(G), E":LUC(G)* — UCQ"(L(G))*,
and ©": UCQ"(L1(G))" — CBr(L,(c)) (B(L2(G)))
are all completely isometric surjections. In this case, we also have
UCQ"(L1(G)) =UCQ"(L1(G)) > T (L2(G)).

Proof. According to Proposition 6.5, the map ®, : LUC(G)* — CBr(r,(c))(B(L2(G))) is surjective and

T

completely isometric. Since ®; = O" o =" and O” is completely isometric, the map ©" must be onto

CBr1(1,6))(B(L2(G))), and the map =" must be completely isometrically onto UCQ"(L1(G))*. In this

situation, " is also completely isometric and onto LUC(G), and we can conclude from Corollary 5.5 that

UCQ"(L1(G)) = LUC(G) = LUC(G) > T(L2(G)) = UCQ"(L1(G)) > T (L2(G)).
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Remark 7.4. (i) Let G be a co-commutative locally compact quantum group. By [33, Theorem 4.1],
we see that each of (1) - (3) in Proposition 7.2 is equivalent to G being co-amenable. The equivalence
between (3) and the co-amenability of G can also be obtained by the fact that a locally compact group G
is amenable if and only if || - || 4() and ||| az,, a(c) are equivalent on A(G) (cf. Losert [28] and Ruan [36]).
It is still open whether this holds for general locally compact quantum groups (see also Remark 4.6(i)).

11 1S unknown, even ior € commautative ailscrete quantum grou = 00 , whnetner e or L
if) It is unk for th tative discrete quantum group G = Leo(Z), whether O or ®

is onto czajzggi (B(L2(G))).

(iii) It is interesting to compare the diagrams (4.3) and (7.1). It is not clear whether there exists a
complete contraction 7, : Q"(L1(G)) — UCQ"(L1(G)) such that i" o m,(w) = pu(w) (w € Q"(L1(G))),
though, by Theorem 4.4 and Theorem 7.3, this is the case when G is co-amenable.

Recall that G is co-amenable if and only if LUC(G)* is unital (cf. [14, Theorem 15]). Therefore, by

Proposition 6.5, we have
G is co-amenable <= ®r is onto CBr(1,(c))(B(L2(G)))
= O (M(Li(G)) C ®L(LUC(G)")
< LUC(G)* is unital.
However, when we replace in the above @7, by ©", and LUC(G)* by UCQ"(L1(G))*, we are only able to

obtain the three implications “=”. We have one more implication as shown below.

Proposition 7.5. Let G be a locally compact quantum group. If UCQ"(L1(G))* is unital, then L1(G)

has a right approzimate identity.

Proof. Let us identify UCQ"(L1(G))* with its canonical image in CB7 (1, (c))(B(L2(G))) via O". Suppose
that 1 € UCQ"(L1(G))*. Since L;1(G) is weak*-dense in LUC(G)* and @5 (LUC(G)*) is weak*-dense
in UCQ"(L1(G))*, there exists a net {fn} in L1(G) such that ®.(f,) — 1 in the weak* topology on
UCQ"(L1(G))*. In particular, for all € Lo (G) and f € L1(G), we have

(@, fx fa) = (@ * f, fa) = (@L(fa), o x f) = (Lzx f) = (z, f).

Therefore, {f,} is a weak right approximate identity of L;(G). By a standard convexity argument, we

can obtain a right approximate identity of L;(G) O
Turning to the left-hand side theory, we can analogously define the complete contraction
St:w@zeT(La(G)RB(Ly(G)) »waz =t @w, W*(1®z)W) € RUC(G).

We let UCQ'(L1(G)) denote the range space of S' endowed with the operator space matrix norm from
the quotient space 7 (Ly(G))®B(Ly(G))/kerS!, and let @ : T(Ly(G))QB(L2(G)) — UCQHL1(G)) be
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the complete quotient map. We can consider the left (7 (L2(G)),>)-module structure on UCQ'(L1(G)),
and then obtain analogously a completely contractive Banach algebra structure on U CQZ(Ll(G))*, which
enjoys properties perfectly analogous to UCQ"(L1(G))*. The only difference is that the corresponding

map ©' = (#)* is now an anti-homomorphism, instead of a homomorphism.

Theorem 7.6. Let G be a locally compact quantum group. Then UCQ'(L(G))* is a completely contrac-
tive Banach algebra, and
0' = (7')" : UCQ'(L1(G))* — CB(B(L2(G)))

is a weak*-weak™ continuous completely isometric algebra anti-homomorphism satisfying

O (UCQ (Li(C)) € (z(LaensCBB(L(G)) N CB () (B(La(G))).

When G is co-amenable, we have
UCQYL,(G)) = RUC(G) completely isometrically,
and
UCQYL1(G)) = (1(L,(6))»)CB(B(L2(G))) completely isometrically and anti-isomorphically via e
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