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Stochastic Approximation for Consensus: A New
Approach via Ergodic Backward Products
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Abstract—This paper considers both synchronous and asyn-
chronous consensus algorithms with noisy measurements. For
stochastic approximation based consensus algorithms, the existing
convergence analysis with dynamic topologies heavily relies on
quadratic Lyapunov functions, whose existence, however, may
be difficult to ensure for switching directed graphs. Our main
contribution is to introduce a new analytical approach. We first
show a fundamental role of ergodic backward products for mean
square consensus in algorithms with additive noise. Subsequently,
we develop ergodicity results for backward products of degener-
ating stochastic matrices converging to a 0—1 matrix via a discrete
time dynamical system approach. These results complement the
existing ergodic theory of stochastic matrices and provide an
effective tool for analyzing consensus problems. Under a joint
connectivity assumption, our approach may deal with switching
topologies, delayed measurements and correlated noises, and
it does not require the double stochasticity condition typically
assumed for the existence of quadratic Lyapunov functions.

Index Terms—Backward product, consensus, delay, ergodicity,
mean square convergence, measurement noise, stochastic approx-
imation, synchronous and asynchronous algorithms.

I. INTRODUCTION

URING the past decade, an enormous amount of research
effort has been devoted to consensus problems and var-
ious closely related formulations for multi-agent systems [8],
[16], [20], [23], [32], [36]. A comprehensive survey may be
found in [31], [37]. In recent years, consensus algorithms
with imperfect information exchange have attracted significant
attention, addressing additive noise [2], [3], [12], [30], [34],
[38], [39], [46], [47] or quantization effect [4], [10], [11], [22].
The classic work [44] considered consensus algorithms for dis-
tributed function optimization with noisy gradient information.
Models with noisy measurements take into account random
uncertainty in signal reception and characterize more realistic
network conditions. Also, when probabilistic quantizers are
used to eliminate bias, quantization errors may be modeled as
additive noise of zero mean [4].
For consensus models with noisy measurements, stochastic
approximation with a decreasing step size may be applied such
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that each agent can gradually reduce the weights to its neighbors
and hence attenuate the noise [18], [21], [35], [41]. A typical
algorithm takes the form

Xt+1 = (I + (J,tBt)Xt -+ (J,tDtWt, t 2 0 (1)
where X; is a vector consisting of the states of n nodes; I3; =
(bij(t))1<i,j<n is a matrix with zero row sums and nonnegative
off-diagonal entries; a; > 0 is the step size; and W, is a noise
vector with coefficient matrix D;,. For ¢ # j, b;;(¢) is nonzero
if and only if there is an edge from node j to node ¢ at time ¢.

For fixed network topologies, I3; may be selected as a con-
stant matrix I3, and mean square and probability one conver-
gence of the algorithm may be proved by either quadratic Lya-
punov functions [18], [27] or change of coordinates [19].

Convergence analysis in switching networks has heavily re-
lied on quadratic Lyaponuv functions [3], [17], [21], [28], [42],
and an assumption often used is that the weight matrix I +
a3 By is doubly stochastic for each ¢ (or starting from some #).
The double stochasticity assumption was initially introduced for
noiseless average-consensus problems to make the state average
invariant [32]. For algorithm (1), this assumption ensures that
the squared norm of the disagreement vector [28], [32] becomes
a quadratic Lyapunov function. However, it is also very restric-
tive [5] and brings about serious feasibility issues in directed
networks. To elucidate this aspect, let the n X n nonnegative
matrix 37 be the same as [3; except for all zero diagonal entries.
We call I3y a weight balanced matrix if the ith row sum equals
the ¢th column sum for each . Suppose that I + a,3; is a non-
negative matrix and a; > 0; then obviously I + a,3; is doubly
stochastic if and only if 137 is weight balanced, and it is known
that such a matrix B} exists if and only if the directed graph
modeling the network is strongly semiconnected [15] (i.e., if
there exists a directed path from node i to node j, then there
exists one from j to 7). In randomly varying directed networks,
it is demanding to maintain strong semiconnectedness, and so
one cannot in general expect the existence of doubly stochastic
weight matrices at all times.

In addition to the above nonexistence issue, the double
stochasticity requirement also imposes significant computa-
tional difficulties. For undirected graphs, doubly stochastic
weight matrices may be constructed online via Metropolis
weights [46]. However, on time-varying directed graphs it is
generally infeasible to construct such matrices online without
global instantaneous network topology information even if they
exist. Although distributed iterative algorithms are available for
constructing doubly stochastic matrices over directed graphs
[15], they are not applicable for dynamic topologies. So, it is
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of practical importance to study models using general weight
matrices without double stochasticity.
The recent work [3] considers the consensus algorithm

X1 = A Xy + FWy, 20 2
where A; is a random matrix of unit row sums and W; is the
additive noise. This model has considerable generality with
respect to the past research; in particular, A; is not required
to be nonnegative. The authors succeeded in developing Lya-
punov analysis without double stochasticity conditions. They
proved probability one convergence of the algorithm and
estimated the convergence rate. Let J = (1/n)1,,x,, where
1, xn 18 an n X n matrix of all ones. The convergence proof
in [3] uses |X; — JX;|? as a stochastic Lyapunov function
and requires i) Ay { E[AT(I — J)A,]} < 1, where A1(-) de-
notes the largest eigenvalue of a symmetric matrix, and ii)
Yool = M{E[AT(I — J)A4]}) = oc, in addition to as-
sumptions on the noise term. Although this approach achieves
considerable modeling generality, the eigenvalue conditions
i) and ii) are quite restrictive for application to stochastic
approximation as illustrated by the following example.

Example: Let{ Ay, > 0} be a deterministic sequence. Each
A, takes a value from {7 + a; BV T + a; B}, where a; =
1/(50 + t7) for some v € (1/2,1] and

24 0 24 48 0 48
BY=| 1 -1 o, B@=| 1 -2 1
0o 1 -1 0 2 -2

The sequence { Wy, > 0} consists of independent random vec-
tors, EW; = 0, sup,»q E|W;|? < oo, E|Xy]? < oc, and
Fy=al. a &

By the structure of B and B(?), the network underlying al-
gorithm (2) is always strongly connected. However, the criteria
in [3] cannot be used to assert convergence. Denote the char-
acteristic polynomial f*)(\) = det[M — (I + ¢, B*)T (I —
J)(I—l—atB("))], k=1,2. Thenlimy_, 00 f<’“>()\) = oo, and by
direct calculations, f( (1) = —(88/3)a? + O(a3), fP(1) =
—(172/3)a? + O(a3). For sufficiently small a;, f*)()\) =
0 has a root in (1. oc) by the intermediate value theorem; so
M[AT(I — J)A;] > 1 and conditions i)-ii) are violated.

To overcome the inherent limitations of the existing methods,
we develop a new approach to analyze stochastic approximation
for consensus, and it will cover many practical models and the
above example as well. In a very general setup of noisy con-
sensus algorithms, we show that ergodicity of the backward
products of the weight matrices is a necessary and sufficient
condition for mean square consensus, which reveals the funda-
mental mechanism governing the convergent algorithms studied
by different authors [3], [17], [21], [28], [42]. By checking er-
godicity of backward products in switching models, one may be
saved from the challenging task of searching for Lyapunov func-
tions. For nonexistence of quadratic Lyapunov functions with
general weight matrices, see [33].
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The weight matrices in our stochastic approximation algo-
rithm, starting with an appropriate initial time to ensure non-
negative matrices, form a sequence of stochastic matrices con-
verging to a 0—1 matrix, which will be called degenerating sto-
chastic matrices due to this convergence feature. We note that
there has existed an extensive literature (see [40] and refer-
ences therein) on ergodicity of backward products of stochastic
matrices. In particular, for analyzing inhomogeneous backward
products, Wolfowitz’s ergodicity theorem [20], [36], [45] and
paracontraction [13], [25], [26] are well known powerful tools.
Also, for the iterations of a nonnegative matrix with stationary
delays, multiplicative ergodicity was studied via Lyaponov ex-
ponents in [ 14]. However, these results are not applicable to our
model. To our best knowledge, this paper is the first to sys-
tematically establish ergodic theorems for backward products
of degenerating stochastic matrices. We introduce a key notion
of compatible nonnegative matrices and develop a dynamical
system approach to prove ergodicity, which differs from the
classical approaches in [40], [45].

Our approach to analyze the stochastic approximation algo-
rithm differs from the Lyapunov approach by a shift of atten-
tion from ensuring steady energy decay to ergodicity check.
This strategy makes it possible to overcome the weakness of the
existing methods. Also, we note that this paper only addresses
mean square convergence of the stochastic approximation al-
gorithm. The further analysis of its sample path behavior is an
interesting problem.

The main contributions of the paper are summarized as
follows:

*  We show a fundamental role of ergodic backward products
for mean square consensus, and establish ergodic theorems
for degenerating stochastic matrices.

* The ergodicity approach is applied to prove mean square
consensus for a large class of models which the existing
Lyapunov approaches cannot handle; specifically, it en-
ables us to treat general weight matrices over switching
networks, delayed noisy measurements, synchronous and
asynchronous algorithms, and also correlated noises.

The organization of the paper is as follows. Section II formu-
lates the stochastic consensus problem. Section III shows a nec-
essary and sufficient condition for mean square consensus via
ergodic backward products. Section IV introduces compatible
nonnegative matrices and Section V proves ergodicity of de-
generating stochastic matrices. Section VI shows mean square
consensus, and Section VII concludes the paper.

We make some convention about notation. The node index is
often used as a superscript in different variables (z%, z¢, etc.) and
should not be interpreted as an exponent of a number. For a ma-
trix M, the element in the ¢th row and the jth column is called
the (¢, j)th element and denoted by M (i, j). For a vector or ma-
trix M, denote the Frobenius norm |M| = [Tr(M? M)) Y2 Let
1; € R* denote a column vector of % ones. For column vectors
Z1, ... %1, [Z1; - . .y Z1] denotes the column vector obtained by
vertical concatenation of the I vectors. For two sets S7 and S,
the set S1 \ S2 consists of all elements which are in .S but not
in Ss. The abbreviation w.p.1 stands for “with probability one.”
We use C (or Cy, C1, .. .) to denote a generic positive constant
which may vary at different places.
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II. STOCHASTIC CONSENSUS ALGORITHM

For the reader’s convenience, we provide a list of key notation
used in the analysis.!

G Digraph with nodes N' = {1,....n} and edges
Ag idjacency matrix of G

Gy Random digraph with nodes A/ and edges &;.
G[tl’,)) Union of the digraphs G;, t1 < & < #a.

L; State of node 1.

yik Noisy measurement node 7 obtains from node %.
wik Additive noise in yi*.

dik Measurement delay along edge (k, ).

d* Deterministic upper bound of all di¥.

d3 d + 1.

O Counters (8}, ...,87) of n nodes.

ay Step size for state update.

bir(t) Weight parameter node ¢ assigns to node .

B, n x n matrix (b;x(t))1<i x<n of zero row sums.
B, nd] X nd] matrix.

U ndj X ndj stochastic matrix of 0—1 elements.
D, nd] x np noise coefficient matrix.

X, Xf(*rl) n-dimensional vector.

X, nd; -dimensional vector.

Wi n1 -dimensional noise vector.

Zy n-dimensional vector obtained by re-ordering en-
tries in X;.

A, ndj X nd} stochastic matrix.

M, M, tA Stochastic matrices.

d, ., M** Backward product of stochastic matrices.

We introduce some standard preliminaries on graph modeling
of the network topology. A directed graph (or digraph) G =
(N, &) consists of a set of nodes N/ = {1,...,n} and a set
of directed edges £. A directed edge (simply called an edge) is
denoted by an ordered pair (i,7) € N x A, where 7 # j. A
directed path from node z; to node ¢; consists of a sequence of
nodes i1,...,4;, [ > 2, such that (ig,ik1) € & forall k <
[ — 1. The digraph G is strongly connected if from any node
to any other node, there exists a directed path. A directed tree
is a digraph where each node i, except the root, has exactly
one parent node j so that (7,z) € £. We call G’ = (N, &)
a subgraph of G if NV C N and & C £. The digraph G is
said to contain a spanning tree if there exists a directed tree
G = (N, &) as a subgraph of G. The adjacency matrix of
G isan n X n matrix Ag = (”/ij)lg’i,jgna where Q5 = 1if
(4,5) € €, and a,;; = 0 otherwise.

The dynamic network topology to specify the signal reception
is modeled by a sequence of digraphs {G; = (N, &), ¢t > 0},
where AN/ = {1,...,n} and & randomly changes with time.
We may view {&;,¢ > 0} as a set-valued random process. The

ILetters in boldface usually denote vectors or matrices built upon more basic
ones in lower dimensions.
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adjacency matrix A¢, is amatrix-valued random variable. So &,
is completely determined by A¢, . If (4, 1) € &, node i receives
information from node j which is called a neighbor of node 1.
The neighbor set of node 7 is denoted by NV; » = {j|(J,7) € &}.

A. Stochastic Approximation Algorithm

Let the underlying probability space be denoted by (£, F, P),
corresponding to the sample space, the collection of all
events, and the probability measure, respectively. At time
t € {0,1,2,...}, node ¢ is associated with a real-valued state
x;. Each node knows its own state exactly. Define the state
vector

. T
X = [@R,@] , t>0.
The initial state vector is X. At time ¢, if J\/” # ) (the empty
set), node ¢ receives possibly outdated information from its
neighbors, which is modeled by
y;k = ‘/L.ffdi'k + 'U);:k, k S -/\/-i,t (3)
where i is the noise and di¥ > 0 is an integer-valued random
delay. Since the system starts at £ = 0, the implicit requirement
for the neighbor set is that

4)

A fixed upper bound for di¥ will be specified later. Each node
will use its own state and its noisy measurements to form a
weighted average.

According to the local information exchange, we define the
matrix By = (b;1.(£))1<i k<n as follows. IfA; ; = @, define

ke N;; implics #— d’ék > 0.

bir(t) =0 forallk e N. (5)
IfN; ¢ # 0, set
bik(t) S [b g], ifk e M,t
bir(t) = 0, it kg N U{i}  (6)
bii(t) = — Xpen, bin(t)

where 0 < b < b < oo are two deterministic constants. We
may interpret B(#) as the generator of a continuous time Markov
chain with n states. The specification (5), (6) is a generalization
of the weights with a fixed network [19] to randomly varying
networks, and { By, ¢ > 0} is a matrix-valued random process.

Each node maintains a counter #:. Denote §; = [}, ..., 67].
We describe two cases.

(SU) Synchronous update:

Pi=t. ieN, t>0 (7)
where the nodes need to share slotted time.
(AU) Asynchronous update:
t
6, = Z Iywvi.»01. € N, t>1 )
s=1
and 6§} = 0, where |\, ;| is the number of neighbors of node

¢ at time s. So (8) means that the node increases its counter by
one whenever it receives signals from its neighbors.
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The consensus algorithms for cases (SU) and (AU) are spec-
iﬁed in a‘uniﬁed manner. At time ¢ > 0, if A/f,-,;t = 0, set
x4 = ). If Nj; # 0, node ¢ updates its state by the rule

Tipy = [1 + ayg; bii(t)} @l + agi Z bir (8)yiF,
kEN; ¢

t>0 (9)

where {a;,t > 0} is a sequence of positive step sizes. We call
I + Diag(ag:, ..., aey ) B the weight matrix.

When the step size is updated using (8), the resulting asyn-
chronous algorithm (9) is essentially driven by event times, i.e.,
the moments of receiving signals. Once initialized, the algo-
rithm may be implemented without synchronized time slots al-
though we use the pre-specified discrete times 0, 1, 2,. .. to de-
scribe (9). For related literature on asynchronous stochastic ap-
proximation, see [1], [7], [24], and [43].

The actually observed network topology at time £ may be de-
noted by Gy(w) = (N, &(w)) to indicate its dependence on
the sample. Denote the maximal set of communication links
Emax = {(k,0)|P((k,i) € &) > 0 for some ¢ > 0}. For
convenience of statistical modeling of the noises and delay, we
make the convention: wi* and di* are defined for all (k,4) €
Emax. If (k,1) does not appear in &; so that the measurement
relation (3) does not physically occur, we still introduce ¥
and di¥ as dummy random variables. Let the random variables
{wi*|(k,i) € Emax} be listed by a fixed ordering of (k. i) to
obtain a noise vector W; of nq dimension.

Definition 1: The n nodes are said to achieve mean square
consensus ifE|ar;i|2 < 00,t > 0,1 < ¢ < n, and there exists
a random variable x* such that lim, .., E|z¢ — z* |2 = 0 for
1<i<n. &

There have existed some effective approaches to analyze
asynchronous stochastic approximation and show probability
one convergence (see, e.g., [1], [43]). These algorithms are typ-
ically associated with an underlying time-invariant mapping,
and the contraction property of the mapping may be exploited
[43] or the ordinary differential equation (ODE) approach
may be used after appropriate scaling of time [1] where the
asynchronous algorithm behaves like a synchronous one with
small perturbations. To analyze our model, due to the rapid
switches of By, it is difficult to apply these approaches and it is
necessary to develop a different method.

B. Main Assumptions

(A1) The deterministic sequence {a;.t > 0} satisfies

ap >0, and ot T <q < pt 7 fort>1

(10)
wherey € (1/2,1] and 0 < o« < 3 < oxc. &

So (A1) implies the standard step size condition used in sto-
chastic approximation: > ;- ,a; = oo and Y ;0 a7 < .

For two integers 0 < #; < 5, define the digraph G[tl,tz) =
(N, Uy, <t<1,&1), which is called the union of the collection of
digraphs {Gy|t1 < t < t2}. Since the sequence {G¢,t > 0}
depends on the sample w, (1, +,) also depends on w. We intro-
duce the following assumption.

(A2) There exists an infinite sequence of integer-valued
random variables 0 = Ty, < Ty < T5 < ... such that
the two conditions hold:
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1) Giz,1,,,) is strongly connected w.p.1 for/ > 0;
2) ap:= sup,ZI(Tl —Ti_1) < oo wp.l. &
It will be helpful to provide some explanation on notation. Note
that given a sample w € €2, G;(w) has the set of edges &;(w).
The random digraph Gz, 1,, ,) has the set of nodes . Given
w, Gy 1.,y isinterpreted as G 7y (), 1., () (@) possessing the
set of edges Ur, ()<<, () E+(W).
(A3) {W;:,t > 0} is a sequence of independent
random vectors of zero mean and is independent
of {(Bi, Ag,, {di¥|(k,i) € Emax}),t > 0}, where
0 < di* < d* w.p.1 for a fixed integer d*. In addition,
E|Xo|? < o0 and sup,~q E|W;|? < . &
The delay upper bound d* is used for analyzing the stochastic
approximation algorithm, which may be implemented without
knowing the value of d*. To deal with leader following, we in-
troduce another type of connectivity condition.
(A2') There is a fixed leader node 77, which has no neighbor
in each GG;. There exists an infinite sequence of integer-
valued random variables 0 = Ty < 77 < 15 < ... such
that w.p.1, G|z, 1,. ) contains a spanning tree with root iz,
for [ > 0. In addition, (A2)-2) is satisfied. &
Under (A2"), there is no edge from other nodes to node 7z, so
that B; defined by (5), (6) necessarily has all zero elements on
the 77,th row.

C. Vector Form of the Algorithm

For ¢ > 0, denote the set of n X n random matrices

Bd,t = (det(li”k))lgiﬁkgn'/ d= ()/17(],*

For their diagonal elements, we take DBy .(4,7) = b;;(¢) and
By.(i,i) =0,d=1,...,d* forall¢. Ford = 0,1,...,d", the
off-diagonal element By (7, k) is nonzero and further taken as
b1 (t) if and only if b;1,(t) > 0 and di* = d. Denote

B} = [Bo.i, Bits- -+, B a]-

(11
The ith row of BY contains the same set of nonzero elements
as the +th row of B; does. Due to (4), if ¢ < d*, we necessarily
have By; = Oforalld =¢41,...,d".
We write (9) in the equivalent form

0 _ .
a,y, = Diag (agtl,...,aezv) ,

t>0
(12)
where D; is an n X 11 random matrix determined by B; and we
set Xy = 0 for —d* < ¢ < 0. If d* = 0 and all nodes update
their step sizes by (7), then (12) reduces to (1).

For di = d* + 1, denote the nd] X nd] matrix

X1 =Xy +a2,B?[Xt:, Xi 1300 thd*]Jragt D Wy,

I 0 0 --- 0

I 0 0 --- 0
u=|01 0 --- 0 (13)

00 ... I O
where each identity matrix is n x 7, and denote ag, =

Di‘dg(agf s Ond"’ xXnd* ),
BY? D
Bt:{ i } Dt:[ ' ] (14)
()nd"‘ ><ndi ()'ud* X1
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It is clear that B, is determined by (B;, {di*|(k,i) € Emax})-
Denote X; = [X¢; Xy 1;...; Xs 4] € R*1, We have the
state space representation

Xit1 =(U+ay,B;) X+ a3, D:;W;, t>0

(15)
where X; = 0 for —d* < ¢ < 0. If all counters increase to in-
finity, there exists #o(w), depending on the sample w, such that
{U + ag, yBi(w),t > to(w)} is a sequence of stochastic ma-
trices converging to the 0—1 stochastic matrix U. In this case,
{U + ay,(.)Bi(w), > to(w)} is called a sequence of degen-
erating stochastic matrices.

III. NECESSARY AND SUFFICIENT CONDITION FOR CONSENSUS

We use a general algorithm to reveal a fundamental relation-
ship between mean square consensus and ergodicity of back-
ward matrix products. Consider the system

£>0 (16)

Yipr = AYs + Hi Vg,
where Y; € R™* denotes the states of m agents, V; € R™? is
the noise vector, and the initial condition is Y. Here {A;, ¢ >
0} and {H;,%t > 0} are two sequences of random matrices of
compatible dimensions. For each fixed w, A¢(w) is a stochastic
matrix for all # > 0. The model (16) includes (15) as a special
case when the coefficient matrices of X in (15) are nonnegative
forallt > 0.

A. Ergodicity of Backward Products

Let {/L,t > 0} be a sequence of deterministic nonnega-
tive matrices, where each A; is a stochastic matrix. Define the
so-called backward product

O =A .. A, fort>s>0, &, =1
The product ®, , is still a stochastic matrix. Let @, 4(¢, j) denote
its (4, j)th element.

Definition 2: [40] We say weak ergodicity holds for back-
ward products of the sequence of stochastic matrices { A, 1 >
0} if

flim |(I)t.>(11u]) - (I)t,s(7727(j)| = 0

forany given s > 0 and i1, ¢2, J, i.€., the difference between any
two rows of ®, , converges to zero as ¢ — oo. If in addition to
weak ergodicity, @, (7, j) converges as t — oo, for any s, i, j,
we say strong ergodicity holds. &

By [40, p. 154, Th. 4.17], weak and strong ergodicity are
equivalent for backward products of any sequences of stochastic
matrices. Hence, in the following we only speak of ergodicity
of backward products.

It is worth mentioning that weak and strong ergodicity
may also be defined for forward products of the form
(Pf_t = AS .. fit,l for t > s, and @fj := I, and that
weak ergodicity differs from strong ergodicity. For an example
showing divergence of the forward products of weakly ergodic
stochastic matrices, see [9, p. 240].
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B. Necessary and Sufficient Condition for Consensus

For the theorem below, we run algorithm (16) with any initial
time-state pair (#o, Yy, ). Denote Yy = [Y;!, ..., ¥;y™]" W, , =
Ar g Asfort > s,and W, , = 1.

Theorem 3: Assume

i) {Vi,t > 0} is a sequence of random vectors of zero mean,
independent of {( A, H;),t > 0};
i) 3°0° E|H,2E|Vi|? < oc;
iii) there exists a sequence of nonnegative numbers { ¢y, k& >
0} such that

B VT < b n) (BIVAPEV) S di < o
k=0

Then (16) ensures mean square consensus for any initial time-
state pair (g, Yz, ) with E|Y;, |2 < oc if and only if {4, ¢ > 0}
has ergodic backward products w.p.1. O

Remark: 1f the random vectors {V;, ¢ > 0} are independent
with EV; = 0 and F|V;|? < oo, iii) holds with ¢ = 1 and
o =0 forall k& > 0. &

The proof of Theorem 3 is given in Appendix A. In the con-
text of stochastic approximation for consensus seeking, condi-
tion ii) in Theorem 3 is easy to satisfy since a decreasing step
size may be used to attenuate the measurement noise. Thus, to
a very large extent, the analysis of the asymptotic behavior of
consensus algorithms of the form (16) reduces to checking the
ergodicity condition along sample paths.

IV. COMPATIBLE NONNEGATIVE MATRICES

This section develops some basic tools for analyzing se-
quences of degenerating stochastic matrices. We first introduce
a class of nd] x ndj stochastic matrix sequences motivated by
the stochastic approximation based consensus algorithm with
delay, and then show that their ergodicity analysis is equivalent
to that of a sequence of n x n degenerating stochastic matrices.
Our main idea of studying the backward products is to run a
noiseless switching linear dynamical system governed by these
matrices. By setting different initial conditions, the sequence
of state vectors, as the output of the linear system, will reflect
information on the backward products. The analysis of the
state vectors is simpler than directly handling the backward
products. To avoid introducing too many variables, the vectors
X, and X appearing in Section II will be reused in different
systems and this should cause no risk of confusion.

A. Compatible Matrices

Let {As,t > 0} be ndj x ndj deterministic nonnegative
matrices, where dj = d* + 1. Each A is a stochastic matrix of
the form

[ Ago, Agg= 4
A= :
| Ag=0+ Agea- t
[Aoots---» Agga—1),t | Aot
= (17)
L 1 ‘ Onas xn
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where each matrix A;;; is n X n and the identity matrix is
nd* x nd*. Let A+(i, §) be the (4, j)th element of A;. We con-
sider a class of stochastic matrix sequences motivated by the
consensus algorithm (15). When # is large, each A¢ is nearly
a 0—1 matrix. However, these nearly zero elements still have
an important effect on the asymptotic property of the backward
products. Our idea is to introduce the notion of compatible ma-
trices by associating A ; with a digraph G, where the latter iden-
tifies some relatively strong transitions described by A;. To fa-
cilitate further analysis, this compatibility notion is also defined
for n X n matrices.

Definition 4: Let {6, > 0} be a sequence of nonnegative
numbers with lim;_, ., §; = 0 and {ét = (N, St), t>0}bea
sequence of digraphs of 7 nodes.

a) The sequence of ndj X nd} stochastic matrices { A4, >
0} of the form (17) is said to be (&:)-compatible with
{ét,t > 0} if there exist constants #., 0 < ¢ <  such
that for all ¢ > ¢,

A6, j)<cb,  V1<i<n, 1<j<ndl, i#j (18)
o hax A(i, j+dn) > cby, Y(j, 1) € &. (19)

b) The sequence of n x n stochastic matrices { M;,* > 0} is
said to be (4;)-compatible with {G;,+ > 0} if there exist
t., 0 < ¢ < € such that

M (i, j) < éby, Vi<i,j<n, i#j (20)
My(i.j) > ebe,  V(j,i) € & 1)
where M, (i, 7) is the (4, j)th element of M;. &

Remark: We may further define (4;)-compatibility with any
positive initial time #g in an obvious manner. If d* = 0, part a) of
Definition 4 reduces to partb). If { A, > 0} is (4; )-compatible
with {G, t > 0}, this property still holds if & is replaced by ¢6,

for some ¢ > 0. ¢
Example: Take N = {1,2}, & = {(2,1)} and
& = {(1,2),(2,1)}. Let {Gy,¢ > 1} be defined by

égk = (J\/7 50) and Gap_1 = (./\/’7 81) fork > 1. Let

_ 1 3 1

PRI

. 1—=% 5= 0

Am= 0N o |

L O 1 0 0
— 1 1 1
e, Yo
A= 0P
L O 1 0 0

It is easy to verify that {A;,¢ > 1} is (1/t)-compatible with
{Gt, t > 1}, where we take ¢ = 2 and ¢ = 1/3 for conditions
(18), (19). For instance, when ¢ = 2k, node 2 is a neighbor of
node 1. In relation to (19), we check the first row of Aoy, and
the maximum of its second and fourth elements is 1/(4k) >
¢/ (2k). &

Example: Let {G(w),t > 0} be given in Section II and
{B(w),t > 0} be specified by (5), (6), where w € £ is fixed.

2999

Then {A;(w) 1= U + a;Bi(w),t > to(w)} is (as+)-compat-

ible with {G(w),t > to(w)} if {as,t > 0} satisfies (A1) and

A (w) is a nonnegative matrix for ¢ > to(w). &
Given A; in (17), define

d*
A
th = § A[]d,t

d=0

(22)

which is a stochastic matrix. The following property is obvious
and the proof is omitted.

Proposition 5: Let {M?,t > 0} be defined by (22). If
{A;,t > 0} is (8,)-compatible with {G, ¢ > 0}, then so is
(M}t >0} O

The backward products of {A;, ¢ > 0} are closely related to
the weighted averaging algorithm

Xt-‘,—l - AtXt, t Z 0. (23)

To distinguish from the notation in (15), for (23) we denote

X, = [Xt;Xt(*”; . ;Xt(*“*)] 24)
where X; and Xt(—d), 1 < d < d*, are n dimensional. Further
denote the n-dimensional linear system

Xpp = MPX,, >0 (25)

With the aid of the linear systems (23) and (25), we may prove
the following equivalence theorem.

Theorem 6: Assume that {A,,t > 0} is (§;)-compatible with
{Gy,t > 0} and -0, 87 < oc. Let {M7*,t > 0} be defined
by (22). Then {A;,t > 0} has ergodic backward products if
and only if { M;*, ¢ > 0} has ergodic backward products.

Proof: See Appendix B. O

The important implication of Theorem 6 is that the ergod-
icity property of the delay based sequence {A;,t > 0} may
be studied via a lower dimensional sequence without involving
delay.

B. Linear Systems Governed by n x n Compatible Nonnegative
Matrices

With Theorem 6 in mind, below we focus on analyzing n x n
stochastic matrices. For a sequence of n X n stochastic matrices
{M;,t > 0}, consider the linear system

Xop1 = MiXy, >0 (26)

which may be interpreted as a consensus algorithm over a di-
graph Gy + of n nodes. The edges of G5 ; are uniquely deter-
mined by the nonzero off-diagonal elements in M,. We intro-
duce the assumption.
(H1) i) { M4, £ > 0} is (a¢)-compatible with a sequence of
digraphs {GY,t > 0}, where {a;, ¢ > 0} satisfies (A1); ii)
each G, is strongly connected. &
Remark: G, may be different from Gy 4. &

C. State Reordering and Mutual Attraction of Trajectories

We run (26) with any fixed initial pair (¢, X,), where
tg > 0. If X; is considered directly for convergence analysis,
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the problem is quite difficult since the components of X,
undergo very complex evolution. We define a new vector Z; by
reordering the n entries in X; = [z}, ... ,:r;‘]T. Suppose

i1 iz i
(AP YD SN

where {i1,...,4,} isapermutationof {1, ..., n} and in general
changes with time. We interpret 2% as the state of node 7, 1 <
7 < n. Define

Zt:[ztl,...,zf]T:: [mil,...7:1:i”]T (27)
After reordering of the states, the evolution of Z; has more or-
derly behavior than that of X,.

In later analysis, we need to identify a component of Z; as a
component of X; and further check its recursive equation. We
use the following rule to avoid indeterminacy when the same
value repeats within Z;. If there are exactly [ > 2 compo-
nents zf e zf“‘l within Z; taking the same value ¢; cor-
responding to [ nodes with indices 21 < i2 < ... < iz, the kth
component z¥ in Z, is interpreted as the state of the node with
the smallest index 41 ; similarly, the (k£ 4 1)th component in Z;
is associated with the second smallest node index 7>, and so on.

Define the n scalar sequences

{zft>t), 1<k<n. (28)
We call {zF,+ > t#} the level-k trajectory. In analyzing
{Z:.t > to}, the basic idea is to show that there is a mutual
attraction of the trajectories of different levels, which eventu-
ally merge to the same limit. Due to the degenerating stochastic
matrices, our method differs from directly comparing the gap
between the greatest and least states in a consensus algorithm
with time varying weight matrices [6].

Since each M; is a stochastic matrix, {ztl,t > fp} (resp.,
{z*,t > to}) is bounded and non-increasing (resp., non-de-
creasing) (see, e.g., [6]), and so has a limit. We summarize this
fact in the following proposition.

Proposition 7: Let Z; be defined by (26), (27). Then both
{z}.t > to} and {2, > #o} converge to finite limits. O

The asymptotic behavior of the other sequences {z¥. > ¢},
where k € {2,...,n — 1}, is less obvious. The following the-
orem proves one of the key results of this paper. It is instru-
mental for establishing ergodicity of backward products of de-
generating stochastic matrices. Its proof is quite involved. The
basic idea is to use induction. First, the level-1 trajectory con-
verges to a finite limit. Next, we show that each level-(k + 1)
trajectory converges to the same limit as the level-£ trajectory.

Theorem 8: Let (X4, Z;) be defined by (26), (27) with any
initial condition X4, o > 0, and assume (H1). Then there
exists ¢ € R such that lim;_, o Z; = lim;_, o X; = ¢l,,.

Proof: See Appendix C. O

Remark: The proof of Theorem 8 only requires v € (0, 1] for
(10). The further restriction v € (1/2,1] is needed for proving
mean square convergence in Section V1. &

D. Leader Following

A leader following structure may be incorporated into (26),
and in this case (H1) is replaced by the following assumption.
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(H1) i) {M;,t > 0} is (a;)-compatible with a sequence
of digraphs {G,t > 0}, where {a;,t > 0} satisfies (A1);
ii) M(ir,iz) = 1;iii) each G, contains a spanning tree,
and all these spanning trees share a common root 77, which
has no neighbor in G,. &

(H1')-ii) ensures that the i, th element of X is fixed as the
leader” state x(" .

Our strategy of proving convergence for the leader following
model is to start with a special class of initial conditions of X}
so that we may adapt the argument in proving Theorem 8 which
has been based on jointly strongly connected digraphs. To treat
general initial conditions, we apply a transformation of the ini-
tial condition so that the analysis is reduced to the previous case.

Corollary 9: Let X, be defined by (26) with any initial condi-
tion Xy, fo > 0. Assuming (H1'), then lim; . X; = 25 1,,.

Proof: By (H1')-ii), it follows that z}* = z{" for t > to.
Take a sufficiently large #; > #¢ + 1 such that by (20) after é,
is replaced by a;

1
nin Mq(i,i) > =,
202, M50 > 5

vt > ¢ (29)

Now let X, be generated with the initial pair (£g, X4, ) and used
as the initial condition for

Xt+1 = AMtXt, t 2 tl. (30)
Proposition 7 still holds in the leader following case.
Step 1) Assume that for (30)
L;é = L;I < :1:{1, VieSp={1,....,n}\ {ir}. (3D

By (29) and induction it is straightforward to show
that z; > x;~ for j € Sp and all ¢ > ¢;. Hence,
@i < ad forj € Spandt > ty. Following (27), we
still reorder the n components of X; in (30) from the
greatest to 'ghe least to obtain the vector Z;, t > t;.
Sozpr = x,” fort > t;.

First, by Proposition 7, {z},¢ > ¢; } has a finite limit
¢. Next, by using the same induction argument as
in proving Theorem 8, we may show that all the n
sequences {zf,t > t1}, k = 1,...,n, must con-
verge to the same limit ¢. In particular, when we
apply induction, the argument for deriving (C.15)
from (C.14) is still valid under (H1’)-iii) since there
exists at least one edge pointing to the set of nodes
associated with the first I < n — 1 levels of trajec-
tories from the remaining nodes which contain the
leader since z;" = x;". On the other hand, since
zi' = wy’, the limit must be ¢ = ;7. We con-
clude that 1i111t_,<?O Zy = 723 1,,, and subsequently
lim; oo Xy = 2t 1.

Step 2) Consider X;, not satisfying the inequality in (31).
Let ¢; € R™ be a unit vector with the ith element
equal to 1. Select C'r, > 0 such that the element at
the i th position of Y3, = Xy, — Cre;, is less than
any other element. Take X = Y;, as the initial
condition of

X = M X|,

t>t. (32)
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By Step 1, lim; . X| = (.L;é‘ — Cp)1,,. Take the
initial condition X/ = —Cre;, for

X/ =M XY, 6>t (33)

"o_

By Step 1, lim; .o, X; = —CL1,,. By linearity of
(32), (33), X; = X[ - X/, t > 1, where X; is
generated by (30). Hence, lim;_,oc X; = ;2 1,. O

V. ERGODICITY OF DEGENERATING STOCHASTIC MATRICES

Our plan of proving ergodicity is as follows. For the simple
case where { M, ¢ > 0} in (26) is compatible with a sequence
of strongly connected digraphs {ét, t > 0}, the convergence
result in Theorem 8 is applicable. For the general case with joint
connectivity, our strategy is to reduce to the simple case. We
select a sequence of times 0 =: 79 < 773 < ... to form a union
of digraphs and a backward sub-product on each subinterval
[7i, Ti+1), where each union of digraphs is strongly connected.
This is a typical procedure to exploit joint connectivity; see,
e.g., [20] and [36]. Then the original backward product may be
written as the product of these sub-products, possibly together
with extra multiplicative terms at two ends. A key step is to
show that the sub-products have desired properties to generate
compatible stochastic matrices (see Lemmas D.1 and D.2).

Throughout Sections V-A and V-B, all matrices and digraphs
are deterministic.

A. Ergodicity of Backward Products
For the sequence {M;, ¢ > 0}, define the backward product

(I)L:S:]\4t,]_...]\457 t>820

and ®, , := I. The following ergodicity theorem is an easy
consequence of Theorem 8.
Theorem 10: Assuming (H1), ergodicity holds for the back-
ward products of {M;,¢ > 0}.
Proof: Let ¢; € R™ be the unit column vector with the
tth element equal to 1. For any fixed s > 0, by Theorem 8
there exists m;(s) depending on s such that lim; ., ®; se; =
7;(s)1,. By Lemma B.1, the theorem follows. O
To generalize Theorem 10, we consider ergodicity for sto-
chastic matrices associated with jointly strongly connected di-
graphs. For a sequence of digraphs {G; = (N, &), > 0}, we
follow the rule in Section II to define the union of digraphs. For
two integers 0 < 1y < Tyy1, define
M, = M,

erl,]_ e AMTN ét = é[rz, (34)

Tet1):

Theorem 11: Assume i) {M;,t > 0} is (a;)-compatible with
{G,t > 0}, where {a,,t > 0} satisfies (A1); ii) the sequence
0 =79 <m <...satisfies sup;~q(mi41 — ™) < 00; and iii)
G [r;,7:+1) 18 strongly connected for each ¢ > 0. Then ergodicity
holds for the backward products of {M;,t > 0}.

Proof: By Lemma D.2 and Theorem 10, the backward
products of {M;,{ > 0} are ergodic. For any s > 0, there
exists some i 2/\1 such that 7,1 < s < 7,. Denote 1l =
lim; oo My ... M;,, which is a stochastic matrix of identical
rows. For any € > 0, there exists Ky > iy such that

\M; ... M;, —TIg| < ¢

3001
forall/ > Ky. Now forall # > 7x,4+1 + 1, we have
M,_1...M,
=My 1. M, My ... MM, _1... M,
= My 1. Moy, [VAO M, — HO] M, ..M,
+ My My oM, ... M,
= My ... My, [ﬁKO M, - HO] M, 1...M,

+ H()M.,-iU,1 . IMS

where HOM‘rgO _1...M, is a stochastic matrix of iden-
tical rows. Since M; ;... M and M; _1...M;

TKg+1
are stochastic matrices, |M;_1... M (Mg, ... M;, —
0 is arbitrary,

TKg+1
HO]M%_l ..M, <ne. Since ¢ >
limoe @iy = oMy, —1... M.
Remark: Theorems 10 and 11 hold with v € (0, 1] for (10)
since the proofs of Theorem 8 and Lemma D.1 only need v €

(0,1]. &

B. Backward Products of {A:,t > 0}

Theorem 12: Assumei) {A;, ¢t > 0} is (a¢)-compatible with
{Gy,t > 0}, where {a;,t > 0} satisfies (A1); ii) the sequence
0=:79 <7 <...satisfies sup;~q(rit1 — 7:) < 00; and iii)
G [r,m:41) 18 strongly connected for each ¢ > (. Then ergodicity
holds for the backward products of {A;,¢ > 0}.

Proof: By Proposition 5, { M/, t > 0} is (a;)-compatible
with {Gy,t > 0}, and so has ergodic backward products by
Theorem 11. By Theorem 6, {A;,t > 0} has ergodic backward
products. O

C. Application to Random Networks

In (A2), we may select a null set Ny (i.e., P(Ny) = 0) such
that Gz, (), 1,_, (v))(w) is strongly connected and oy (w) =
sup;sg [Ti+1(w) — Ti{w)| < oo for w € 2\ Ny.

Corollary 13: Assume i) {B,,t > 1} is given by (5), (6) and
(A1)~(A2) hold; ii) so(w) is an integer such that each A] =
U + a4,B:, t > so{w), is a stochastic matrix. Then for each
w € €2\ Ny, ergodicity holds for the backward products of
{Aj(w),t > so(w)}.

Proof: For synchronous step size update, {AI (w),t >
so(w)} is (at)-compatible with {Gi(w),t > so(w)}.

We further check the compatibility condition with asyn-
chronous step size update. Take w € €2\ Ny. We have
1 < @ (w) < 0. Consider any node i and integer I > 1. Since
G Ty(),T1s1 (o)) (w) 1s strongly connected, there exists at least
one node jy as a neighbor of node iy in G[Tl(w),Tl+1(w))(w)-
Suppose that (jo,%0) is an edge in Gr,()4e(w), where
0 < ¢ < Tiy1(w) — Ty(w). Then
(W) +1< 977’%+1<w>_1(w) < 9%@)_1(‘”) + o (w)

6y
where the second inequality follows from ¢°, , < 6;° + j for

9’197 (w)—-1

4§ > 1. Since {6{,t > 0} is non-decreasing, by (35) there exist
coefficients 0 < ¢;(w) < ¢o{w) such that

cr(w)t < 0 (w) < caw)t
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for all # > T1(w). Subsequently,

afea(W)t] 7 < agion,, < Bla(w)t] ", > Ti(w). (36)

()
Next, forw € Q\ Ny, by (36) we may check that {A](w),t >
so(w)} is (a4 )-compatible with { G (w), > so{w)}. The corol-
lary follows from Theorem 12. ]

VI. MEAN SQUARE CONSENSUS

Let (15) be rewritten in the form

Xt+1 = AIXt + agLDtWt, t 2 0
where AI = U +ay,B;. By (9), (12) and (14), D is a function
of By, and sup,s ,cq |Di| < 0.

Theorem 14: Assuming (A1)-(A3), mean square con-
sensus holds for (9) with synchronous step size update, i.c.,
limg oo Elai — ZL'*|2 = 0 for some z* and forall 1 < ¢ < n.

Proof: We have ay, = Diag(ail,,0n4+xna+) and
{W,,t > 0} is independent of {(A].D,),t > 0}. Take a
sufficiently large %, such that w.p.1 AI is a stochastic matrix
for ¢+ > tg. In addition,

> Elag Dy’ E[W,> = alE|D P E[W:]* < oc.

=0 t=0

The theorem follows from Theorem 3 and Corollary 13. ]

Theorem 15: Assume (A1)—(A3). In addition, i) there ex-
ists a deterministic integer o such that w.p.1 AI is a nonneg-
ative matrix for all t > to; ii) Esup;s; A7 < oc, where
A; = Ti41 — T;. Then algorithm (9) with asynchronous step
size update ensures mean square consensus.

Proof: For the asynchronous case, ag, is a matrix function
of the adjacency matrices (A¢,,0 < k < t). It is easy to see
that {W,,¢ > 0} is independent of {(A],ag,D,),t > 0}. For
some constant C', we have

3 Bl D WO Bla =030 Y Elay
t=0 t=0

t=0 i=1

2

For some constant C, ag: < Cosup;»q A/ /t” fort > 1 since
6; > (t/sup;>; A;) — 1. Subsequently,

Z E ‘a”tDt|2 E\W, > <Crag+C1E sup AIQV Zt*27'< 00.
I>1

t=0 t=1

The theorem follows from Theorem 3 and Corollary 13. O
Remark: If sup;»; Ay < C w.p.1 for some constant C', con-
ditions i) and ii) in Theorem 15 hold. &

For leader following, if node ¢, is the leader, the ¢ th row of
D; has all zeros for each £ due to (9). The convergence for the
leader following case may be proved by an ergodicity approach
based on Corollary 13. The proof is omitted.
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Corollary 16: In Theorems 14 and 15, if (A2) is re-
placed by (A2’) while other assumptions still hold, then
limg oo Bzl — ab2|” = 0 for all i. O

Remark: Theorems 14—15 and Corollary 16 may be general-
ized to correlated noises by letting { W;, ¢ > 0} satisfy condition
iii) in Theorem 3. ¢

Remark: 1f (3) is replaced by ;" = (x§ + wiF)|_y s,
Theorems 14—15 and Corollary 16 still hold. &

VII. CONCLUDING REMARKS

We considered synchronous and asynchronous stochastic ap-
proximation for consensus seeking with delayed measurements
in dynamic noisy environments. This paper developed ergod-
icity results for degenerating stochastic matrices and proved
mean square consensus without quadratic Lyapunov functions.
In future work, it will be of interest to relax the bounded time in-
terval condition for joint connectivity so that the modeling may
deal with more general random networks, such as Markovian
switching networks [29], [17]. Convergence rate bounds and
probability one convergence of the consensus algorithm are also
interesting topics.

APPENDIX A
PROOF OF THEOREM 3
Lemma A.1: Denote &7 ; = fi%‘l Ui wp1 Hi Vi for
T > 0and j > 1. Then
oo T+j-1
E|€T7j|2 S 2777,1771,2 Z(f)] Z E|Hk|2E|Vk|2.
1=0 k=T

Proof: Forallw and ¢ > s, ¥ := ¥, ;(w) is a stochastic
matrix ensuring [¥|? = Tr(VTW) = Tr(¥¥T) < my. We
have

Elér;*=

>

T<i k<TH—1

EVIHIYT i ey e Hi Vi

For each pair (7, k),

\E[VIH V1Y e Hi Vi |
=|Te{E [H VT ;i1 Yryj e He) E [ViVi' ]}
<ms |E [H?q]%+j,i+1qu+j,k+lHk] FE [Vk‘/LT] |
<moE |HI 9T i1 Vg e He|-|[E [V VT |
<mymady_i B (|HT||Hel) (E|Vi2E|Vi[?)
:

<mamad| ;| (E\Hi|2E|Hk:|2) (E\Vk;|2E|Vz‘|2)

mim
(T2 6l (BIH P EVi P+ BIHPEIVil). (A1)

<

Hence, by (A.1)

2

T<i k<T+j—1

EVIHIVE Ve e He Vi
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T+j-1
> 2B|H,PE|Vi|”
k=T

i—1
mim
S( 12 2) Z il
I=—j+1
T+j-1
> E|Hy|PE|Vi|*.
k=T

o
< 2m11me Z o

=0

The lemma follows. O
Proof of Theorem 3: Sufficiency—For fixed (%o, Yz, )

t

Yier = W10 Vi + Y Vet HeVi, 2 to.
k=to

By Lemma A.1, we may show that sup,, FE|Y;|> < co.

Let fT,j = 52%71 \IJT+j’k+1Hka forT > tpand 5 > 1.
For any given € > 0, by Lemma A.l we may select {; > iy
such that
(A.2)

) €
sup supE|€T’j|2 < —.
>t j>1 2

Taking a fixed T” > #1, we have

t

Y1 =V Yy + Z U1 b1 Hp Vi, t>T.
k=T"

Since W, 1 7/ converges w.p.1 to a stochastic matrix Il of
identical rows, there exists a random variable (7 such that

Jim B W10 Ve — (ol > =o0. (A.3)

So by (A.2), (A.3)

limsup E |V, — Y7,

t—o0

2
’ < 2limsup Elép g |? < €

and therefore, there exists £ > #; suchthat forall<, 7 and? > 75

R 12
E|Y; - Y]] <2 (A.4)

Following the argument in [7, Th. 9], we proceed to show mean
square consensus. Forany t' > ¢ > ¢, wehave Yy = Uy , Y +
ft,t/ —¢ and

ElYy—Y|?
S2E|\I/t’,ty;,7K|2+2E|£t,t'7t|2
2 (U 1V g, = V2) 4 Wy (Vi= Y L, ) [ e
<4E VM, - V3| +4E (|x1/t,,t|2 V=Y, 2)+g
<4mq(2€)+4my(2mae)+e= (8mT+8my+1) e.

Since € > 0 is arbitrary, { Y3, ¢ > ty} is a Cauchy sequence in the
Ly norm and has a limit Y. = [V, ..., Y™1]7. Furthermore,
EIYL —Yi|? = limoo E|Y} — Y/|© = 0 by arbitrariness
ofe >0in(A4).S0Y,, = YolC 1,,, and mean square consensus
follows.

Necessity—Given any € > 0 and ¢y > 0, we selectt; > &y
such that (A.2) holds. Let ¢; € R™* be a unit column vector
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with the ith element equal to 1. Take the initial pair (#1, Y3, ) for
(16) with Y3, = e;. We have

t
Yiv1 =Py n0 + Z Uyt e 1 Hi Vi, £ 210,

k=t,

By mean square consensus there exists a random variable 7j;
such that

Jim B |Visr =91, " = 0. (A.5)

We have

E |\Ijt+l,t1€i - Th'lml |2 S 2F ‘Y;5+1 - ni]-rn1|2
+ 2F ‘gtl,t7t1+1|2

<2E Y41 — 77'i1n11|2 + e

This combined with (A.5) implies that there exists £5 > #; such
that for £ > t and each e;,1 < & < my, E|Wiyq4,6 —
i L, |2 < 2¢. Since Wy g4, e; is the 4th column of Wyyq 4,
it follows that

ElWit14, — 1w, (m,-- .,77,,,,l)|2 < 2mae, t>io.
Here we will not directly analyze the asymptotic property of
W,1q4, since t1 changes with €. In fact (11,...,7m,) also
changes with #; and €. For the fixed £y, we have

2
|‘ljt+1,t0 - ]-ml (7117 cey /’Iml) \Ijtl,f/o|
2
= |‘I’t+1,t1 \I’tl,to -1, (771-, cees 77ml) ‘I’tl,t0|
2 2
< |\Dt+1¢f1 - 11711 (7’17 N 77’7”/1)' |lpt1;to|
S ma |qlt+1,t1 - 1m,1 (7}1: ey 7’m,1)|2
Hence,
2 _ 5 2
E ‘\Ilt+17t0 - 1"”1 (7717 ey 77’”1) \Ijtl,t0| S 277’7’1E (A6>

where ¢ > ¢5. Since € > 0 is arbitrary, (A.6) implies that
{Ty41.4,,t > tg} isa Cauchy sequence in the Ly norm and con-
verges in mean square to a random matrix II;, . Clearly, for each
w, [T, (w) is a stochastic matrix. Since 1o, (71, - - s Ty ) Pty 2o
in (A.6) is a matrix of identical rows, the mean square error
between any two rows of ¥, ;, is at most 4m?e for all ¢ >
t2, which implies that II;, has identical rows since € > 0 is
arbitrary.

We proceed to show that the mean square convergence of
Ty 41,4, implies convergence w.p.1. Since limy ., E|¥ 414, —
IL,, |2 = (), there exists a sequence of integers tp < 71 < ™ <
...suchthat{T. , ,k > 1} convergestoIl,, forallw € Q\N,
where N is a null set.

Forany w € Q\ N and ¢ > 0, there exists ko depending on
w such that for all k£ > kg

|\IJTI< Jto (w) - Hto (w)‘ <e
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Forany ¢ > 7y,, since ¥; -, is a stochastic matrix and LI,

has identical rows

|\Ijt~,to - Ht0| = |‘Ijtﬂ'k0 \IJTICUJU - Hto|
= |\Ijt,7'l<0‘1}7'k:01t0 - ‘ljt,TkOHto|
< |\Ijt"rk‘0 | |\I}Tk(l sto T Ht0| :

Hence, foreachw € Q\ N and t > 74, | U4y, (w) — IL, (w)] <
\/mie, which implies that ¥, ,  converges to 1I,, w.p.1. This
completes the proof of necessity. O

APPENDIX B
PROOF OF THEOREM 6

Let {eq,...,ex} denote the canonical basis of R*.

Lemma B.1: Let {M;,t > 0} be a sequence of k x k sto-
chastic matrices. Then it has ergodic backward products if and
only if

Y11 = MY, (B.1
achieves consensus (i.e., lim; ... Y; = y*1;, for some y* € R)
for any given initial pair (£o,Y;,) where Yy, € {e1....ex},
to > 0.
Proof: Necessity is obvious. We show sufficiency. For any
5 > 0, we run the linear system (B.1) by taking the initial pairs
(s,e;),1 < j <k, respectively. Then by consensus

J\;ft . .Ms_;'_lj\j{s -

Mt PN A~45+1M5(61, ey (Zk) ti?(cl].k? PN Ck]-k)
for some constants ¢y, . . ., ¢; depending on s. So {M,,t > 0}
has ergodic backward products. O

Lemma B.2: Let {M;.t > 0} be k x k stochastic matrices
with ergodic backward products, and

Vigr=MYi+&  t>0
where & € R and Y";2 ) |&] < co. Then limy_,oo ¥; = y*1;
for some y* € R. 3
Proof: Denote ®; , = M;_; ...

I.Fort >ty >0

]\NJS fort > s,and @, , :=

t-1

Yi= @ Ys, + Z Pt s+16s-

s=tg

(B.2)

Since | D, 4, | < V'k for s5 > s, there exists a fixed C' such
that sup, > [Yy| < C.
Given any € > 0, we may find a sufficiently large ¢, such that

ty—1
sup | > By 1ée| < e (B.3)
ty >t >t s=t/
AT
Denote ®; 1, Yy, = [M1.1,---,mek]” and Yy = [V}1, ... YR

For a sufficiently large ¢
maxi<ij<k |fei — i <

> iy, by ergodicity we have
¢ for all ¢ > {;. Hence,
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maxi<; j<i |Y{ — Y{| < 3¢ forall # > #;. Since ¢ is

arbitrary
li I =o0. .
=t ®9
Next, for ¢’ > ¢ > t;, we have
t'—1
Yo =0y Vit ) Buniée
5=t
-1
=Yk (V) 1= Ye) + @ (V- Y/ 1) Z By 16

By (B.3), (B.4), {Y;,t > 0} is a Cauchy sequence

in R*. By using (B.4) again, there exists y* such that

lim; oo ¥: = y* 1. O
Lemma B.3: Consider (23) with the initial pair (#9, X, ). As-

sume that { A, £ > 0} is (6,)-compatible with { G, £ > 0} such

that (18), (19) hold for ¢t > .. If d* > 1, we have

< 8,

max t > max{tg,t.} + d*

’Xt B Xt(—d)
1<d<d®

where 8] = MaxX,>0+—d*<s<t Os.

Proof: sup;s,, |X;| < C for some constant C'. For t >
max{ty,t.}+d* andany 1 < d < d*, we have Xt(fd) =X 4
and |Agp—1 — I| < Cé;_1. Here C may take different values.
Hence,

| X — X 1] = |Aoos-1Xe 1 +ZAOdt 1X< % =Xt
<Cby . = (B.5)
Similarly,
| Xt g1 — Xeg] < Cly, 11 d"
Hence, for any d < d*, |X; — Xt(fd)| = | Xy — Xy y| <

C(bs 14 ...+ 6 q) <C8;. =

Proof of Theorem 6. Sufficiency—Suppose that {1\4{‘,1& >
0} has ergodic backward products. Consider (23) with the initial
pair (o, X¢, ). For t > ¢

o+
Xip1 = Agos Xz + Z AOd,tXt(id)
d=1

a*
= M£4Xt + Z Aod,t (X£7d) - Xt) .
d=1

Denote &; = Zd 1 Aod, t(X( 4 _ X4). Then by Lemma B.3,
& < C88r < C(67)° for t > max{ty,t.} + d*. So
Yooy 6] < oo. By Lemma B2, limy oc Xt = Zocln
for some z., € R. Hence, liny o0 Xt = Zoolyg-+1). By
Lemma B.1, {A;, ¢ > 0} has ergodic backward products.
Necessity—Suppose that { A;, ¢ > 0} has ergodic backward
products. By Proposition 5, { M}, ¢ > 0} satisfies the (é;)-com-
patibility condition with some constants ¢.,¢,¢. Consider
X:41 = M X, with the initial pair (¢, X4, ). Since (20) holds
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for M2, | X141 — X < C6; fort > max{tg,t.} and some C.
Define X\, = X, X5 = x4 ford = 2, v,
Fix any initial condition (XtO,X,E;l), . ,Xt(ofd*)). By using
the method in proving Lemma B.3, we may show that

max ’Xt — Xt(fd)‘ < C6f, t>max{ty,t.}+d".
1<d<d

Then

g 7
Xita :AOO,tXt‘I-Z Aod7tXt(7d)+Z Ao,z (Xt — X£7(l)) .
d=1 d=1

Letting X, = [X4; Xt(fl); e ;Xt(fdk)], we may write
Xip1 = A Xe + &, t240

where & = [20_, Adoas(Xi — XU );00a 1], We
have 3302, 6] < oco. Since {A;t > 0} has er-
godic backward products, by Lemma B.2 there exists
Too such that limy oo Xy = ooly,4-41), Which implies
lim; o Xt = o1y Since (tg, Xy, ) is arbitrary, Lemma B.1
implies that { M, ¢ > 0} has ergodic backward products. [J

APPENDIX C
PROOF OF THEOREM 8

Lemma C.1: Lett; > 2, T > 0,and vy € (0,1]. Then
T, o )

P TS (T +1)/(t 1),
Proof: Ifv € (0,1), we have

t+T 4T
dotr< / tdt
1=ty -1
t = D .
_ % M@+ /-1 -1}
t— 1) T+1 T+1
e o g o
1—’}/ tl—l (tl—l)’
If v = 1, the estimate is similar and the detail is omitted. O

Proof of Theorem 8: We say that condition (C1) is satisfied
infinitely often (i.0.) by elements in a sequence {h, t > Ty} if
given any T3 > Ty, there exists ¢+ > T3 such that 5, satisfies
(C1). It suffices to show lim; .., Zy = ¢1,,. We consider the
initial pair (0, X). The proof with a general initial pair (#q, X4, )
is similar. We prove by induction for the » components of Z,.

Step 1) By Proposition 7, lim, .., z} = z1 for some finite
AL
Step 2) Assume that forl € {1,....,n— 1},

Jim 2k =2l (C.1)
for all £ < [. Next we show that (C.1) holds for
k =1+ 1, which is given in several sub-steps.

Step 2.1 (Contradiction argument) Suppose that
(C.1) is not true for £ = [ 4+ 1, which implies
that there exists 0 < ¢3 < 1 such that

ytt -zl > e o (C.2)

. « I+1 -
Since limsup,_, ., z; 7" < limy_ oo 2f = 21

by the ordering of the elements in Z;, (C.2) im-
plies that

A<~ o (C.3)

Step 2.2 (Estimate of the (» — [) lowest tra-
jectories) By compatibility, suppose that (20),
(21) hold with é; = a¢, t > t. > 0. For
any €1 € (0,€9/3), by the induction assump-
tion (C.1), there exists T(¢;) > t. such that for
allt > T'(ep)

-l <ea, k=1L (CH

By (C.3), there exists £; > max{7'(¢;), 2} such
that 2 < 2l —e forj = [ +1,....n
since z;fl > zij2 > ... = z; . Consider the
vector Z;, and use our convention of associating
a component with a node. Suppose

1 2

L1 i i
o = T Ay

=z, ..., 2, =2 (C.5)

for I > 1 distinct elements 4i,...,%; in
N = {1,...,n}, which implicitly depend
on t;. Denote S;, = {i1,....%} and its
complement S, = A \ . Note that
SUP:>0,1<k<n 2| < Cx, = maxi<i<n |2j]-
Denote M; = (a;;(#))1<i j<n. For j € Sf and
t > t1, it follows from (20) with the substitution

of 615 = a3 that

i

Y k
wi+1 = Z“jk(t)wt

k=1

D autef + Y au(t)ef

keSfl kESL1

< max z¥ + ¢y /17 C.6
hes:, ¢+ C1/ (C.6)

where ¢1 depends only on {M;,¢+ > 0} and
Cx,. Since j € Sy, is arbitrary, (C.6) implies
that

k k Y
max < maxz, +eci1/t7, t>t. (C7
peax T kest, t / (C.7)

b1

Subsequently, we choose a large T such that

t14+T

> e/t < e/s. (C.8)

t=t;

By Lemma C.1, we take
T = |eo(t1 — 1)7/(3¢1) — 1] (C9

to ensure (C.8). We use |r| to denote the
greatest integer bounded from above by 7.
Without loss of generality, assume that given
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(€0, €1), a sufficiently large #; has been selected
such that

M >4 (C.10)
3eq - '

The iteration of (C.7) yields

t1<t<t1+T+1 kesy,

max Lt < inax ﬂ,f +
€
i

t1+7T
(&) Z 1/757
t=t,
<z +eo/3 < 2l — e+ cof3
=z — (2¢0)/3. (C.11)

By (C.4) and (C.11), the states of nodes
i1,- .., % remain to be the first / greatest states
fort; <t < #;+7T 41 although the position of
these states may change with time when listed
in Z;. Now by €1 < €7/3, it follows from (C.4)
and (C.11) that for any ¢ € .S;, and any j € S},

vl < wl <zl —ef3 (C.12)

where t; <1 <t + T+ 1 and T is defined by
(C.9).

Step 2.3 (Estimate of the [ highest trajectories)
For node + € Sy,

:L'i+1 = Z aip(t)zf + Z aix ()

k€S, ke Sfl

:ﬂ)i + [aii(t) — 1] -77i + Z

keS:\{i}
+ Z aik(t)”[“t
kESfl
:»L; + Z ai(t) (Lf — %i)
"’ESH\{'}
+ ) () (2f — =) (C.13)
kes;,

where t1 < t < t7 + T'. It follows from (C.12)
that

Z aix (1) (Lffbl;) <26 Z aik(t)
kesi \{i} kes, \{i}
S (261)82t7ﬁ’

where ¢» depends only on {M(t),t > 0}. We
have

Z (),ik(t) (T,]; — Ti) < Z a,ik(t)(—éo/:;).

kess, keSE,

Denote g; = 5. zi. Hence, by (C.13),

1€St,

/€
gi+1 < gi+2€1cant ’—(30) Z Z aik(t)

i€8;, keSy,

. (C.14)
Since G is strongly connected, there exists a
pair (i,k) € Sy x Sf such that (k,4) is an
edge of G, and a;x(t) > e3t™7 fort > 1. by
compatibility, where c¢g > 0 is determined by
{M;,1 > 0}.
Subsequently, it follows that

gir1 < gr + 2e1c9mt” 7 — (%O) est” 7 (C.15)

where t; < ¢ <¢; 4+ 7. Since ¢y and ¢3 depend
only on {M (%), > 0}, we may further assume
that a sufficient small ¢; has been selected such
that

€0C3
2€100m < 6

Iterating (C.15), we have

T e
0C3
{It1+T+1§!]t1*Z ( 5 )t .

t=tq

Step 2.4 (A contradiction) Since £; > 2 and
(C.10) holds, for T' given by (C.9), it follows
that

T > et - 1)7/(3¢
Z E[](tl — 1) //( ) > 6()t1/(12(i1).
Denote 77 = €5/(12¢1). Then nn < 1/(12¢1)

since ¢y < 1.
@If0 <y <1

t+T t14T t14nt]
Z 7 > / v Tdy > / v Ydv
=t t1 t1

i [ (1+u ) ] s,

For f(v) = (1 +v)'77,v € [0,1/(12¢1)], there
exists a constant D; > 0 depending only on «y
and ¢; > 0 such that f(v) > 1 4+ Dyv for all
v € [0,1/(12¢1)]. Now 57 ™' < 1/(12¢;) and

t1+7T

Sty (1+D1r1t“ 1) /(1=7)
=t

=Dieo/[12c1(1 — 7)] .

So for 0 < « < 1, we obtain

gr+r+1 < gy — Dieges/ [T2e1(1 — )]
(C.16)
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On the other hand, by (C.12) we have

|96, 4741 — 98, | < 2nmey. (C.17)

If we take
0 < ey <min { 3 ,€0¢3/(12ncs), D1€0(‘3/ [144ner (1 — 'y)]}

then (C.16), (C.17) lead to a contradiction.
Hence, (C.1) holds for &k =1 + 1.

(b) If v = 1, a similar argument may be used
to show (C.1) for K = [ 4+ 1 and the detail is

omitted.
Step 3) Finally, we conclude that (C.1) holds for all £ € A"
This completes the proof. O
APPENDIX D

Lemma D.1: Assume condition i) in Theorem 11 holds. Let
h > 1 be a fixed integer and denote Gy vy = (N, & vvs))
fort > 0 and 1 < s < h. Then there exist constants ¢, > 1 and

0 < ¢ <@, all independent of (¢, s), such that for all ¢ > ¢/,
MY = My, 1... M; satisfies
MY (i, ) <@t VI<ij<nm, j#i (D)
A[tb(zv]) > _lltiﬁ/a V(7 Z) € g[t,t-{-s) (D2)

where M"*(i, ) is the (¢, j)th element of M™*.

Proof: 1f s = 1, the lemma is obvious. Below we consider
s > 2andt > t., where ¢ is selected such that (20), (21) hold
for ¢t > {. with constants ¢., 0 < ¢ < €.

For j # i, we have

MY (i, )

_ Zs

where each k& € {l,...,n}. Each factor of
Mt+5_1(i7ks_1)...Mt_;'_l(kg,kl)zwt(kl,j) is be-
tween 0 and 1. Since j # ¢, there is at least one factor of
the form M;1,.(i, k) with k # iand 0 < r < s — 1, s0
that it is bounded from above by ¢a;,. by condition 1). In
addition, the number of terms in the summation has a finite
upper bound depending only on /. Hence (D.1) follows.
We proceed to prove (D.2). Assume that (7,i) € @[m%).
So there exists 0 < & < s — 1 such that (j,i) € Giy¢. Con-
sequently, by the compatibility condition M., (%, j) > caite.
We have

Mf_t'_s, L k’ ) e AMt_i_l(kQ, kl)Mt(kl3j)

1

Mt .5( )
= Y Mepoaliske 1) My (ko k) My (ks )
ks

> ]Wt_,_s,l(z, i)...

If€ = 0 (resp., £ = s — 1), My ¢(4, j) takes the position of the
most right (resp., left) term in (D.3).

Mie1(2,8)Myye (i, ) Miye 13, 7)
(D.3)

3007

By (20), there exist ., > +t. and 6 > 0O such that
mini<j<n Meyr(,3) > 1 = Sagy, > 1/2 fort > #, and
r > 0. We obtain

MY (i,5) > (1 — Says1)---

(1 = barieqn)canye

X(l — (Sa't—‘,-f—l) PN (1 — (S(I,t)

Since 0 < £ < s < h for the fixed h, by (A1) we may select #/,
such that (D.2) holds. O

Lemma D.2: Assume conditions i)-ii) in Theorem 11 holds.
Then {My,t > 0} is (a4 )-compatible with {G¢, ¢ > 0}, where

My=M; , 1...M;, and Gy = G5, -, ).
Proof: There exists a fixed constant 2 > () such that
1<m4y1—1<h t<m<ht t>0.
So the lemma follows from Lemma D.1. (]
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