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PERSON-BY-PERSON OPTIMALITY AND THE DYNAMIC
PROGRAMMING EQUATION*
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Abstract. We consider mean field social optimization in nonlinear diffusion models. By dynamic
programming with a representative agent employing cooperative optimizer selection, we derive a new
Hamilton—Jacobi-Bellman (HJB) equation to be called the master equation of the value function.
Under some regularity conditions, we establish e-person-by-person optimality of the master equation—
based control laws, which may be viewed as a necessary condition for nearly attaining the social
optimum. A major challenge in the analysis is to obtain tight estimates, within an error of O(1/N), of
the social cost having order O(N). This will be accomplished by multiscale analysis via constructing
two auxiliary master equations. We illustrate explicit solutions of the master equations for the
linear-quadratic (LQ) case and give an application to systemic risk.
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1. Introduction. Mean field social optimization studies decision problems in-
volving a large number of agents which have a common optimization objective and
interact through coupling in their individual dynamics or costs, or both [27]. These
problems are also referred to as large population optimal control [20]. The coopera-
tive behavior of the agents differs from the noncooperative behavior of the agents in
mean field games [7]. The reader is referred to [3, 26, 27, 31, 41] for the analysis of
social optima in a linear-quadratic (LQ) framework. McKean—Vlasov optimal control
has been studied in [5, 8, 11, 21, 32, 34, 39, 42] and may be heuristically interpreted
as a limit form of large population optimal control. Cooperative mean field control
has applications in economic theory [33], collective choice problems [36], multi-agent
flocking [35], and power systems [17]. The notion of social optima is also useful for
measuring (in)efficiency of mean field games [4, 10].

In this paper we analyze social optimization for a class of nonlinear models. Let
(Q, F, {Fi}it>0, P) be the underlying filtered probability space satisfying the usual
condition. Consider a population of agents A;, 1 < i < N, satisfying the following
stochastic differential equations (SDEs):

(1.1) dX} = f(X],ul,py H)dt + odW, +oodW?, 1<i< N, t>0,
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where X, and u} are agent A;’s state and control, respectively, and

L1
TR s D DR
1< <N j#i

is the empirical distribution of all other N —1 agents, with J, being the Dirac measure
at x € R™. The initial states {Xé, 1 <i < N} are Fp-measurable and are indepen-
dent with finite second moment. The N 4+ 1 F;-adapted standard Brownian motions
{WJ. 0 < j < N}, as the individual noises and the common noise, respectively, are
independent and also independent of the initial states. The dimensions of X}, uf,
WE, and WP are m, ni, n2, and ng, respectively, and f, o, and o have compati-
ble dimensions. We restrict ourselves to the case of constant noise coefficients. Our
approach can deal with state and control dependent noise.
Agent A; has its own cost

T
(12) T ()u™ () =E [ DOl e+ E (X ),

0
where u™(-) denotes the controls of all agents other than A;. To avoid heavy notation,
we do not include ¢ as an argument in f,o,0g, and L but can treat the ¢-dependent
case without further difficulty. The social cost is given by

N
(1.3) TR =>"J, w=(t,.u).
=1

1.1. Method, analytical challenges, and contributions. One may attempt
to minimize the social cost by directly solving an optimal control problem. This ap-
proach, however, becomes infeasible when N is large. Instead, we develop our solution
by studying the optimizing behavior of a representative agent. We exploit a simple
but useful idea in team decision theory called person-by-person (PbP) optimality. The
reader is referred to [24, 37, 18] for its characterization and to [15] for its feedback
form in decentralized stochastic control. To explain the idea, let J(ul,.. Suly ) be
the team cost of N agents with strategies u’, 1 <4 < N. Under a given information
structure, if the team attains its optimum by a joint strategy (@',...,a"), then no
agent can unilaterally take a new strategy to improve for the team. PbP optimality
is a necessary condition for team optimality.

Our PbP optimality—based approach studies the value function V(¢,z,u) of a
representative agent and applies dynamic programming in an extended state space
including an individual state x and a measure p describing the mean field. The
value function will be identified by a specific procedure (see section 2.1) but not by
simply infimizing a cost functional as in standard stochastic optimal control. Our
method enables the agent to choose its optimizer in a feedback form 4 = ¢(t,x, i),
which differs from [38], where the control perturbation is a nonanticipative process.
In the end we obtain a special Hamilton—Jacobi-Bellman (HJB) equation, which will
be called the master equation for the value function; some heuristic derivation has
appeared in [29] without performance analysis. Master equations have been widely
studied in mean field games [6, 9, 12] and also mean field optimal control [5, 6, 21, 34].

In the setting of social optimization (or large population optimal control), our
approach above differs from some existing works, which approximate the N-agent op-
timal control problem by a McKean—Vlasov optimal control problem (see, e.g., [20, 21,
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32, 42]). As a result, their value function takes the form Vi, (¢, 1), only characterizing
the performance of the population as a whole. However, in practical cooperative de-
cision scenarios, each constituent agent still desires to know its own performance; our
approach responds to this need and specifies an individual’s value function V (t,z, ).
The authors in [5] formulate an optimal control problem combing a representative
agent’s state equation with the McKean—Vlasov dynamics, both controlled by the
same process. They prove a dynamic programming principle without common noise,
and the drift term in their master equation is structured differently from ours.

When the control laws (4',...,4") of N agents have been determined from the
master equation, an issue of central importance is their performance. For certain
classes of models, the value function of the controlled McKean—Vlasov dynamics has
been shown to be the limit of the value function of the N-agent optimal control
problem as N — oo [8, 21]. However, to our best knowledge, except for LQ cases
[22, 27, 28, 41], there has existed no past work on social optimization addressing the
performance of the infinite population—based control laws when they are applied by
finite populations. As it turns out, our PbP optimality—based approach provides a
tractable framework for such performance analysis. We will establish approximate
PbP optimality for the master equation—based control laws in optimizing Jsé\é), which
may be viewed as a necessary condition for achieving near social optimality. Natu-
rally, it is desirable to bound the gap between the attained performance and exact
PbP optimality as tightly as possible. A loose bound would not tell much about
performance.

PbP optimality may be viewed as a special case of a Nash equilibrium where all
agents take the social cost as their individual costs. For this reason, our performance
estimate in terms of approximate PbP optimality is similar to the e-Nash equilibrium
analysis in mean field games [7]. However, we confront a far more difficult problem,
especially under model nonlinearity. We may think of Js(é\cr) as a quantity of order
O(N) while expecting the agent in question to minimize it up to an accuracy of
o(1). The estimate of the performance loss becomes very intricate since we face
quantities of such drastically different scales as O(N) and o(1). In contrast, the e-
Nash equilibrium analysis involves quantities of scales O(1) and o(1) for an agent’s cost
and its performance loss, respectively. Under some regularity conditions pertaining
to the solution of the master equation, we prove that @' is nearly PbP optimal, with
an inadequacy (or regret) of at most O(1/N) for optimizing JE.

Our performance analysis depends on exploiting the multiscale feature when an
individual attempts to optimize the social cost, where the key idea is to decompose
the social cost roughly as the sum of a much larger macroscopic term and another
term that carries information on the representative agent and so will be called the
instrumental value function. Meanwhile, we need to introduce two auxiliary master
equations. Such combined usage of functions describing phenomena of different scales,
together with the construction of their equations, has got much of its inspiration from
the physics literature on computing tiny quantities which are superposed to very
large ones [1, pp. 199-209], [19, pp. 195-198] and also from perturbation methods of
dynamical systems [25, Chap. 3].

The paper is organized as follows. Section 2 introduces the master equation
of the value function. To prepare for performance analysis, section 3 introduces the
instrumental value function and two auxiliary master equations. The asymptotic PbP
optimality theorem is proved in section 4. Section 5 illustrates explicit solutions of
the master equations by linear-quadratic (LQ) models and a systemic risk example.
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1.2. Notation. The Frobenius norm of a vector or matrix v is denoted by |v].
For the function ¢(x) from R™ to R, we denote the partial derivatives 9,,1 and
Oz,e;0 := Og,(0r,;1). Denote 0,1 := (92,v,...,0.,7) as a row vector. The Hessian
matrix is 921 = (Oziz;¥)1<ij<n, Where Op ;% is the (i,7)th entry of the matrix. If
¥(x,y) is a scalar function with z,y € R, we denote

ar@ﬂ/)(l’, y) = (amij(xv y))lﬁiJS"'

The evaluation ¥(z,y)|y=. gives ¥(x,x). When there is only one space variable z in
¥ (as in 9 (t, 2, 1)), we use the short notation v, = 9,1 and 1, = 021).

Let P2(R™) be the space of Borel probability measures on R™ with finite second
moment. On Py(R™), we endow the Wasserstein distance Wa (i, v) so that it becomes
a complete metric space [2]. Let PX (R™) consist of all probability measures y on R™
such that p= % Ele 8, for some x = (z1,...,2%) with 2* € R", 1 <i <k.

For a function 1 : R” — R¥ and a probability measure p, we write the integral
Jgn ¥(@)p(dx) as (p, 1) or (1p),. We sometimes write such a form (u(dy),¥(t,y, 1))
to explicitly indicate the variable of integration. For two probability measures p; and
p2, (p1 — pi2, ¥) = (1, ¥) — (p2, ).

Denote the agent index set N'={1,..., N}, and denote N_; = N — {i}. Through-
out the paper, the agent indices i,j € N, etc., appearing in (X}, ul, W/, 2%, u’, etc.)
are always interpreted as a superscript and not as an exponent. We follow [9] (which
uses the notation dV/du) to define the measure differentiation for a function V (¢, z, p1);
for fixed (¢,z), the derivative 0,V if existing, is a function from Py (R"™) x R" 5 (1, y)
to R, denoted by 6,V (t,z, i1;y), where y after the semicolon is the new variable arising
from the differentiation, such that (i) 6,V is a Lebesgue measurable function of y for
any fixed (t,z,p), (i) for all u, ' € Po(R™), it holds that

lim, SV (t,, (1= s)u+ sp') = Vs = | 8.V (t s ms) (0 (dy) — u(dy)),

s—0t S Rn
and (iii) the normalization condition (u(dy),0,V (t,z,u;y)) = 0 holds. We make
this normalization convention in (iii), which is needed in Proposition A.5. Higher-
order derivatives are similarly introduced and denoted in the form 6,V (¢,z, 1;y, 2),
etc. A function (such as ¥(t,z,u)) is said to be jointly continuous (or simply to be
continuous) if it is continuous under the product topology of [0,7] x R™ x Pz(R™).

Unless otherwise indicated, the partial derivative will be based on the actual
appearance of the variables. For example, 0, in 0,0,V (t,y,;x) means differenti-
ation with respect to the variable after p, even if we initially introduce the form
0,V (t,z,p;y). The functions x, x1, X2, ... (such as x(¢,u), x1(¢t,z,p), etc.) are
reserved as a normalizing term (see section 5.1 for examples) when differentiating
a function with respect to p. In various estimates we use C,Cq,C5,... as generic
constants which do not depend on N and may change from place to place.

2. The value function and its master equation. Let U be a nonempty
closed subset of R™. Here and hereafter, we reuse C, as a generic constant in various
assumptions; we follow section 1.2 to define continuity of a function with several
arguments by using the product topology of the domain. We make the following
standing assumptions:

(A1) The map f: R"xUxPz(R™) — R™ is continuous, and Lipschitz continuous in
(2, 1), uniformly with respect to w. In addition, | f(z,u, u)| < Co(14 ||+ ul+(Jy|).)-
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(A2) L:R" x U x P2(R") - R, and g:R™ x P(R™) — R, are continuous, and
L(z,u, ), g9, ) < Ca(l+ |2 + |uf* + (ly])7)
for all (z,u,u) € R™ x U x Pa(R™).

2.1. The ¢-value function. To explain the idea underlying the derivation of
the master equation, we analyze a family of (N, ¢)-indexed control problems for agent
A; in a population of N agents. Consider a set of control laws qi)(t,th,ut_k), 1<k<
N, with a continuous function ¢ from [0,7] x R™ x P2(R™) to U that ensures a unique
solution to the SDE system (1.1).

For each ¢, let VV?(¢, 2%, u=%) denote the cost

T
Ji(t,xz,uﬂ,ﬁ(.)):]E/ L(X;,ug, p; *)ds + Eg(Xp, pgp")
t

of agent A; when all N agents apply the control laws 4F = ¢(s, X* u;%), 1<k <N,
on [t,T] with X} = and pu; " = p~* € PN-1(R"). The choice of u~* € PN-1(R") is
arbitrary, which may be matched by appropriate initial states of all other agents .A4;,
j #1 at time t. Then V™% is a well-defined function on [0,7] x R" x PN-1(R"). It
is clear that this cost depends on N. For notational simplicity, we will just write it
as V?(t,x*, 1) by dropping the superscript N. We may denote the cost of A; in this
form due to symmetry of the other N — 1 agents. Specifically, if we permutate the
other agents’ initial states, the cost of A; remains the same. We shall call V¢ the
¢-value function for A;.

Now let the N agents be assigned the initial time-state values (t,27,=7), 1 <j <
N, respectively, which are subject to the constraint %(Xﬂ- + %u‘j = % Z,JCV:l Ok
for all j. For the initial time ¢ € [0, T, denote the controlled state processes for agents
Aj, j#1, by
(2.1) AX] =F(XI,0(5, XL, p157), 4157 )ds + 0dW] + 00dW, s >t.
For agent A;, we have
(2.2) dX!= f(Xiul, pu;")ds +odW! +oedW?, t<s<T,

where we take u’ =u’ € U for s € [t,t +¢€) and u’ = ¢(s, X, u;?) on [t +¢,T]. Under
(2.1)—(2.2), denote
T

it a1l (), 67()) = E / L(XE b, i) ds + Eg(Xin, u7)

t
t+€ . . B . .
(2.3) _E [ [ st s v e,Xz+5,ut;>] .
t

Using dynamic programming, we select u’ € U on the small interval [t + €] to
minimize

E

t+e N
/ L(XE ot pgt)ds + > VO(t+ e,XZ“ﬂ,qug)]
t k=1

and next take N — oo, where the term Zk#Ef:+eL(X§,u§,us_k)ds is not needed
since u' has too little impact on it. This allows us to formally derive the master
equation of the value function V(¢,z, 1), as the limiting form of J;, after finding the
minimizer 4, which is further required to be equal to ¢; see details in [30, Appx. Al.
The selection of 7 is cooperative, in that it takes into account its impact on both J;

and the sum of all other agents’ costs.
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2.2. The dynamic programming equation (or master equation). Denote
the matrices ¥ := 007, ¢ 1= ggo]. We interpret (x,u’) as the state and control of
the representative agent A; in an infinite population. The master equation of the
value function V(t,z, 1) takes the form

(24) OV (b 0) = Vet (0 ) 5 T Vi (0, 1) (54 5]
+ Lz, a*, 1) + (pldy), 0y 0,V (8, 11:9) f (y, ¢(E, 95 1) 1)
+ 5 dy), TG0,V (1,2, 15) (5 + )
+ {u(dy), Tr[Dey 0,V (8, 2, 15 y) o)
L2 dyd2), Tr(0,20,,V (1,2, 3y, 2)So)),

(25) V(T,z,p)=g(z,p),  (tz,p)€0,T] xR" x Po(R™),
where
(2.6) 0t =¢(t, x, )

is selected with ¢ fulfilling the condition
(27) (I)(t7 €z, ¢(t7 €z, .u’)a 1y V()) = ml%(l)(t? z, uia Ky V())
ute

for

(t,x,u’ 1, V() = Valt, o, p) f (@, u', p) + Lz, u', )
+ (u(dy), 0.6,V (t,y, ;) f (z,u', ).

Remark 2.1. The control law ¢ has a dual role. While ¢(t,y, ) with a generic
state y is interpreted as the control of other agents from the continuum population,
¢(t,z, 1) applied by agent A; is required to possess the minimizer property in (2.7).

Recall section 1.2 for (joint) continuity of a function with several arguments.

DEFINITION 2.2. We call the pair (V,¢), as mappings from [0,T] x R™ x Py(R™)
to R and U, respectively, a solution of (2.4) if the following conditions are satisfied:

(1) V, 0V, V,, and Vi are each (jointly) continuous on [0,T] x R™ x Py(R™);

(it) 0,V (t,x,13y), 0uuV (L, 13y,2), 040,V (L, p3y), 0p6,V (t,x,155y), Oy
V(t,z,1;y), Oyz0u,V (t,x, 15y, 2) are jointly continuous in t € [0,T], x,y,z € R",
and p € Pa(R™);

(iii) ¢ is continuous on [0,T] x R™ x Po(R™) with

[o(t, 2, 1)| < Co(1+ ||+ ([y))u);
(iv) there exists a constant C, such that for all (t,x,y,z, 1),

(2.8)
10,V (t 2, 5 y)|s 105,V (2, 3y, 2)| < Ca(1 4[> + yl* + 127 + (|yl)7),
10y6,.V (t, 2, 1;9)| < Ca(1 + [z| + [y| + (|y[) ),
1020,V (t, 2, 11;9)], 102y, V (£, 2, ;)| < C,
10y 20,V (t, 7, 5y, 2)| < Cu;

(v) (V,¢) satisfies (2.4) with terminal condition (2.5).
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For the subsequent analysis, it is necessary to look for a solution of (2.4) with
further restrictions on V. We introduce the following class of functions Cy consisting
of all functions V' from [0,7] x R™ x P2(R™) to R such that (a) V fulfills conditions
(i) and (ii) in Definition 2.2 and, furthermore, 0,V (t,z, ;y,z,w), 00,V (t,x, 11;y),
026,V 016,V 0y0,,V (b, 13y, 2), 020V, 030V s Ouy0unVs 000V, 0y20ppV
are jointly continuous for ¢t € [0,T], z,y,z,w € R", pn € Po(R™); (b) V satisfies (2.8)
and, moreover,

[V (t,z, 1)] < Ca(l+ |2> + (ly])),

Vo (t, 2z, 1) < Ca(L+ |2| +{|y)u),

|VI$(t7x7u)| S Ca,

1006,V (t,2, p159)| < Ca(L+ |2* + [yl + (|y)7),
1026,V (£, 2, p3y)| < Ca(1+ || +[y] + (D),

(2.9) 1020,V (t, 2, 115y)| < Ca,

|0y 0V (t, 2, 15y, 2)| < Cal(1+ || + [yl + 2] + (¥l ),
|a§5#uv(t’xaﬂ§yvz)|v ‘(%Uy(;#HV(t,f,/L;y,Z” <y,

(g (£, 139, 2,w) | < Ca(1+ 22 + [y + 22 + [w]* + (Jy])}),
|0y0pupusV (8, 139, 2,w) | < Ca(L + [z] + |y| =+ [2] + [w] + (|y[)u),
|0y=0u,V (t, x, 15y, 2,w)| < C.

The above additional growth conditions in (2.9) are mainly for ensuring well-
defined coefficients in the equation of U in section 3 and for constructing a solution of
U, which involves differentiating both sides of (2.4) and leads to various higher-order
derivatives.

3. Closed-loop systems and auxiliary master equations. We begin by
introducing the following assumption.

Assumption 3.1. The master equation (2.4) has a solution pair (V, ¢) with V € Cy..

A question of central interest is what kind of social performance can be achieved
when the master equation—based control law ¢ in (2.6) is used by all N agents. Note
that ¢(t,z, u) involves the measure-valued variable p. For its implementation, we will
use the actual process p; * in the control laws of the N agents:

(3.1) ay = o(t, X{, "), 1<i<N.

Under the set of control laws 1)%, 1 <3< N, the closed-loop system takes the form

(3.2) dX}= f(X},0(t, X}, 1y "),y “Ydt + odW) + oodW, 0<t<T,
1<i<N.

To analyze the performance of the control law ¢ in terms of PbP optimality, we
need to consider a general control u; for agent A; while the other agents take

(3.3) af =o(t, XF, u7 "), 2<k<N.

The key question is by how much the social cost may be reduced by optimizing u; .
This leads to a control problem with social cost Jiow (u'(-),a71(-)) and dynamics
(3.4) dX} = f(X}ul, pt)dt + odWE + oodWy,

(3.5) dXf = f(XE, (6, X "), g )t + odWE + aodWY,

0<t<T, 2<k<N.
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To facilitate the performance analysis, we need to examine two functions U and U
below, which are related to the asymptotic behavior of the social costs attained by ¢
as N — oo.

The social cost under the control law ¢ in (2.6) for all agents will serve as a
benchmark performance level. Based on (3.2), we consider the state processes on
[s,T7:

(3.6) dX} = f(X},o(t, Xi "), puy HYdt + odW; + oodWy, s<t<T,

1<i<N,
which are assigned the initial condition (s,2!,...,2"). The use of general initial
conditions will enable us to derive a partial differential equation of the cost

N
(3.7) Jq(cj,\cr) ¢(s7x1, )= ZJi(S,xi,u_i,qb)
i=1

subject to dynamics (3.6). Here J;(s, 2%, u~%, ¢) means that the cost is evaluated with
initial time s, initial state (z*, "), and the same control law ¢ for N agents.

We will look for a suitable representation of Js(é\é) e By symmetry of all other

agents, agent 4; may write Js(é\i) s 10 (3.7) as UN. (s,x',u~1), where the initial con-
dition p~!, as the empirical probability distribution of the state values (z2,...,2")
is sufficient for describing the behavior of all other agents as a whole.

We take a decomposition of the form
(3.8) UNe (tat, ™)y =UN(tz" p ) + (N = 1D)U(tp™"),

socC
where the function U, to be identified later, is defined on [0, 7] x P2(R™) and does not
depend on N. Given UYN_ (t,2%, 1), one might choose different pairs (UY,U) for

the right-hand side of (3.8). However, an appropriate choice of U is crucial in order
to prevent uncontrolled growth of UY as N — co. We will take

b

(3.9) Ut ) == (u(dy),V(t,y, 1)), 1€ P2(R"),

which is well-defined in view of (2.9). Our next step is to get the limit form of
UN(t,x',up=1), denoted by U(t,z,u), and determine the equation of U. Since U
aggregates the effect of a particular agent’s state = on the social cost J. (N) ¢ which

soc,

itself approaches infinity as N — oo, we shall call U the instrumental value function
(IVF) to distinguish it from the value function V.

3.1. Auxiliary master equations. For (¢,z,u) € [0,T] x R™ x P3(R"), define
e p) = @, otz p), p), - L (8 s p) = Lz, ¢4, @, 1), ).
We introduce the following assumption.
Assumption 3.2. Each of the functions 6, f*, 0,uf*, 6,L", 0,uL*, 6,9, and 0,9
is jointly continuous in its arguments, and there exists a constant C, such that
10, f " (8,2, 3 y) | < Ca(1+ || + [yl + (D),
|0 ™ (&2, 5y, 2)] < Ca(1+ || + |yl + 2]+ (¥ u),
[0, L* (t, 2, i y)| < Ca (1 + | + [y + (Jy)ih),
8un L™ (8, 1y, 2)| < Ca(L+ |2 + [y + |21 + (|y])0),
16,9(, )| < Ca(L+ [ + lyl* + (ly))0),
1009 (@, 1139, 2)] < Ca(L+ el + [y* + [ + (lyl)7)
for all t €[0,T], x,y,z € R".
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We introduce the following master equation for the instrumental value function
U(t,z,p):
(3.10) 0= U (t,x,p) + Up(t,, p) f* (¢, , )

+ =Tt U (t, 2, 1) (2 + B0)] + L* (¢, 2, 1)

w(dy), 0y6,U (@, psy) f*(t,y, 1))
(u(dy), T[050,U(t, 2, 113 y) (X + %o)])
1(dy), Tr[0zy 6, U (¢, 2, 13 y) X))
(n®?(dydz), Tr[0y26,, U (t, , 15y, 2)X0))
dy), 0uL"(t,y, w3 x) — 6, L™ (t,y, 5 y))
1(dy), 0y0,U (t, s )0 f* (ty s ) — 0 f* (8, 1139)])
(1(dy), Te{[0y20,, U (t, 1139, 2)] |o=y 2},

(1(dy),0,9(y, 5 %) — 6,9(Y, 159)),
[0,T] x R™ x Py(R™),

+ + 4+ + + + +
= =

DO =

(3'11> U(T7$7M)29<

=

\.H wa
==
m +

where U(t, ) is given by (3.9).

It will be helpful to explain how (3.10) is derived. Our method is to follow the idea
underlying the Feynman-Kac formula to derive an equation for UX (¢, 2!, n=1) using
the dynamics of (X}, ;) in (3.6). Subsequently, we separate terms of two different
scales, depending on whether they are multiplied by N — 1, to formally obtain two
equations for UV and U, respectively. Finally, taking N — oo, we obtain a limit form
U for UY and its equation (3.10). See [30, Appx. D] for details. By this procedure, we
have in fact identified the equation of U (see (3.14)) first and will next show that (3.9)
gives a solution.

Our next step is to construct a particular solution to master equation (3.10).
To do this, we need to introduce another function M: [0,T] x Pa(R?) — R by the
following equation:

(312) 0= 8tM(t7 ) < (dy) 0 5/LM(t ny )f ( aymu'»
5 ), T2, M (2, 1) (5 + o)

+§< 2 dydz), Te[0y 6, M (1,19, 2) o))
+ (U2 (dydz), 0,0,V (t, 2, s y) [0, f (8, y, 115 2) — 8 f *(t,y, 1159)])
b5 (0 (dydw), Te (0,8, (w0, 13, 2)] o=y 5)),

(3.13) M(T, ;) =0, (t,p)€[0,T] x Pa(R™).

We have constructed this equation so as to use M as an adjustment term in the
representation of U (see (3.21) below). With V' known, we may view (3.12) as a linear
equation.

Let the class Cps consist of all functions M (¢, 1) from [0, T] x P2(R™) to R such that
(1) M(t,p), Mt ) 8, M(t,113y), OuuM(t, 5y, 2), ybuM(t, p5y), 50, M(t,;y),
Oyz0,uu M (t, 113y, 2) are jointly continuous; (ii) for some constant Cl,
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10, M (&, 1159)|, 10 M (t, 15y, 2)| < Ca(1+ 2 + [y + (Jy1*) ),
|0y0, M (t, 11;y)] < Ca(L+ |yl + |y p)s
|656HM(t7M§y)| <Cy, |ayz5p,pM(t7lff§yaz)| < C,.

We further introduce the following assumption.
Assumption 3.3. There exists a solution M € Cps to (3.12).

THEOREM 3.4. Under Assumption 3.1, U defined by (3.9) satisfies the following
equation:

(3.14) 0="0,U(t, ) + (p, L* (t,y, 1)) + (1, 0y 0, U (t, i3 y) f* (9, 1))
3 O, (1, i) (5 4 o)
+ %<u®2(dyd2),Tr[ayzéwﬁ(tvu;y,Z)Eo]>,

(3.15) U(T, 1) = (u,9(y, 1)), (t, 1) €[0,T] x Po(R™).

Proof. For U defined in (3.9), we have

(3.16) 6, Ut psy) =V (t,y, 1) + x(t, 1) + (u(dw), 8,V (t,w, 159)),

where x is a normalizing term. We have

(317) 6., Ut sy, 2) =6,V oy, 3 2) + 8ux(t, 13 2) + 8,V (¢, 2, 13 y) + X1 (E, s )
=+ <u(dw),5H#V(t,w,ﬂ;y,z)>.

Therefore,

(3.18) Oy=0,, U (t, 13y, 2) = 0y20,V (1, y, j152) + 020,V (t, 2, 113 y)
+ (u(dw), 0,20,V (t,w, 115y, 2)).

The partial differentiation in the last term can get inside the integration by an appli-
cation of the dominated convergence theorem.
Substituting these expressions into the right-hand side of (3.14), we obtain

V(ty, ) + (, L (8 y, 1) + (s Vi (8 y, 1) £ (8,95 1)
D2 (dydw), 0,0,V (t,w, 5 y) f* (£, y, 1))

(1, Te[Viyy (£, 9, 1) (X + 20)])

(=2 (dydw), Trl076,V (8, w, 113) (2 + Xo)])

(3.19) 2=,
+

{,
(n
1

2
1
2
1
+ 5 (9% (dydz), Te{[0y=0,V (£, y, 15 2) + 0y=0,V (.2, 15y)Z0 )

1

+ 2( p®? (dydzdw), Tr{0y»6,,,V (t,w, 5y, 2) S0 }).
By a change of variables, we further apply Lemma A.2 to write the constituent term
(3.20)  {(u®?(dydz), Tr[0y26,V (t, z, 3 y) o)) = (u®?(dydz), Tr[0,.0,V (¢, y, 15 2) Xo).

Now, after substituting (3.20) into (3.19), we show = =0 by integrating both sides of
(2.4) using p(dr), where we have (u(dz), 0V (t,z, 1)) = 0 (p(dx), V (t, x, 1)). d
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We now take

(3.21) Ut,z, 1) =V (t,z, 1) + M, 1)
+ (u(dy), 0,V (t,y, s ) — 6,V (t,y, 1159))

for (t,z,p) € [0,T] x R™ x Po(R™) and proceed to show that this function satisfies
(3.10).

Remark 3.5. We explain the idea behind the representation (3.21). We write
UN. (t,zt,u™t) = EZ\LI Ve(t,x*, u~") and next expand V(t,x%, u~%) around pu~!.
The resulting sum is compared with (3.8) to suggest the construction in (3.21).

THEOREM 3.6. Under Assumptions 3.1, 3.2, and 3.3, U defined by (3.21) is a
solution to master equation (3.10) with terminal condition (3.11).

Proof. We give a sketch proof; a detailed proof is provided in [30, Appx. C]. We
differentiate both sides of (2.4) to get an equation of 6,0,V (¢, z, t;y), which in view
of Lemma A.4 leads to the equation of 0,(u(dy),6,V (t,y, u;x)) after switching « and
y and next integrating with respect to p(dy). Next, we easily get the equation of
O¢(u(dy), 0,V (t,y,p;y)). By adding up the three equations of 0,V (t,x, ), 0. M(t, 1)
and 0y (u(dy), 0,V (t,y, ;) — 8,V (t,y,p;y)), we further show that the right-hand
side of this summed equation may be equivalently written as the right-hand side of
(3.10) when U takes the form (3.21). In the reduction of the summed equation to the
equation of U, we need to use Lemma A.2 and the semi-symmetry property (A.12). O

3.2. A minimizer property for ¢. The next lemma gives a useful inequality
resulting from taking u’ in place of ¢(¢,z, ) in (3.10) for U.

LEMMA 3.7. Suppose Assumptions 3.1, 3.2, and 3.3 hold, and let U be given by
(3.21). Then, for each ueU , we have
(3.22) 0< Uty x, 1) + Ur(t, x, ) f(z,u, 1)
4 %Tr[Um(t, 2, 1) (S + So)] + L(z, u, )
+ (uldy), 0y0,U (¢, 2, p59) f*(E,y, 1))
((dy), Tr[076,U(t, 2, 155) (3 + o))
pu(dy), Tr[02y 6, U (L, %, 13 y)Xo])
(,u®2 (dydz), Tr[0y.0,,U(t,z, 113y, 2)30])

p(dy), 6, L*(t,y, u;x) — 0, L*(t,y, 1;y))
p(dy), 0y0,U (t, ;) [0 f™ (t,y, s x) = 8 f(t,y, 15 9)])

(u(dy), Tr{[ayzéuuﬁ(tv Y, Z)] |z:yz}>a

—~
—_~ o~

N
N
N
N
N
N

DN =

where U is given by (3.9).

Proof. There are only two terms within (3.22) that depend on u. By (3.21), we
have
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where differentiation 0, can go inside the integral by dominated convergence. We
have

Us(t, 2, 1) f (2,0, p) + Lz, u, 1)
= [Va(t, 2, 1) + (u(dy), -0,V (t, x, ;)] f (2w, ) + L, u, 1)
> [Vt @, ) + (uldy), 020,V (8, sy D™ (8, ) + L™ (8, 2, )
where the inequality is due to the choice of ¢ in (2.6). On the other hand, U satisfies
(3.10) by Theorem 3.6. The lemma follows from (3.10) and the above inequality. O
4. Person-by-person optimality. We introduce the following assumptions:

Assumption 4.1. ¢(t,z, p) in the solution pair (V,¢) for (2.4) is Lipschitz contin-
uous in (z,u) € R™ x Py(R™), uniformly with respect to t.

Assumption 4.2. There exists a constant C'x such that supy maxi<;<n E\X8|2 <
Cx.

Under the standing assumption (A1) and Assumptions 3.1 and 4.1, f*(¢,z,p) is
Lipschitz continuous in (z, ) with linear growth; i.e., for some constant Cf 4,

(4'1) |f*(tamau)_f t 'Y )‘<Cf¢ |$_y|+W2(/~L7 ))a
(4.2) |f* (8, ) < Crp (14 [2] + (yl))-

PROPOSITION 4.3. Under Assumptions 3.1, 3.2, 3.3, 4.1, and 4.2, for (X},...,
XN given by (3.2), we have

sup max sup E|X}|? <Crx,
N 1<iSNo<i<T

where the constant Cr x only depends on (T,Cx,Cy,4,%,30).

Proof. Consider the closed-loop system
(4.3) dX} = f*(t, X}, uy HYdt + cdW] + oodW?, 1<i<N.

Take puy = sz 10z and po = sz 16,5 with 27,37 € R". Taking a particular
coupling of py and pe as the distribution assigning probability 1/k at each point
(27,y7) € R?", we obtain Wa(u1,u2) < (3 > |27 — g7 |2)1/2 < > |29 —y7]|. So, in view
of (4.1), f*(t, X}, ;") is Lipschitz continuous in (X/,..., X}V), ensuring that the SDE
system (4.3) has a unique solution on [0,7]. Applying Ité’s formula to (4.3) and next
taking expectation, we have

t
E|X[|? =E| X + E / X5 £ (5, X0 1)+ TH(S + 50))ds

t
. . . 1
<BIXG + TTR(S + B0) + Cr B [ X | 14 X1+ g 3 1XF | ds
0 T kA

t
) ) 1
§E|X5|2+TTr(E+ZO)+Cl/ L+ EIXIP + — Y EIXF]? | ds.
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Denote 2z = max;<;<n E|X}|?. We obtain z; < Cs + C4 f;(l + 224)ds. By Gronwall’s
inequality, we obtain the desired estimate with Cr x as specified.

For any fixed constant Ky > 0, let ux, 7x consist of all R"'-valued processes up =

ul(t,w) that satisfy the followmg condltlons (i) u'(t,w) is adapted to the filtration

FN =o(XE,WE WO k=1,... N,s<t). (ii) EfOT lul (t,w)|?dt < K.
Remark 4.4. Given 6=, if u'(¢,21,...,2x) is a Lipschitz feedback control law
yielding a unique closed-loop state process (X},..., X} N ), we may identify such a

control law as the process u!(t, X},..., X}¥), which is adapted to the filtration F}Y.

Denote @} = ¢(t, X}, ;') in (3.2). Then, by Proposition 4.3, 4} belongs to Z/IJIT(}\’,
if Ky is sufﬁmently large.

THEOREM 4.5 (asymptotic person-by-person optimality). Under Assumptions
3.1, 3.2, 3.3, 4.1, and 4.2, for (3.4)—(3.5) and any fized Ky >0, we have

JED (@ (-),@%(),...a" () < 1&16125 TG (u! (-),@%(), ..., @Y () +ew,

where ey =O(1/N) and T8 s defined by (1.3).

4.1. Proof of Theorem 4.5. Throughout this subsection, we suppose that all
assumptions in Theorem 4.5 hold. Using It6’s formula, we obtain the following lemma.

LEMMA 4.6. Let the processes (X},.. XN) be given by (3.4)—(3.5) with ini-
tial states (X¢,..., X)) at t = 0 and u} € L{ as in Theorem 4.5 ensuring
a unique strong solution to (3.4)—(3.5), and denote the derivatives 6,U(t,x, j1;y),
8uuUt,z, 15y, 2), 8, Ut 13 y), 6,,U (8, psy, ) for U and U defined by (3.21) and (3.9),
respectively. Then we have

(4.4) E[U(T, X7, 7)) — U0, X3, 1o )]
T
:E/ {atU(tvxtlnut1)+Uw(t7thth1)f(Xtaut7Mt )
0

1 _
1 o
+N—1zay5MU(t’th’Mtl%th)f (t, X7 p7)
i>2
v 1) 2 MO X i X (8 %)

]>2

+7ZT1~ Duy0, U (t, X1, s X7 0]

]>2

e S T8, 8., U X i X X))

]>2k>2

2ZT1"8 S, U(t Xl,,utl;Xf,Xf)E]}dt
k>2
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and

(4.5) E[U(T, uz") = U0, ")

T
:IE/ {@U(t,ut +—Zé’5 Uty 5 XD (6 XY 1)
0

j>2

1 _ .
s S 26,0 (g1 X7 ) (S 4 5o)

2N -1 i>2
1 TT — .
T oo O TlObu Ut p s XE X))
j>2,k>2

SV > Tr[0,.0,,T(t utl;Xf,Xf)z]}dt.
k>2

Proof. For agent A, by Itd’s formula involving the measure flow {p; to<t< T}
(see, e.g., [9, 12, 14]), we have

dU(t, X[ i) = (00 (6, X g ')+ Us (8, Xy ) F(X g, g )]dt
1
+Us(t, X[,y ) (0dW)! + 00dWY)

1 B . o
+7_1289§MU(t7Xt17/1’t LX) f( X g )dt

N ,
jz2
1 o
+ AN =1) ZTr[aséﬂU(tathaMt L XT)(S + o)]dt
j>2

1 B , ,
+ N_1 ZayéuU(tathvﬂt 1§Xg)(Uthj + UOthO)
j>2
+ v ZTr Dey0, U (t, XL, s XE)S0)dt
k>2

Y T[0,: 0, U X s XE L XT ) So]dt
]>2 k>2

) 2ZTra 0, U (t, X1 uh XF, XYy dt.

k>2

Integrating both sides on [0, 7] and taking expectation, we obtain (4.4). The proof of
(4.5) is similar and uses the following relation:

__ B _ -~ 1 _ _ . S
(4.6) dU (t, py ) = 0:U (£, py Vdt + N1 > 0y0, Ut py s X £ (4 X Y )t
j>2
T > (075, U (¢, py b3 X7 ) (S + Do)ldt
]>2

+ ﬁ > 0y0,U(t, ' X7 ) (0dW] + ood W)

3>2
1 = —1, vk j
_ Tr[0,. , (X, XY
+ Q(N— 1)2 2222 v [0y, U (¢, pg ¢, X{)So]dt
Z ayz(suuU t Nt_lvxt 7Xt )Z]d D
k>2
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To obtain the crucial lower bound in Theorem 4.7 below, we need to slightly
rewrite the integrands in (4.4) and (4.5) to relate to (3.10) and (3.14) for U and U,
respectively. We proceed to introduce the following error terms:

1 B _— o . _—
glat = mzayéli[](txtlhu’t 17Xi7>[f (taXi]7Mt ]) - f <t7Xg7:ut 1)]7
j>2

€9, == 2ZTr8 S, Ut X}t XF XE)D)
k>2

and

&= 30,80t XD X i) = 1 (X )
j>2

1

— 0K S XD = 0 X 5 XD

Moreover, for 2 < j < N, we denote
=L (X ) = L X )
1 . _ . . )
- m[éul’ (tvxtjhut ;Xt)_(SML (tathvut 17Xg)}7

¢ = g(X},nz”) — (X3, pyt)
1

— g I 15 XE) = Gug (X i X7

THEOREM 4.7. For (3.4)—(3.5) and every control u' as in Theorem 4.5, we have

(4.7) T (u (), 071 () 2 E[U(0, X5, 1) + (N = 1)T(0, 115™1)]

socC

T N N
+EB [ (ergrer Y ch|avEY g,
0 j=2 j=2
where the equality holds if uf = ¢(t, X}, u; ") for all t €[0,T] in (3.4) for agent A;.
Proof. Denote

6? = atU(tathay’t_l) + UiE(thtluu‘t_l)f(Xt 7utnu‘t )
1 _
+ §Tr[Uxm(tathvﬂ’t 1)(2 + E0)]

1 i i
+ 7 2 QSuU (6 X S XD (6 X i)
j>2
+2(N—2Tra U (X} i XT) (5 + )]
j>2
+7ZTr By 0 U (6, X}, pir 5 X7 ) 20]
j>2
1 - ,
+m Z Tr[achSWU(t,X,},ut 1;Xf,th)Eo],
j>2,k>2
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which consists of the first six lines in the integrand of (4.4) but replaces p; I py pt
within f* on the third line. Then, from Lemma 4.6, we have the relation

T
E[U(T, X} u5Y) — U(0, X2 jig)| =E / (0 + €8, +£8,)dt
0

Similarly, based on (4.5), we define

@f:(Nl){atU(t,,ut JF 285 Ut )f (t, Xta#t D)
]>2
- 2(7_12Tra 8, Ut 5 X7 (2 + %0)]
j>2
1 - ,
HETREE > Trl0y:0,,U(t 1;X5,X§)Eo]}

Jj=22,k22

and

O =" 0, U (b i 5 X7) [ £ (6 X i) = (6 X i)

j>2

05, := SN > T [0y20,,U (8, 5 XE L XF)S]
k>2

Using (4.5), we obtain

T
(V= DD, i)~ U0 ) <E [ (0% + %, + D)
Subsequently, we obtain

(4.8) E[U(T, X3, pup) + (N — 1)U(T, ppt)]
- E[U(O:X&MEl) + (N - 1)U(07M61)]

T
~E / (00 + €8, + €2, + 68 + O, + %, )dt.
0

We need to further decompose 0%, as the sum of a main component and a small error
term. For this purpose, denote

1 — . . S . o ,
th = N_1 Zay(qu(ta/Jt 1§Xg>[5uf (t, X7 s g 1§Xt1) — O fT (6, XY, 1 1§Xt])}-
=2

Then we have 0%, = ©%, + &0, where &) is viewed as a small error term. By (3.14), we
have

O =— (N = 1)(u; " (dy), L* (t,y, i 1))-
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For (4.8), denote O] := Of + £{, + &5, + ©% 4+ ©Y, + 05,. Now we have
O; =0f + O] + O, + 05, + &1, + &5, + &

= {atU(tthla,ut_l) +Uw(taXt1?:u/t_l)f(Xt 7utuu/t )

1
+ iTr[Um:r(ta thaufl)(z + 20)]

1 . .
S 2L OB U X s XS X )

§>2
1 1 J
+2(N72Tr6 S U X i X9 (2 + %))
j>2
+N7_2Tr Duy0, U, XY s X7 20]
]>2
Z ’I‘r a z(spuU(t7Xt17M;1;Xf7th)20]
]>2 k>2
jzay(sﬂﬁ(taﬂt XJ)[(S [, Xt?:ut 7X1)
i>2
- 5uf*(t7thvu;17X1tJ)]
_1 > Tr(0,.0,, Ututl;Xf,Xf)E]} (=:7)
k>2

- (N = Dy H(dy), L (L y, g 1)) + €8 + €5, + &7
=T = (N = 1) (dy), L (6 y 1)) + &8+ €5, + &7
Now Lemma 3.7 implies, after setting = X}, u=1u}, and g = p; ' in (3.22), that
(4.9) T+ LX) uppt)
+ (g (dy), 0L (ty, i 5 XY) = 0uL* (1,7 ' 3y) >0,

where the equality holds if u} = ¢(t, X}, u; ) in both Y and L. Tt follows from (4.9)
that

OF > — L(X} uy iy ) — (pg H(dy), S, L™ (ty, ' X0) = 6, L™ (ty, 1y ')

(410) = (N =1){py "(dy), L*(t,y, ;")) + &5, + &5, + &

‘We have
N . .

(4.11) ZL*(thi,u{j) = (N = 1)(u; "(dy),L*(t,y, 00 "))
j=2

+ (s H(dy)y Su L (6, py 5 X)) = 0, L7 (G, 1Y) +Z it

and, in view of the terminal conditions of U and U,

N

(4.12) Zg =U(T. X}, pp') + (N = DU(T, ppt) + > €7

Jj=2
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Combining (4.10) and (4.11) yields

N N
(4.13) 07 = —L(X} uf,pui ') = Y L (0 X))+ € + 65+ €+ D &R
Jj=2 j=2
By (4.8) and (4.13), we have
(4.14) E[U(T, X1, pzp") + (N = )U(T, uz)]

— E[U(0,Xg, 15 ") + (N = 1)U (0, 5 "))

T N
Z—JE/ LX} g p )+ L5t XE ) | dt
0

T
+E/ ﬁlt"‘ﬁgt‘f‘ff‘*‘z:ft
0 —
Jj=2

Adding up (4.12) and (4.14), and rearranging all terms involving (L,L*,g) on the
left-hand side, we obtain (4.7), where the equality holds if u} = ¢(t, X}, p; *) for all ¢
n (3.4). |

LEMMA 4.8. For (3.4)~(3.5) and j > 2, t €[0,T], we have

. C
(4.15) €521, 1671 < 7 (L IXEF + (), 70),
. C
(4.17) 6 < L X+ X7+ (1)),
C
(4.18) €9] < N 1|2(1+ | XH2 + | X2+ + Iy ,=1)-

Proof. By (3.21), we calculate 0,6, U (t,z, ;y) and use Assumption 3.1 to obtain
(4.19) |0y0, U (t, 2, s y)| < C(L+ || + [yl + (yl)p)-
Next, for =7 1= - 1Zk#k 1 04, we have
(4.20) 2t p ) = ()

/ /%f (ta?, ™ s — )y (™ — ) (dy)ds.

Denote fig:=p "t +s(u™7 —p~1) and APty :=pu~7 — p~1. Assumption 3.2 implies

N _— P 1 . _— « P .
/5Mf (t7$]>ﬂs§y)AJ’1N(d?J)‘ = ﬁks,uf (taxjnus;‘rl) - 6Mf (t7l"],/j/s;.’f])|
Yy

C

<
“N-1

. 1
1 k
14 |27| + |z |+N—1 E |z
k>2
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Subsequently, by (4.19) and (4.20), we have

a C 12 1 712 2
(4.21) |§1t|§m 1+ [X; | +mjz>:2|xt| + (Y,

C
(+ X2+ (o))

N -1

<
Next, we use the growth conditions of V', as specified by Cy, and the semi-

symmetry property (A.12) to establish |8yZ6WU(t,Xt1,ut_1; XF XF)| < C, which im-
plies (4.16). To get the bound of |€}|, we write

(4.22) el )= (el 0T (AP u(dy), 6 f(t el nT )
/ / / sOupf (827 ™+ sT(pT = T )y, 2)
AP p(dy) yAzjl wu(dz)drds.

Denote fis r :=p "t 4 s7(u™ — p~1). Then

/&MWﬁﬂm%WWMMNWW)
y,Z

1 N _— N _— . .
Zﬁj/WJUﬂwmf@—%J@%MﬁﬂﬂNWW)

1
1 * i oA 1.1 * i oA i1
:W{[(Suuf (t,l’ yMs, 3L T )_6,uuf (t,.”L‘ y s, 73 L7, )]
— [0 f*(t, a7 7/157,96 x) Suptf” (t,xj,ﬂsﬁ;xjmj)]}.

Consequently, under Assumption 3.2, we have

(4.23)

(62 i sy, 2) AT p(dy) AT p(dz)
y z

C

) 4
< m(l + 2 [+ 127 [+ (lyl) 1)
We use Assumption 3.1 to obtain

(4.24) 1040, U (t, p159)| < 10,V (t,y, )] + [(p(dw), 8,0,V (¢, w, 13y))|
SO+ [yl +(lyhu)-

By (4.22), (4.23), and (4.24), we obtain the bound of |£°| in (4.15). Finally, we follow
the method in (4.22) to obtain (4.17) and (4.18). d

LEMMA 4.9. There exists a constant Cg, depending on K such that for (3.4)—
(3.5), we have

4.25 E|X/|* < Ck,.
(4.25) ¥ lilzlﬁ(o 1<i<NOt<T Xil™ < Crg

Proof. By Itd’s formula, we have

E|X} 2= ]E|X1|2+]E/ [X;Tf(X;,u;,ugl)+Tr(z+20) ds.
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We have

N
1
X2 (X b < 01X <1+ X2l + g ZW?')
k=2

N
1
< 1,2 12 k|2 )
_C<1+|XS| + ul| +7N_1Z|XS| )
k=2
Then it follows that
t
(4.26) E|X}!|? <E|X3|* + C/ <1 +Elull’ + max EX§|2> ds.
0 1<k<N

Similarly, for k > 2, we use assumption (A1) and the linear growth of ¢ in Definition 2.2
to obtain

t
(4.27) E|X[|? <E|XE]+ C/ (1 + max ]E|X§|2> ds.
0 1<k<N
Next, we follow the proof of Proposition 4.3 to use Gronwall’s lemma to obtain
(4.25). d
Proof of Theorem 4.5. By Theorem 4.7 and Lemmas 4.8 and 4.9, we obtain

I (@t 0™ =E[U(0, Xg, 10 ) + (N = DT (0, 15 )] + O(L/N),
—1DU(0, uy"

U
o (u, 0™ 2 E[U(0, Xg, 1 1) + (N = 1)T(0, 4 )] = O(1/N)

for all ul(-) € Z/{jfj%. Then Theorem 4.5 follows readily.

5. Explicit solutions in LQ models. This section uses LQ mean field social
optimization models to illustrate explicit solutions of the master equations of V,
M, and U. The individual agent has the dynamics

(5.1)  dX]=(AX!+ Bui +GX)dt + DAW} + DodW?, 1<i<N,

where the initial states are independent with E|X{|? < co. The individual cost is

given by
g (=1) (—1)
i —i i i i —i
(5.2) Ji:E/O (1X; = TX — nf +ui” Rui)dt + B X5 — T X5 — g2 |

where Xt(fi) = ﬁZ;\;l ki X7 and |z = T Qz. We have symmetric matrices

@ >0 and R > 0. Denote the social cost Js(ég) = Zi\il J;.

5.1. The master equation of the value function. Denote Z := (u(dy),y) €
R™ as a function of p. For the model (5.1)—(5.2), corresponding to (2.6) we determine

® =V, (t,x, u)(Ax + Bu' + GZ) + |z — 'z — 77|2Q +u'T Rut
+ (u(dy), 020,V (t,y, s 2) (Az + Bu' + GI)).

The minimizer of ® takes the form

N 1 TI/T T
W' =gtz ) =—5R "BV, (t, @, 1) + (u(dy), 076,V (t,y, ;)]
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The master equation (2.4) becomes

— OV (t,x,p)

= V(t, 2, p)(Az + GZ) + %Tr[Vm(t,x, 1)(DD™ + DyDJ)]

+lz—Tz—nl3 — ivaRleTvg

(u(dy), 020,V (t,y, i) - BRT' BT - (u(dy), 0, 8,V (t,y, p15 )
p(dy), 040,V (t,x, 5 y)[Ay + Bo(t,y, 1) + Gz)
(1(dy), Tx[876,V (¢, 2, 11;y)(DD™ 4+ Do Dy )])
1i(dy), Tr[02y 0,V (t, 2, 113 y) Do Dy ])
(% (dydz), Tr[0y.0,,V (t, 2, g3y, 2) Do D{ 1),

+ + + + 4+
= TN = T =

where V(T,z,p) = |z — Tz — 77f|éf.
We take the ansatz
(5.3) V(t,z,p) =z P(t)x+z"AQt)T + 22" H(t)z
+227S(t) +2270(t) + r(¢),

where the functions P(t), A(t), ..., r(t) are to be determined, with P(t) and A(t)
being symmetric. We calculate

6,V (t,x,wy) =22 Ay + 20" Hy + 2y "0 + x (¢, 2, n),

SunV (8, 5y, 2) = 22" Ay + 8, x (8, @, p15.2) + xa (8, 2,y 1)

and derive the ordinary differential equation (ODE) system

(5.4) P=-A"P-PA+PBR'B"P-Q,

(5.5) A=—(A+H)BR'B"(A+H")
~A[A+G—-BR'B"(P+A+H+H")]
~[A+G—-BR 'B"(P+A+H+H")]"A
+H BR'B'TH-H G-G"H-T"QT,

(5.6) H=-A"H+PBR 'B"H
—~H[A+G-BR'B"(P+A+H+H")]-PG+Qr,
(5.7) S$=—ATS+PBR'B"S+HBR 'B"(S+6)+Qn,

0=H BR'B"S+ABR'B"(S+0)
—[A+G—-BR 'B"(P+A+H+H)]"0
~(A+H)BR™'B"0-G"S-T"Qn,
(5.9) #=STBR'BTS+60"BR'B"(25 +0)
—Tr[(P+A+H+H")(DoDg)]—Te(PDDT) —n"Qn,

where the terminal conditions are

P(T)=Qy, A(T):F}fof, H(T)=—-QTy,
S(T)=-Qny, OT)=TyQsny, r(T)=n;Qsnys-
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We determine the control law
(5.10) ¢t x,p)=—R'B"[Pr+(A+H+H")z+S+4).

THEOREM 5.1. The ODE system (5.4)—(5.9) has a unique solution (P,A,...,r)
on [0,T].

Proof. We first obtain a unique solution P on [0,T]. Denote Z := P+A+H+H".
By the ODEs of (P, A, H), we can show that Z satisfies the following equation:

(5.11) Z=—(A+G)"Z-Z(A+G)+ZBR'B"Z — (I -T)"Q(I —T),

where Z(T) = (I —I'})Q¢(I —T'y). We start by solving the standard Riccati equation
(5.11) to get a unique solution Z(¢) on [0,T]. Setting P+ A+ H + H' in (5.6) as
7, we determine H using a linear equation and further obtain A=2 - P—H — H".
Subsequently, we solve two linear equations to obtain (5,6). Next, r is determined
from a linear equation.

The above calculation gives a solution of (5.4)—(5.9) on [0,7T], which is clearly
unique by the local Lipschitz continuity of the vector field of the ODE system. 0

5.2. The equation of M. Given the control law ¢ in (5.10), we determine
fH(t,x,p) = (A— BR™'BTP)x + Gz — BR™'BT (S +0),
where
(5.12) G(t):=G—BR'BT(A(t) + H(t) + H™ (t)).

Now master equation (3.12) reduces to the following form:

(5.13) 0= QM(t,10) + (ldy), 10,6, Mt s ) £ (1., 1)
5 ldy), TX28,M (1, s )(DDT + DD )

5 (0 (dydz), Te{0,-5,, M (1, iy, 2)Do D )
— (2 (dydz), 0,0,V (t, 2, 3 )] - [0, (b, p13y) — 6 f™ (., 13 2)])
+Tr(ADD),
(5.14) M(T,p)=0, (t,p)€[0,7]x P2(R").
We take the ansatz
M{(t, 1) = (o y "1 (D)y) + 2 H5(0) 7 +2270°(8) + (1),
where II{(¢) and II$(¢) are symmetric. We derive the following linear ODE system:
= —I{(A—BR 'B"P)— (A—BR'B"P)'II{ — (HG+G"H"),
= —U3(A+G—-BR 'B"P)— (A+G—BR'B"P)TII]
~IG -G +HG+G H',
6°= —(A+G—BR'BTP)7¢° + (II{ + 1I3)BR~'B™ (S + 0),
#° = 20°"BR™'BT(S +6) — Tr[(TI{ + A)DD™ + (TI$ + 113) (Do Dy )],
with the terminal conditions II§(7T") =TI$(T) =0, §°(T) =0, and r°(T) =0, where the

functions (P,A,H,CA}’,S7 #) have been determined from Theorem 5.1 and (5.12). The
next proposition is obvious.
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PROPOSITION 5.2. The ODE system of (I1{,113,0°,7°) has a unique solution on
[0,77].

Remark 5.3. In view of Theorem 5.1 and Proposition 5.2, for the model (5.1)—
(5.2), we may verify Assumptions 3.1, 3.2, 3.3, and 4.1.

5.3. The solution of U. We use (3.21) to construct a solution of U in the linear
quadratic case and obtain

(5.15) Ult,z,p)=a " Pr+ (uy (11 — H - H")y) + 2" (113 - A)z
+20 " A+ H+H)Z+227(S4+0)+2270°+r+1r°,

where Z := (y),. On the other hand, we may also directly solve (3.10) by looking for
quadratic solutions of the following form:

(5.16) Ut p) =2 7 ()2 + (p,y '3 (t)y) + 2" 15(0)2
+ 22 TII(6)T + 22 7S () + 227 0°(¢) + r°(¢t),

where II$ (), II$(¢), and II§(¢) are symmetric matrix functions of ¢.

THEOREM 5.4. For the model (5.1)—(5.2), the master equation (3.10) has a unique
solution U within the class of quadratic solutions, which coincides with the represen-
tation (5.15).

Proof. By use of (5.16), we derive an ODE system for (II$, IS, . .., 7®). We further
show solvability of the ODEs one by one in the following order to take II{ = P,
O =M¢—H-H" , TI{=A+H+H", TI{=13 - A, S°=S5+0, > =0° and
r® =r + r°. The solution is clearly unique by the local Lipschitz continuity property
of the vector field of the ODE system of (II7,IIS, ..., r®). ad

5.4. An example from systemic risk. In the system of interbank lending and
borrowing, the state processes of N banks, as the log-capitalization defined in [13],
have dynamics

dX} =uldt +o(\/1— p2dW} + pdW}), 0<p<1,

with the initial value X¢, where W2, W}, ..., W}V are independent standard Brownian
motions. The N banks obtain the social optimal strategy through minimizing

N
T ()= Ti(), wi=(',...u"),
i=1
where
g i iy (—1) i (—1)
Ji(u(+)) :E/ L(X},up, X ’ Ydt +Eg(Xp, X )
0

with Xt(fi) = D i X/, running cost

L(xi7uivz) = (ul)Z + 2qul(x2 - Z) + 60(xi - Z)Q? q2 < €0,

and terminal cost g(z%, 2) = c(x® — 2)%2. The parameters q, €y, and ¢ are positive
with ¢? < ¢y to ensure convexity of the running cost L(z% u’,z). See [13] for an
interpretation of ¢ in terms of incentive for lending/borrowing.
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5.4.1. The direct solution. Denote x = (z!,...,2V)7. The value function is

USIXC mf Z E

/ L(X?ul, XY ds + (X, XA ”)]

where (t,x) € [0, T] xRY. By solving the HJB equation of UY., we obtain UY,_ (t,x) =
x"P(t)x+r(t), where P(t) has N diagonal entries m; and off-diagonal entries all equal

to mo, with

0=y — (m +q)% — (ﬂg—q)Q(N—l)-i-

0—7'r22(71'1+q)( 2Nq_1><7r2Nq_1)2(N2)(;)_Nl)2,

where 71(T) = ¢N/(N — 1) and 72(T) = —cN/(N — 1)2. The optimal control law of
the ¢th bank is

(5.17) a™Ni(t,x) = — (71 + q)x’ — <7T2 - ) g: z*

ki, k=1

Denote the ODE
(5.18) 0=Pi—(Pi+q)*+e, PuT)=c,

which has a unique solution on [0,7]. We can further show supg<;< |71 (t) — Pa(t)| =
O(1/N). By checking the ODE of (N — 1)ma, we obtain supg<,<7 [(N — 1)ma(t) +
P;(t)]=0O(1/N). As N — oo, the optimal control law (5.17) takes the limiting form

(5.19) a'(t, 2z, 1) = [Py(t) + q](z — z*),

where T := (u,y). Comparing (5.19) with the open-loop and closed-loop Nash equi-
libria proposed in [13], the social optimum has the same solution as the mean field
game has in the limit with N — oc.

5.4.2. The master equation—based control. By (2.6), we obtain the mini-

mizer

i 1 1
(520) u = 7évr(taxnu) - q(l’ - QZ) - §<:U‘(dy)aam§pv(t7yvﬂ; x)),

where 7 := (i1,y). We take the ansatz V(¢,z,pu) = P(t)2% + A(t)z? + 2H (t)x7 + r(t)
and derive

0=P—(P+q)*+eo,
0=A+(A+H)>—(H—-q)?-2AP+A+2H) + €,
0=H—(P+q)(H—q)— H(P+A+2H) — ¢,
0=7+0?P+o?p*(A+2H),

where P(T) = ¢, A(T) = ¢, H(T) = —c, r(T') = 0. Clearly, P = Py on [0,T]. Denote
Z1:=A+2H, and use the equations of A and H to write the following ODE:

(5.21) 0=21+(Z1—q)* - 2(P+ Z1)(Z1 —q) — €0, Z1(T)=—c,
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for which we can show that Z; = —P is a solution. By uniqueness of the solution of
(5.21), it follows that A +2H = —P on [0,7T]. Subsequently, we determine H from
a linear equation using the equation of H after setting A + 2H as —P; this in turn
determines A. The above solution (P, A, H) is unique. The control law (5.20) now

becomes

a'(t @, 1) = —{[P(t) + qlz + [A(t) + 2H (t) - ]z}
=[P(t) +q)(z — 2),

which agrees with (5.19).

6. Concluding remarks. Our performance estimate via multiscale analysis has
been based on existence of sufficiently well behaved solutions of two master equations
for V and M. For future work, it will be of interest to develop existence results
following such methods as in [9, 16] for more specific models.

Appendix A: Preliminary lemmas and semi-symmetry property.
LEMMA A.1. Suppose the function ¥(x,y) from R™ x R™ to R has continuous
partial derivatives Ogytb(x,y) and Oygp(x,y), and denote h(x,y) = Oy(x,y). Then

(A1) Oyatp(,y) = (h(z,y)) ",
(A.2) Ouy(y,x) = (h(y,x))".
Proof. The (i,j)th entry in Opyt)(2,y) is Or,y, ¥ (x,y), and the (j,4)th entry in

Oyz(2,y) is Oy, 2, (x,y). Now (A.1) follows from Schwarz’s theorem [23]. Next, (A.1)
yields (A.2) by switching x and y. O

T,y
Y, T

LEMMA A.2. Let ¥ € R™ ™ be symmetric. Suppose 0,06,V (t,y,p;2) and 0,6,
V(t,y,p; 2) are continuous in (y,z). Then we have

(AS) Tr[@zy(SHV(t, ya :ua Z)E] = Tr[ayzé,uv(t7 .% /‘h Z)E]a
(A.4) Tr[0y-0,V (t,y, 1; z)i“zzy =Tr[0,.0,V (¢, z, i; y)i]\z:y.

Proof. If D and ¥ are n x n matrices and ¥ is symmetric, then we have
(A.5) Tr(DY) =Tr(ED) =Tr[(¥D)"]| = Tr(DTY),

which together with Lemma A.1 yields (A.3). Denote h(y,z) := 0,6,V (t,y,1; 2).
By Lemma A.l, 0,.6,V(t,z,1;y) = (h(z,y))", which combined with (A.5)
implies (A.4). |

Consider a continuous function ¥(t,s): R. = [0,T] x [0,¢) — R, where ¢ > 0.
Define the partial derivatives 0,¢(t,s), 0s1(t,s), and 9;0s¥(t,s) on R., where each
partial derivative is interpreted as a one-sided derivative when we take 9; (95, resp.)
at t=0ort=1T (at s =0, resp.). For instance, for 0 <t < T, we have ds9(t,0) :=
lim b(te)=9(t,0)

e—0+ € .

The next lemma extends the symmetry property of second-order partial deriva-
tives in Schwarz’s theorem [23] to the case of boundary points of a region. The proof
uses essentially the same argument as in [23, pp. 317] and is omitted here.

LEMMA A.3. Suppose ¢ satisfies the following conditions:

(i) The partial derivatives 0p)(t, s), 0s1(t, s), and 0;0sv(t, s) exist on R..
(i) 0:05(t, s) is continuous at the point (tg,0) for to € [0,T].

Then ds0pth(to,0) exists and 05041 (tg,0) = 0051 (t0,0).
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LEMMA A.4. Suppose V(t,x,p) is a function from [0,T] x R"™ x Py(R™) to R
satisfying the following conditions:

() 8V (t,x, 1), 6,V (t, 2z, 15y), and 3,0,V (t,x,1;y) exist and are jointly continu-
ous in (t,x, ) € [0, T|xR"xPo(R") and (t,z,y,p) € [0, T]x R*" x Py(R™), respectively;

(ii) for each constant K >0,

10,V (t, 2, 39)|, 1066,V (t, 2, 115 9)| < Cre(1+ Jyl?)

holds for all t € [0,T], x,y € R, pn € P2(R™) whenever |z| < K and Wa(u,d) < K
(equivalently {u, |y|*) < K?), where Ck is a constant depending on K.
Then the derivative 0,,(0;V (t,x,1))(y) exists and, moreover,

(A.6) 5u(8tV(t,x,u))(y) = atéuff(t,x,,u;y)
for allt€[0,T],z,y € R™, € Pa(R™).

Proof. Step 1. We show the normalization property of 8t5MV(t,J:,u;y). By the
normalization property of 6, V', we have (u(dy),d,V (t,z, p;y)) =0, which implies

0= (u(dy), 6,V (t, 2, 1139)) = (u(dy), 36,V (¢, 2, 11;9)),

due to condition (ii) and an application of the dominated convergence theorem.
Step 2. Let 1 and pg both from Py (R™) be fixed. For ¢ € [0,7] and s € [0, 1], set
W(t,s) =V (t,x,pu1 + sv), where v =g — 1. We have

(A7) Oup(t,s) =0,V (t,x, 1 + sv)

for (t,5) € [0,7] x [0,1]. We proceed to check 951(t,s). Suppose s € (0,1). Then, by
the definition of the derivative, §,V evaluated at p; + sv gives

(A.8) i Y5+ O —¥(t5)

el0 € = <V(dy)7 6HV(t7 T, f1 +sv; y>>

Next, we check lim, g %:w(“) and get the same limit as in (A.8) (see [30] for

details). We similarly obtain the one-sided derivative of 1(t,-) as (v(dy),d,V (t,x 1 +
sv;y)) at s =0 and s =T. Therefore, for all s € [0,T], 959(t,s) exists and

(A.9) Ost(t,8) = (v(dy), 6,V (t, 2, 1 + sv;y)).-
Subsequently, by (A.9), for each fixed ¢t € (0,T), we have

005 (t,5) = 0y (v(dy), 6,V (¢, 2, + sv3y))
(A.10) = (v(dy), 00,V (t,x, 1 + sv3y)), s€[0,T],

where the second equality results from condition (ii). We similarly obtain (A.10) for
t=0and t="T.

Step 3. As (t',s") = (t,s) €[0,T] x [0,1], we may show Wa(u1 + s'v, 1 + sv) =0
using [40, Thm. 6.9], and therefore 8t5u‘7(t’,x,u1 +s'vyy) — 8t(5u‘7(t,x,u1 +sv;y) by
condition (i). Subsequently, 9;0s¢(t',s") — 0;0s¥(t,s) by (A.10) and the dominated
convergence theorem under condition (ii). Hence, 0:05t(t, s) is continuous in (¢, s) €
[0,7] x [0,1]. Therefore, by Lemma A.3, 0,0;%(t,s) exists at each point (¢,0), ¢t €
[0,T], and, moreover,

(A.11) 050, (t,0) = 0,05 (t,0) = (v(dy), 8,V (t, x p3 y)),

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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where the second equality follows from (A.10). By (A.7) and (A.11), we have

lirn %[aﬁ/(a 2o+ ) — 0V (6, )] = D, Outb (£, 0)
= <V(dy)a atéuv(ta X 15 y)>

for all 3 € Po(R™). So du(atf/(t,x,,ul))(y) exists. Recalling Step 1, we obtain
(A.6). O

PROPOSITION A.5 (see [9]). Suppose that both 0,0(w;y) and ¥, (w;y,z) exist
and are jointly continuous in their arguments and that for each K >0, 6,4 (u;y)|,
16,00 (139, 2)] < Cr (1 + |y|*> + |2]?) holds for all y,z € R™ whenever p satisfies
WQ(,U,,(S()) S K. Then

(A.12) St (159, 2) = 0,0 (13 2, ) + 6,0 (13 y) — 6,00 (5 2).

The equality (A.12) will be called the semi-symmetry property of 6,1 and has
been proved in [9, pp. 33-34] for bounded derivatives. But the proof there can be
easily adapted to the quadratic growth case. Note that the proof in [9] has required the
normalization property of the derivative ¢,1. Therefore, we adopt this normalization
convention in section 1.2.
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