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Abstract. We consider a mean field linear-quadratic-Gaussian game with a major player and
a large number of minor players parametrized by a continuum set. The mean field generated by
the minor players is approximated by a random process depending only on the initial state and
the Brownian motion of the major player, and this leads to two limiting optimal control problems
with random coefficients, which are solved subject to a consistency requirement on the mean field
approximation. The set of decentralized strategies constructed from the limiting control problems
has an e-Nash equilibrium property when applied to the large but finite population model.
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1. Introduction. Stochastic dynamic games with mean field coupling have ex-
perienced intense investigation in recent years; see, e.g., [2, 11, 16, 18, 20, 21, 28, 33,
34]. The players in these models are individually insignificant but they collectively
have a significant impact on a particular player. Since all players are comparably
small, they may be called peers. To design low-complexity strategies, consistent mean
field approximations provide a powerful approach. The fundamental idea is that in
the population limit each agent optimally responds to a certain mean field which in
turn is replicated by the closed-loop behaviors of the agents. Based on this procedure,
the mean field may be determined by a fixed point analysis [16]. In the resulting so-
lution, each agent only needs to know its own state information and the mass effect
in the population limit which may be computed offline. This methodology has been
applied to decentralized control of coupled nonlinear oscillators subject to random dis-
turbances [34], human crowd motion [11], and decentralized charging control for large
populations of plug-in electric vehicles [23]. Risk-sensitive costs and robustness issues
were considered in [32]. Numerical solutions for coupled Hamilton—Jacobi-Bellman
and Fokker—Planck equations in mean field games have been developed in [1]. The
survey [6] on differential games presents recent progress in mean field game theory.
The technique of consistent mean field approximations is also applicable to mean field
social optimization [17], where each agent does not simply minimize its own cost but
solves a modified optimal control problem by taking into account its social impact
across the population. The mean field approach has also appeared in anonymous
sequential games [19] with a continuum of players individually optimally responding
to the mean field. However, the modeling of a continuum of independent processes
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leads to measurability difficulties and the empirical frequency of the realizations of
the continuum-indexed individual states cannot be meaningfully defined [3].

1.1. Mean field games with major and minor players. This paper consid-
ers the linear-quadratic-Gaussian (LQG) game with a major player Ay and a popula-
tion of minor players {4;,1 < i < N}. At time ¢ > 0, the states of the players Ay and
A; are, respectively, denoted by x¢(t) and z;(t), 1 <i < N. Let (0, F, {Fi}+>0, P) be
the underlying filtered probability space with the filtration {F;};>0. The dynamics
of the N + 1 players are given by a system of linear stochastic differential equations
(SDEs)

(1.1) dZIJ() (t) = [A()QIQ (t) + BOUO(t) + F()QJ(N) (t)} dt + DOdWO (t),
(1.2) dzi(t) = [A(0;)i(t) + B(0;)ui(t) + F(0;)x™) ()] dt + D(6;)dWi(t),

where (V) = (1/N) Zfil x; is the mean field term. The initial states {2;(0),0 < j <
N} are measurable with respect to Fy and have finite second moments. The states
g, x; and controls ug, u; are, respectively, n and n; dimensional vectors. The noise
processes Wy and W, are ns dimensional independent standard Brownian motions
adapted to {F%}+>0, which are also independent of {z;(0),0 < j < N}. For simplicity,
we may take F; = o{z;(0), W;(s),0 < j < N,s < t}, which is the o-algebra generated
by the initial states and the Brownian motions up to time t. The vector 6; € R? is a
parameter in the dynamics of player A;.

For 0 < j < N, denote u_; = (ug,...,%j—1,Uj41,...,un). For positive semi-
definite matrix M > 0, we may write the quadratic form z7Mz as |2|3,. The cost
function for Ay is given by

T
(13)  oupua) = E [ [faot) = xo ™ (0)]3, + 05 () Rouol0)] .

where xo(z™)(t)) = Hoz™)(t) + o, Qo > 0, and Ry > 0. The cost function for A;,
1<i<N, is

T
(1.4) Ji(ui,u_g) = E/o [[ai(t) — x(xo(t), 2™ (t))‘; +u (t)Ru;(t)]dt,

where x(z0(t), 2N (t)) = Hao(t) + Hz™) (t) + 1, Q > 0, and R > 0. The component
Hzxg in the coupling term x indicates the strong influence of the major player on each
minor player. By contrast, the mutual impact of two minor players is insignificant.
We assume that all matrix or vector parameters (Ag, Bo,...,7,...) in (1.1)-(1.4) are
deterministic and have compatible dimensions.

Similar interaction patterns are often seen in economic settings, a simple example
being a few large corporations and many much smaller competitors. They have been
well studied in cooperative game theory, usually based on static models [12, 13, 14],
and these games are called mixed games due to the vastly different influences of the
players.

The above type of mean field LQG game modeling was initially introduced in [15],
where the presence of the major player causes an interesting phenomenon called the
lack of sufficient statistics. More specifically, in order to obtain asymptotic equilibrium
strategies, Ao cannot simply use a strategy as a function of (¢, z¢(t)) and A; cannot
only use (t, zo(t),x;(t)), ¢ > 1; it is necessary to augment the system dynamics with
a new state to Markovianize the local limiting decision problems.
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The work [15] analyzed the case where the minor players are from a total of
K classes, ie., 0; € {1,...,K}. By aggregating all states in the same class, a Kn
dimensional process z(t) = [z],...,zEL]T is introduced to approximate the mean field
effects produced by the K classes of players, and the evolution of Z is specified by a
linear stochastic ordinary differential equation driven by the state of the major player.
Subsequently, the fundamental consistent mean field approximation approach [16] is
applied to determine the dynamics of Z. This procedure gives a set of decentralized
Markov strategies in an augmented state space.

This paper considers a population of minor players parametrized by an infinite
set such as a continuum set. The procedure in [15] cannot be applied to obtain a finite
dimensional Markov model as seen by a given player in the population limit since the
method of specifying the sub-mean field of each type of minor players will generate
an infinite dimensional state space. On the other hand, from the point of view of
decentralized decision making of any given player, it is even unnecessary to specify
sub-mean fields in such fine scales. By contrast, in a mean field game of peers, it is
adequate to approximate the aggregate effect of all agents by a single deterministic
process and a continuum parameter set does not cause any difficulty in the aggregation
procedure [16].

To tackle an infinite number of types of minor players, we adopt a different ap-
proach by directly treating the mean field z in the population limit as a random
process. A crucial issue is to find an appropriate representation of z so that the
consistent mean field approximation translates into a tractable problem. Intuitively,
when NNV tends to infinity, the independent Brownian motions and initial states of the
minor players will altogether contribute to some deterministic effect in the formation
of the mean field process, and only z¢(0) and Wy cause the random fluctuation of
the mean field. Furthermore, due to the linear quadratic structure of the game, it is
plausible to restrict z to be linearly dependent on x¢(0) and Wy. The feasibility of
considering z from such a class will become clear later on when the consistency analy-
sis is carried out in the paper. Given the approximation of ("), we approximate the
original problems of the major player and a representative minor player, respectively,
by stochastic control problems with random coefficients in the dynamics and costs
[5, 31, 36]. This further enables the explicit computation of the optimal strategies by
using the powerful machinery of backward stochastic differential equations [5, 22] and
Riccati equations. The approach of solving stochastic control problems with random
coefficients has been used in a leader-follower hierarchical game with open-loop infor-
mation [35]. Also, we exploit the linear nature of the system dynamics to reduce the
analysis to function spaces when the consistent mean field is identified. Due to the
treatment of random coefficients, the strategies obtained are not Markov strategies,
which is different from [15]. We note that non-Markov control has arisen frequently
in linear quadratic stochastic control problems with random coefficients [5, 8, 31, 36].
For applications of backward stochastic differential equations in mean field optimal
control, the reader is referred to [4]. In mathematical physics, random mean field
limits have been studied in interacting particle systems with correlated individual
driving Brownian motions [10].

1.2. Assumptions, notation and organization. We introduce the following
assumptions:

(A1) The initial states {x;(0),0 < j < N} are independent, and there exists a
constant C' independent of N such that sup, ;< E|z;(0)]* < C.

(A2) There exists a distribution function F(6,2) on R such that the se-
quence of empirical distribution functions Fy (6, z) = % Zf\il 110,<6,E2:(0)<a}, N =
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1, where each inequality holds componentwise, converges to F(6, z) weakly, i.e., for
any bounded and continuous function h(f,x) on R4*"

lim h(8,z)dF N (0, x) :/ h(8,x)dF(0,x).
N—oo Jpd+n Rd+n

(A3) A(-), B(-), F(-), and D(-) are continuous matrix-valued functions of § € ©,
where © is a compact subset of R<.

Remark 1.1. Tt follows from (A1) that Ex;(0) is from a fixed compact set inde-
pendent of V.

Note that {6;,i > 1} in (A2) is treated as a deterministic sequence which jointly
with {Ez;(0),i > 1} exhibits orderly statistical behavior. Let Fx (0) and F() denote
the marginal distribution functions of F y (6, ) and F(8, x), respectively, with respect
to 6. By (A2), it is clear that {Fx(6), N > 1} converges to F(6) weakly.

For the reader’s convenience, we note some conventions on notation. We use C,
Co, etc., to denote a generic constant which may change from place to place but does
not depend on the population size N. For a vector or matrix V', |V| denotes the
Frobenius norm; A is the region {(¢,$)|0 < s < t < T'}; [Z1;...;Z)] denotes the
vertical concatenation of [ column vectors; and L% (0, T; R¥>*#2) denotes all RF1 >~z
valued processes {X;,0 < ¢ < T} adapted to {F;}:>0 and satisfying EfOT | X |2dt <
oo. The product of two spaces L%(0,T;S1) and L%(0,7;S2) may be written as
L%_—(O, T; 51 x S2), and this notation may be extended to more than two spaces.

The organization of the paper is as follows. Section 1 presents the introduction
and formulates the mean field game problem. Section 2 solves two auxiliary stochastic
control problems in the mean field limit. The consistency condition for mean field
approximations is introduced in section 3, and section 4 shows an asymptotic Nash
equilibrium property. Section 5 analyzes a scalar model with numerical solutions.
Section 6 concludes the paper.

2. The limiting control problems with random coefficients. We formulate
the auxiliary control problems within the population limit via the approximation of
™) by a process z depending linearly on the initial state and the driving noise of
the major player. It will be convenient to still refer to them as the control problems
of the major and minor players, respectively, although (™ in the original dynamics
is now replaced by z.

2.1. Two auxiliary optimal control problems.
Problem (I): Optimal control of the major player. The dynamics are given
by

1) {z(t) = f1(t) + fa(t) +f0 (t,8)dWy(s),

dzo(t) = [Aofvo( )+ BQUQ( )+ Foz(t )]dt + DodWy(t),

where the second equation is obtained by replacing 2(¥)(¢) in (1.1) by z(t). For the
proposed mean field approximation, we consider f; € C([0,T],R"), fo € C([0,T],R™*™)
and g € C(A,R"*"2), where A = {(t,5)|0 < s <t < T}. The cost function is given
by

(22) uo E/ |$0 H()Z T]O‘;O + ug(t)ROUO(t)} dt.

Problem (II): Optimal control of the minor player. After solving Problem
(I), we represent the state xo of the major player by its initial condition and its
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Brownian motion and further denote the state process by Zy. By combining z, g
with the limiting dynamics of the minor player, we introduce the equation system

Z(t):fl()+f2 +f0 tSdWO )
(23) j:O(t) = ffo,l( ) + fro,Q( ) + f() 9z ta S)dWO(S)a
d$z(t) = [A(Gz)a:l(t) + B(Gl)ul(t) + F(Ol)z(t)} dt + D(@l)dWZ(t),

where (fz.1, fz0,2, 93, ) 15 determined from the solution of Problem (I). The cost func-
tion is given by

(2.4) i (ug) E/ ‘xz — Hzo(t) — Hz(t 77|Q+u (t)Ru; (t)] dt.

2.2. The analysis of Problem (I). By viewing Problem (I) as an optimal
control problem with a random coefficient process z, the optimal control may be
determined by the standard backward SDE approach [5]. We have the following
lemma.

LEMMA 2.1. (i) There exists a unique optimal control iy € L%(0,T;R™) to
Problem (I).

(ii) The pair (Zo,uo) € L%(0,T;R™ ™) is the optimal solution to Problem (1) if
and only if uo(t) = Ry Bl po(t), where (Zo,po,q0) € L%(0,T;R*™ x R™ "2) s the
solution of the forward-backward SDE

djio(t) = [A Zo ( ) + B()RO 1B0 po( ) + FOZ(t)} dt + DodWO(t),
(2.5) dpo(t) = [Qo(Zo(t) — Hoz(t) — mo) — Al po(t)]dt + qo(t)dWo(t),
zo(0) = 20(0), po(T) = 0.

(iii) Equation (2.5) has a unique solution (Zo,po,qo) € L%(0,T;R?™ x R"*"2),

Proof. Lemma 2.1(i) follows from [5, Theorem 3.1].

(ii) Let (uo, Zp) be the optimal pair to Problem (I) and (pg, go) the solution of the
above backward SDE. Let dup and 0%y be the variations of 4y and Zg, respectively,
where g € L%(0,T;R™). Since Jo(-) is convex in (z¢,up) and Ry > 0, @ is a
solution to Problem (I) if and only if the first order variation 6.Jy of .Jy satisfies

5J0

(2.6) "y / 523 (1)Qo (0(t) — Ho=(t) — o) + 6f (t) Ry (1) bt = 0.

Note that dozo(t) = (ApdZTo + Bodig)dt. By virtue of Ito’s formula,
d6zE ()po(t)] = (AedZo(t) + Bobio(t))” po(t)dt
+ 0% (’5){ [Qo (Zo(t) — Hoz(t) —mo) — Ag po (t)} dt + qo(t)dWo (t)}
- {5:7;5(75)@20 (Zo(t) — Hoz(t) — no) + 0a (t)ngo(t)}dt
+ 828 (t)qo(t)dWo (t).
Combining this identity with p(T") = 0 and §2,(0) = 0 yields
0 = B3z (T)po(T) — E6z (0)po(0)

T
(2.7) -y /0 {5&5@)@0 [Zo(t) — Hoz(t) — no] + 5@0T(t)ng0(t)}dt.
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It follows from (2.6)—(2.7) that for any duo(t) € L%(0,T;R™),

T
E /O (63T (+) BT po(t) — 6al (t) Rotio()) dt = 0.

This implies that i is optimal if and only if g(t) = Ry ' B{ po(t) as desired.
(iii) Let Py(t) > 0 be the unique solution of the Riccati equation (see [30])

28) Po(t) + Po(t) Ao + AT Py(t) — Po(t) BoRy ' BT Py(t) + Qo = 0,
' Py(T) = 0.

To analyze the unique solvability of (2.5), write po(t) = —Po(t)ZTo(t) + vo(t), where
vo(t) satisfies the terminal condition vo(7") = 0. Denote

(2.9) Ao(t) = Ao — BoR; ' By Po(t).

By Ito’s formula, it can be shown that (2.5) is equivalent to the forward-backward
SDE

do(t) = [Ao(t)ico (t) + BoRg ' BIwo(t) + Foz(t)] dt + DodWo(t),

(2.10) dvo(t) = { — AT (t)wo(t) + [(Po(t)Fo — QoHo)z(t) — Qono] }dt

+ [q0(t) + Po(t)Do| dWo (t),
fQ(O) = $0(0), I/Q(T) =0,
where vy is now decoupled from Zy. By Lemma A.1(ii), we can solve the second
equation in (2.10) with a unique solution v € L2%-(0,7"; R™), which in turn determines
a unique solution Zo € L%(0,T;R™) to the first equation. Therefore, (iii) follows from

the fact that (2.5) is equivalent to (2.10). a
The optimal control law is given in the form

(2.11) to(t) = Ry ' BJ [ — Po(t)Zo(t) + 1o(t)].

2.3. An explicit solution of the optimal state process. We intend to find
a representation of Zo in (2.10) in the form

(2.12) To(t) = fao,1(t) + fao,2(t)20(0) +/O Gao(t; 8)dWo (s),

where fz,1 € C([0,T],R™), fz,.2 € C([0,T],R"*"™), and gz, € C(A,R"*"2) are to be
determined.
To solve the second equation in (2.10), we denote (o(t) = [P (t)Fo — QOHO] (t)

Qoo and pio(t) = ao(t) + Po(t)Do. Since 2(t) = f1() + Ff2(t)70(0) + [} g(t, 5)dWo(s),

we have
@@=Mﬂﬁﬁm@%@+é%ﬂ@WM%

where fe,1(t) = [Po(t)Fo — QoHolfi(t) — Qono, feo,2(t) = [Po(t)Fo — QoHolf2(t),
9o (t,8) = [Po(t)Fo — QoHolg(t, s). The equation of v in (2.10) may be rewritten as

(2.13) dvo(t) = [Co(t) — AG (t)vo(t)]dt + po(t)dWo (t).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/12 to 134.117.21.188. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

LQG MIXED GAMES 2913

Take Mo(t) = Ao(t) in (A.2) and denote the resulting solution by ®g(t,s). The
application of Lemma A.1(ii) to (2.13) yields

(2.14) vo(t) = fuo,1(t) + fuo.2(t)x0(0) +/0 9o (t, 5)dWo(s),

where
T

(2.15) fuoa(t) = / D (51, t){ [QoHo — Po(s1)Fo] f1(s1) + Qono}dsl,
T

(2.16) fro2(t) = /t ®F (s1,t)[QoHo — Po(s1)Fo] f2(s1)dsu,
T

(217) gyo(t7s) = / CI>0T(sl,t) [Q()HO — PQ(Sl)Fo]g(Sl,S)dsl.

We continue to solve the first equation in (2.10). Let & (t) = BoRy ' B vo(t) +
Foz(t). Then

(2.18) dzo(t) = [So(t) + Ao(t)Zo(t)]dt + DodWo(t).
By (2.14) and the representation of z(t),

£Wﬁﬁm@#%ﬁm®+A%N@WM%

where fe, ;(t) = BoRy ' B fu,,;(t)+Fofi(t), j = 1,2, and ge, (t,5) = BoRy ' Bf g, (£, 5)+
Fog(t, s). Therefore, by (2.18) and Lemma A.1(i) we obtain (2.12), where

t
Fraa®) = [ Boft ) feoa(s1)ds
t T
:// q)O(t,Sl)BORalBg(bg(Sz,Sl){[QOHO—PO(SQ)FO]fl(SQ)"’QO'f]O}dSQdSl
0Js1

+/O o (t, 51)Fo f1(s1)ds:
(2.19) =:[To,1f1](t),

MAQZ%@W+/®M&Mw@M&
0

t T
/ / q)o(t, Sl)BQRalBg(I)g(SQ, 81) [QQHQ — PQ(SQ)F()] f2(82)d82d81
0 S1

—|—/ q)o(t, Sl)FOfQ(Sl)dSl + ‘bo(t,O)
0
(220) = [Fo)zfz](t),

t
/ (I)()(t, 81)950 (81, s)dsl =+ q)o(t, S)DQ

9z (t, 5)

t T
/ / (I)()(t, Sl)BoRalBg(Dg(Sz, 81) [Q()H() — P()(SQ)FQ]Q(SQ, S)d52d51

+ / D (t,s1)Fog(s1, s)ds1 + Po(t, s)Do
(2.21) =:[Aog](t, s).
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2.4. The analysis of Problem (II).

LEMMA 2.2. (i) There exists a unique optimal control u; € L%(0,T;R™) to
Problem (II).

(ii) The pair (Z;,u;) € L%(0,T;R™ ™) is the optimal solution to Problem (II) if
and only if u;(t) = R™'BT(0,)pi(t), where (Z;,pi,qi,7i) € L%(0,T;R?*™ x R™*"2 x
R™*"2) 45 the solution of the forward-backward SDE

d7; = [A(ei)@- + B(6;)R BT (0,)p; + F(Gi)z} dt + D(6;)dW;,
(222) dpi = {Q(fi — Hxy — HZ — 77) — AT(GZ)pZ} dt + qde1 + TidWQ,
7:(0) = 24(0),  pi(T) = 0.

(iii) Equation (2.22) has a unique solution (T;, p;, qi,7;) € L%(0,T;R?" x R™*"2 x
R’IZXTLQ)'

Proof. Using Lemma A.2 instead of Lemma A.1l, the proof is similar to that of
Lemma 2.1. a

Let Py, (t) > 0 be the unique solution of the Riccati equation

Pgi + PGLA(el) + AT(el)PGL - PGZB(el)Ro_lBT(el)PeL + Q =0,
(2.23) Po(T) =0,
Write p;(t) = — Py, (t)Z;(t) + vy, (t), where vy, (t) satisfies vy, (T') = 0. Denote
(2.24) Ao, (t) = A(6;) — B(0:)R™' BT (0;) Py, ().

By Ito’s formula, it is straightforward to show that (2.22) is equivalent to the forward-
backward SDE

dzr; = [Aglfz + B(ai)R_lBT(ai)Vei + F(GZ)Z} dt + D(GZ)dWM

(2.25) dve, = { Afve, + (Po, F(6;) — QH)z — QHo — Qn} dt
+ [gi + Py, D(0 Z)]dW + rdWo,
7i(0) = 2i(0), vy, (T) =0.

The optimal control law is given in the form
(2.26) a;(t) = R'BT(0;)[ — Py, (t)7i(t) + vo,(1)].
We will apply Lemma A.2 to represent Z;(¢) in the form
(2.27) zi(t) = fz,1(t) + fz,2(t)20(0) + fz,,3(t)2:(0)
# [ g + [ o)),
where fz,1 € C([0,T],R™), fz,.2, fz..3 € C([0,T],R"*™), and gz,, hz, € C(A,R"*"2)
are to be determined.

Let Gi(t) = [Po, (1) P(0,) — QH=(t) ~QHao(t)— Qn and Ay(t) = qi(t)+ Py, (£) D ().
By (2.12),

G(t) = feon(t) + feon(t)z0(0) + / gc.(t, 5)dWo(s),
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where fe, 1(t) = [Po, (t)F(0:) = QH]f1(t) — QH fao 1 () — Qn, fe,2(t) = [Po, (8)F(6:) —
QL f(t) — QH fay2(t), and gc, (£, ) = [Po, () F(6:) — QAg(t, s) — QHgay(t, ). Note
that fz,1, fzo.2, and gz, are determined in (2.19)—(2.21), and fi, f2, and g appear
in the equation of z. By the above choices of (;(¢) and \;(¢), the second equation in
(2.25) may be written as
dvg, (t) = [Gi(t) — AG,ve, (£)]dt + 1) dWo (t) + Xi(£)dWi(t).

Take M;(t) = Ay, (t) in (A.8) and denote the resulting solution by ®g, (¢, s). Then

by Lemma A.2(ii), we have

(2:29) 0, (0) = Fuo, 40+ Fo 2()200) + [ g1, (1 )W 3),
where
(2.29)
T A
fuo, 1(t) = /t @ﬁ(sl,t){ (QH — Py, (s1)F(0:)] f1(s1) + QH fzo.1(s1) + Qfl}dé‘l,
(2.30)
T A
fun, ()= [ #5(s1.0{[QF = Po(s2) (0] a(s1) + QI fr, (o) b
(2.31)

T
g, (8:5) = [ @ (51,0 [ QI = Poy (1) F(O)]g(51.5) + Qs s1.5) Y.

Next let &(t) = B(0;)R™*BT(0;)vy, (t) + F(6;)z(t). By (2.28) and the equation
of zin (2.1), &(t) = fe; 1(t) + fe, 2()x0(0) + fg ge, (t, s)dWoy(s), where

(2.32) feoi(t) = BO)RT BT (0:) fuo, (1) + F(00)f;(2), j=1,2,
(2.33) 9e.(t,s) = B(O:)R™ BT (0:)u,, (t,5) + F(0:)g(t, 5)-

Here, fu, 1(t), fu,, 2(t), and gy, (t,s) are determined in (2.29)-(2.31). So the first
equation in (2.25) may be written as

dz;(t) = [&(t) + Ag, (1)Zi(t))dt + D(8;)dW;(t).
By Lemma A.2(i) we obtain (2.27), where
Fra) = [ Butosi)fea(s1)ds
0
t T
_ / / By, (t,51)B(0;) R BT (0,87 (s2, 51)
0 S1
< ((QH = Po,(s2)F(6)) fa(52) + QH fro 1(s2) + Qn) dsadsy

+/ @gi(t,sl)F(Gi)fl(sl)dsl
0
(234) = [F9i71f1](t),
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t
fralt) = [ a(tosi) e alor)ds

0

t T
_ / / Do, (t, 51) B(0:) R~ BT (0,)8L (52, 1)
0 S1
X ((QIA{ — Pgi(Sz)F(Gi))fQ(SQ) + QHij)Q(SQ))d82d51

+[3 <I>9i(t,51)F(0i)f2(81)d51

(2.35) =: [Tg,,2f2](¢),
(236) fii,3(t) = @91 (t7 0)7

g2 (t,5) = / Do, (t,51)e, (51, 5)ds1
/ / (I)H 81 )R 1BT(91')(I)£(82,81)
% ((QH = Po,(s2)F(6.))g(s2. ) + QHgz, (s2.5) ) dsads:

+/ <I>9i(t,sl)F(9) (81, )d51

(237) = [Aeig](t7 5)7
and
(2.38) ha.(t,5) = By, (, 5)D(6:).

3. The comnsistency condition. This section introduces the consistency re-
quirement for the mean field approximation, i.e., when the control strategies obtained
in section 2 are applied, the mean field replicated by the closed loop in the popula-
tion limit should coincide with the process z assumed at the beginning. Based on
averaging with (2.27), denote

(3.2) Lo f2](t Lo 2fa](t)dF(0), 0<t<T,

®\

(3.3) [Ag](t,s) [Aog](t,s)dF(0), 0<s<t<T,

o -

for f1 € C([0,T],R"™), fo € C([0,T],R™*™), and g € C(A,R"*"). Here, I'g;f;,
j =1,2, and Ayg are, respectively, defined as in (2.34), (2.35), and (2.37) with 6; = 6.
The consistent mean field approximation reduces to analyzing the fixed point equation
system

L) =ML;51@#), 0<
34 {g(t, s) = [Agl(t,s), O

which is called the Nash certainty equivalence (NCE) equation system. Denote the
product space
Once = C([0,T],R™) x C([0, T],R™") x C(A,R™").

DEFINITION 3.1. A triple (f1, f2,9) € Cncr satisfying (3.4) is called a (consis-
tent) solution to the NCE equation system.

<T j=12
s <

t
<s<t<T,
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LEMMA 3.2. Assume (A1)—(A3). Then

(i) T'y is @ mapping from C(]0,T],R™) to C([0,T],R™);

(i) Ty is a mapping from C([0,T],R"*™) to C([0,T], R"*"™);

(iii) A is a mapping from C(A,R™*™2) to C(A,R"*"2).

Proof. We only prove (iii) while (i) and (ii) may be proved by a similar argument.
To analyze A, we define some auxiliary operators. For g € C(A,R"*"2) and § € O,
denote

(3-5)

T
Ag 1g q)g t 81 R_lBT(Q)/ @g(SQ,S]_) (82, )ngdSl,

S1

s1

a=f
[Ag,29](t. s :/ Oy(t,s1)BO)R™" B (0) /T(I’eT(SzvSl)Pe(Sz)F(@) (82, 8)ds2ds1,
9=

q)g t 81 (81, )dsl,

[Aig](t,s) = /@[Ag,ig](t, s)dF(0), i=1,2,3.

In view of (A3) and Remark A.4 (see Appendix A),

{‘M’ Do (t, 3)|} <O, sw|BO) < C

sup sup max
0€© 0<t,s<T

Consider (t,s) € A, (t,8') € A, s < s'. Then

Sup HAGJQ] (t, SI) - [A9719] (t, 5)|
6co

¢ T
< sup /¢0(t781)3(9)R713T(9)/ O (s2,51)(9(s2,8") — g(s2,5))dsadsy
0co s! s1
s’ T
tsup| [ @t BORTETE) [ 0F (sa,50)g(s2,5)dsads,
0cO s S1

(36) <C sup |g(s2,8) —g(s2,8)|+Cls" —s| sup [g(t,s)|.
s'<so<T (t,s)eA

Here C' does not depend on g.
Note that

‘d%ts‘

sup  sup | Pg(t,s) — Pp(t,s)] < sup sup [t —t'| < Clt —1|.

0€O (t,5),(t',5)€A €O 0<t,s<T
Next consider any (¢,s) € A, (¢',s) € A, t <. For some constant C,

sup |[Ag.1g](t, 5) — [Ao1g](t, )|
0cO

t' T
<sup| [ [ @t s0)BOR B (O8] (s2,50)g(s2.5)dsads:
96@ S1
t pT
+sup // (®o(t', 51) — By(t, 51)) BOYR BT (O)BT (52, 51)g (50, 5)dsadsy
6cO s

(3.7) <CIt' -t
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Let (t,s) € A and 6t, s be such that (¢4, s+ds) € A. By the uniform continuity
of g on A and (3.6)-(3.7), |[Arg](t + 6t,5 + 0s) — [A1g](t,s)| — O uniformly with
respect to (t, s), as max{|ds|, |0t|} — 0. Hence, A; is a mapping from C(A,R"*"2) to
C(A,R™*™2). Similarly, we can show that Ay and Az are mappings from C'(A, R™*"2)
to C'(A,R"*"2).

By replacing the subscript 6 by 0, B(#) by By, and F(6) by Fy in (3.5), we define
Ag; for ¢ = 1,2,3 in a similar manner. It can also be shown that each Ag; is a
mapping from C(A,R"*™2) to C'(A,R™*"2). Note that

[Aog](t, s) = [Ao,1(QoHog)](t, s) — [Ao29](t, s) + [Ao,3g](t, 5) + Po(t, s) Do,
so Ag is also a mapping from C(A,R™"*"2) to C'(A,R™*"2). Finally, we have
[Agl(t, s) = [A1(QHg + QHAog)](t, 5) — [Aag](t, 5) + [Asg](t, 5).

This proves (iii). O
By replacing (F(6,z),F(0)) by (Fn(6,z),Fn(0)) in (3.1)—(3.3), we define

(3.8) TR0 = [ o AOdEN©) + [ olt,0)adFx (6.2),
(€] O xRn
0<t<T,
(3.9) ™ f1(6) = /@ Coofol()dFN(8), 0<t<T,
(3.10) AN g](t, 5) = / [Aog](t, s)dE N (6), 0<s<t<T,
(€]

where f1 € C([0,T],R"), fo € C([0,T],R™*™), and g € C(A,R"*"2),

By the same argument as in the proof of Lemma 3.2, we can show that FgN) is a
mapping from C([0,T],R™) to C([0,T],R"™), l"éN) is a mapping from C([0, T],R™*™)
to C([0, T],R™*™), and AWY) is a mapping from C (A, R™*"2) to C(A, R™*"2),

Remark 3.3. In view of Lemma A.3 and Remark A.4, for fixed ¢t € [0,T] and
(t,s) € A and fixed f1 € C([0,T],R™), f2 € C([0,T],R™*"), and g € C(A,R"*"2),
[Cg1/1](t), [To2f2](t) and [Agg](t, s) are bounded and continuous vector- or matrix-
valued functions of §. By Assumption (A2), [F§N)fj](t) — [T f1(t), 5 = 1,2, and
[AMN)g](t,s) — [Ag](t,s), as N — oo.

Remark 3.4. Tt follows from (3.6)—(3.7) that for each g € C(A,R™*"2) the
sequence of matrix-valued functions {AN)g, N > 1} is uniformly equicontinuous on
A. Similarly, we may show that for fixed f1 € C([0,T],R"™) and fo € C([0,T],R"*"),
the sequences of vector- or matrix-valued functions {I‘;N) fixN > 1}, j = 1,2, are
both uniformly equicontinuous on [0, 7.

Denote the linear operators o 1, o2, and Ag on C([0,T],R"™), C([0,T],R™*™),
and C(A,R™*"2) respectively, as follows:

t T
[To,; f5](t) = /0 / Do (t,51)BoRy ' By ®f (s2,51)(QoHo — Po(s2)Fo) fi(s2)dsads

t
(311) +/ (I)()(t,sl)Fofj(Sl)dSl, j: 1,2,
0
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B T
[Aog] (t, S) = / / q)o(t, Sl)BoRo_lBg(I)g(Sg, 81)(QOH0 - Po(Sg)FQ)g(SQ, S)dSstl
S S1

t
+/ Qo (t, 51)Fog(s1, s)dst,

which are obtained by retaining the linear term of the affine operators I'g ; and A,
respectively.

Corresponding to I'g 1, I'g 2, and Ay, define the linear operators l:‘971, 1:‘9,2, and
Ag on C([0,T],R™), C([0,T],R"*™), and C(A,R™*"2), respectively, as follows:

Fg jfj / / ‘1)9 t 81 )R_lBT(G)q)g(SQ,Sl)

«QH—IM@
/}Mta)(

[Agg](t / / Dp(t,s1)B )RilBT(H)CPg(sQ,sl)
x«QHFJ%@gFWDM@J)+QHMMM@JDd@%1
+/ @g(t,sl)F(a) (81, )d51

Let C([0,T],R™), C([0, T],R™*™), and C'(A,R™*"2) be endowed with the usual sup-

JE(0))f;(s2) + QH[Do.;f;)(s2) ) dsads:
)fj (31)d$1, .] = 1327

norms || - || so that they are all Banach spaces. Define the linear operators
(3.12) L5 £5)(t) = /[P&ij]( )dF(0),  [Ag](t,s) = /@)[Aeg](tas)dFW)

By Lemma 3.2, we see that 'y (resp., ['s and A) is a mapping from C([0,7],R")
(resp., C([0,T],R"*™) and C(A,R"*"2)) to itself.

Remark 3.5. For fo € C([0,T],R"*"™), we write fo = [f2,1,. .., fa,n], where fo ), €
C([0,T),R") for k =1,...,n. By (3.12), [Lafa](t) = [[L1f2.1](t), -, [T1f2.0](1)].

We have the following solvability result for the NCE equation system.

THEOREM 3.6. Under Assumptions (A1)-(A3), if the norms of the linear op-
erators T'1 and A satisfy |T1]] < 1 and |A|| < 1, there exists a unique solution

(f1, f2,9) € Cxeg to (3.4).
Proof. For any f1, fi € C([0,T],R") and g, € C(A,R"*"2) we have

IT1f1 = T1fillee = ||1i1(f1 — f)lloo §7Hf1|\|\f1 — filloo < allfi = filloos
[Ag — Ag'llo = I1A(g — 9 )loo < IAlllg — ¢ lloo < @llg — ¢[00

for some « € (0,1). By Banach fixed point theorem, I'1 f1 = f1 and Ag = g have a
unique solution. Next, we write I's fo = fo in the equivalent form

1:‘2f2+f£ = fa,

where f; € C([0,T],R"*") is known. Denote fo = [f2,1,. -, fonl, f3 = [fo15- -+ fanl-
By Remark 3.5, we may further write an equivalent set of n decoupled equations of
the form

Cifor+ for = for, 1<k<n,
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each of which has a unique solution since I'; is a contraction. Hence I'y fo = f5 has a
unique solution. So (3.4) has a unique solution. O

4. Decentralized strategies. Throughout this section we assume that there

exists a solution (f1, f2,9) € Cncr to the NCE equation system (3.4). Consider
(1.1)—(1.2). Let the control laws of Ay and A;, 1 <4 < N, be given by

(4.1) o(t) = Ry 'BY [ — Po(t)mo(t) + 10(1)],

(4.2) ai(t) = R™'BT(0;)[ — Po, (i (t) + vo, ()], 1<i <N,

where Py(t) and Py, (t) are determined by (2.8) and (2.23), and vy(t) and vy, (t) are
determined by (2.10) and (2.25) with (f1, f2, g) being a solution to (3.4). Their explicit
solutions are given by (2.14) and (2.28). The control laws (4.1)—(4.2) use the states
of the system of N + 1 players and are different from (2.11) and (2.26). Since each
strategy depends on the current state information and the major player’s Brownian
motion via the solution of the backward SDE, we call it a partial state feedback
strategy.

After the control laws (4.1)—(4.2) are applied, the dynamics of Ay and A; may be
written as

(4.3)  dwo(t) = [Ao(t)xo (t) + BoRy ' BT Py(t)vo(t) + F0x<N>(t)] dt + DodWo(t),
dzi(t) = [Agi (H)z:(t) + B(0;) R BT (6:) Py, (t)vp, (t) + F(6;)2™ (t)} dt

(4.4) + D(0:)dWi (1),

where 1 < i < N and ™) = (1/N) ZZ 1 T;. For further performance estimates, we
construct the auxiliary equation system for the N + 1 players

(45)  dio(t) = [Ao(t):io (t) + BoRy ' BT Py(t)ro(t) + Foz(t)} dt + DodWo(t),

dzi(t) = Ao, (7i(t) + BOIR BT (0:)Po,(t)ve, (1) + F(0)2(1) | at

(4.6) + D(6;)dW;(t), 1<i<N,

where Zo(0) = z0(0) and z;(0) = x;(0). From (2.12)-(2.21) and (2.27)—(2.38), we
have

zo(t) = [To,1f1](#) + [Lo,2f2](t)20(0) + / [Aog](t, s)dWo(s),
zi(t) = Lo, 1.f1](t) + [To, 2.f2] (t)20(0) + g, (£, 0);(0)

(4.7) /Ot[Agg](tdeO +/0 By, (t,5)D(0;)dW;(s), 1<i<N.

Denote (M) (t) = (1/N) ZZ 1 Zi(t).
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Define ey > 0 by

2 2 2 2
N =€f,N T € N T € N

where

T
2 _
%w—/

0

/ ot f1](£)dF x (6) + By (t,0)2dF y (0, 2)
[S] OxR"™

2

_ /@ Dot f1](6)dF(6) — By (1, 0)2dF(0, )| dt,

O xR"

2
dt,

T
6fz,N _/

gN_

/Wmmmwmm— [Ty 2f2](£)dF(9)

(S]

2
dsdt.

/Agg (¢, s)dF N (0) — /@[Agg](t, s)dF(6)

LEMMA 4.1. Assume (A1)—(A3). We have limy_ o0 €x = 0.
Proof. Note that

! (N) 2

= [ IV 0 - Do §-12
T t )

€GN = / AN g](t, s) — [Ag](t, s)|*dsdt,
0

where F§N)fj and AN)g are defined in (3.8)—(3.10), and I'; f; and Ag are defined in
(3.1)—(3.3).

Since uniform equicontinuity and pointwise convergence imply uniform conver-
gence, by Remarks 3.3 and 3.4 we conclude

sup [0SV £,1(t) = [0 £1(0)] = 0, j=1,2,
te[0,T

sup |[A(N)g](t,s) —[Ag](t,s)] = 0, as N — oc.
(t,s)eA

The lemma follows. O
Let (f1, f2,9) € Cnce be a solution to (3.4) and

(4.8) z(t) = fi(t) + f2(t)20(0) +/0 g(t,s)dWy(s), 0<t<T.

We have the error estimate on the mean field approximation.
LEMMA 4.2. Assume (A1)—(A3) and let z be given by (4.8). Then

E/OT [2() — 2 (0)Pdt = O( + %)
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Proof. We have & 3" | @, (t,0)Ex;(0) = [y, pn ®o(t,0)zdF (6, z). Then (3.4)
and (4.7) yield

(= / Dot f1](£)dF(6) + /@ % (t,O)xdF(ﬁ,x)} + /@ .0 fo] (£)dF (0)0 (0)
—l—//Aggtde (0)dWy(s),
) (1) = /@ [Co1 f1](£)dF x (8) + /@ N g(t,O)a:dFN(O,a:)]

+ /@ [Lo,2.f2](t)dF N (0 / / [Aog](t, s)dF n (8)dWo(s)
1 N
D @, (¢, )i (0) — B0 +—Z/ Do, (1, $)D(0,) Wi s).

Hence

T
2(t) —zV) ?
E/o |2(t) ()| dt

T
< 5/0 /@[Fe,lfl](t)dF(O)—F/@XR" Bo(t,0)2dF (6, z)

2

—/[Fg)lfl](t)dFN(e)—/ <I>g(t,0)xdFN(9,x)
© O xR™

T
+wmmﬁ/

2
dt

/Wmmm @—Aﬁmmwwmm

2

+5E / / {[Aag)(t, $)dF(8) — [Aog](t, s)dF () }dWo(s)| dt
+ mE / Z%i (t,0)[:(0) — Ex:(0)]| dt
E / c1>9 0,)dW; (s) "

5
< 5(1 + E|x0(0)|2)(6?171\7 + 6?2,]\7 + 6?3, ) N2 (NO)
1
, < 2+ =).

The second inequality follows from the independence of {W;,7 > 1}, the independence
of {z;(0),7 > 1} and the boundedness of ®y(t, s) as implied by Remark A.4. The last
inequality follows from (A1). O

By using Lemma 4.2 we may further establish the next theorem.

THEOREM 4.3. Assume (A1)-(A3). We have

(4.10) E/OT Uz( ‘ + sup |a(t _jj(t)‘2:|dt:0(€?v+ﬁ).

0<j<N

Proof. See Appendix B. O
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Consider the system of N + 1 players described by (1.1)—(1.2). Denote the class
Uy consisting of all RVHTD"_yalued processes yy of the form

yw (t) = /0 [ho(t, s)dWo(s); ha(t, s)dWi(s);... ;hn(t, s)dWn(s)],

where each h; is an R"*"2-valued bounded measurable function on A.

Denote & = (zg, z1,...,2N,yw). For any j =0, ..., N, the admissible control set
U; of player A; consists of controls u; of the form f(t,&;) for some yw € Uy and some
continuous function f, Lipschitz continuous in &. So the control of a player may not
be purely in a feedback form since the noise process may be used via yyy; this general
form of controls is necessary in order to include the decentralized strategies (4.1)—(4.2).
Since the control still uses the players’ states, (ug,u1,...,u,) will be called a set of
partial state feedback strategies. Note that I{; is not restricted to be decentralized.
Given each set of strategies in Uy X --- X Uy, the closed-loop system has a unique
strong solution. Recall u_; = (uo, u1,...,%j-1,%j41,...,un) for j=0,...,N.

DEFINITION 4.4. A set of controls u; € U;, 0 < j < N, for the N + 1 players
1s called an e-Nash equilibrium with respect to the costs J;, 0 < j < N, where € > 0,
if for any j, 0 < j < N, Jj(uj,u—;) < Jj(uj,u_j) + ¢, when any alternative u is
applied by player A;.

THEOREM 4.5. Assume (A1)—(A3). Let 4y and @; be the optimal controls in
Problems (1) and (II). For 0 <j < N,

(4.11) Jj (g, t—j) — j(ﬂj)} = 0(€N +

Proof. See Appendix C. d
THEOREM 4.6. Assume (A1)—(A3). Then the set of controls ti;, 0 < j < N, for
the N + 1 players is an e-Nash equilibrium, i.e., for 0 < j < N,

(4.12) Jj(ty,0-5) —e < u]i_felgj Jj(ug,a—j) < Jj(d;, a—j),

where 0 < & = O(ey + 1/V/N).
Proof. See Appendix C. d

5. The scalar model and numerical solutions. The dynamics of the N + 1
players are given by

(51) d$0 = [aoﬁo(t) + bQUQ(t)]dt + Dod’wo(t), t 2 0,

where xg, ug, wp, T;, u;, and w; are all scalar processes. For simplicity, we only let
a; be dependent on the players, and furthermore, Ex;(0) = 0 for ¢ > 1. Suppose
a; € © := [a,a], which is a compact interval.

The cost functions for Ay and A;, 1 <i < N, are given by

T
Joluosu_) = E / {go(zo(t) — hoa ™ (t) — m0)? +u3(t) }t,

T ~
T us) = B /O La(ai(t) — hao(t) — he™(8) — n)? + w2 (1) Ldt.

We introduce the following assumption to replace (A2).
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(A2') There exists a distribution function F(a) on R such that the sequence of
empirical distribution functions Fy(a) = + Ef;l l{a,<a}, N > 1, converges to F(a)
weakly.

Let Py(t) > 0 be the solution to the Riccati equation

Po(t) + 2a0Po(t) — b3 P3(t) + g0 =0, Po(T) =0.

Then
0 (ea@—t) _ ea(t—T))
Po(t) = (0 +a0)e" D+ (a —ag) "D >0, 0<t<T,
where o = /a3 + b3go. Denote
(5.3) ao(t) =ag — Po(t)b3, 0<t<T.

Since Py(t) > 0 for 0 < t < T, we have ag(t) < ap for 0 < ¢t < T. Note that in the
present setup, (A.2) with My (t) = ag(t) gives ®o(t, s) = exp{ft ag(s1)ds; }. Following

the steps as in (2.5)—(2.21), we have Zo(t) = fz,,1(t)+ fz,,2(t)x0 —I—fo 970 (L, 8)dwo(s).
Similarly, for a € [a,a], let P,(t) > 0 be the solution to the Riccati equatlon

P,(t) +2aP,(t) — b*P2(t) + q=0, P,(T)=0,
and denote
(5.4) alt)=a— P,(t)b>, 0<t<T.

Then, a() < a for a € [g,a]. Now (A.8) with M,(t) = a(t) gives P, (t,s) =
exp{f s1)ds1}. Following the steps as in (2.22)—(2.38), we have

Ti(t) = fii,l(t)+ffi,2(t)$0(0)+ff¢,3(t)xi(0)+/ gz, (t, s)dwo (s / hz, (t, s)dw;(s).

5.1. Nash certainty equivalence equation system. Following the notation
in section 3, for f € C([0,T],R) and g € C(A,R), denote the linear operators

o £1(£) = aobiho / / &y aosa)dss o[22 ao(sa)dse gy g
[AOQ] t,s) = (Joboho/ / :1 ag(s3)dss fg2 aO(S4)dS4g(82,8)d82d81,
LA® = "bg/ / / vy 2(os)ss 132 800 (1 F £1(55) + o (52))dF (a)dsadsr,

(Ag](t, ) —qb2// / oI alsa)dsa, 523(54)d54(h[[§0g](32,5)
+ ilg(Sz, s))dF(a)dszdsl,

where ag(t) and a(t) are defined in (5.3) and (5.4), respectively. For the scalar case,
[p,1 and [ 2 defined in (3.11) coincide. Similarly, I'y and I's defined in (3.12) coincide.
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Denote
t T + a 5o a
po(t) = qOb(Q)nO/ / €f31 ag(ss) S3ef81 ao(s4) %4 dsodsy,
0 Ss1
t T pa o e .
@1(75) _ qb2/ / / efsl a(s3) Ssejsl a(s4) S4(hg00(82) +n)dF(a)d52d51,
0 Js; Ja
t T opa e e i des o
4,02(t) _ qth/ / / efsl a(s3) 838‘[31 a(sa4) 84810 ao(ss)dsde(a)dSstl,
0 Js1 Ja

t T ra i .
Y(t,s) = qb2hD0/ / / eler alsa)dss [ alsa)dss  [r2 20(53)d55 IR () d sy ds; .
S S1 a

Taking into account Exz;(0) =0, 1 <i < N, we obtain the NCE equation system

(5.5) £i(t) = [LAHIE) + (0, §=1,2
g(t, s) = [Ag](t, ) + (2, s).

COROLLARY 5.1. The NCE equation system (5.5) has a unique solution if

b2T2 /. hoh|gob3T? a
q 5 (|h|+| 0 |(]20 0 eZTao\/O)/ 62Ta\/0dF(a) <1.

a

Proof. By Theorem 3.6, it suffices to show ||I'|| < 1 and ||A]| < 1. Since ag(t) < ag
for0<t<T,

t T 2
_ T
[Toll < (Iobg|ho|/ / ellms)aogls2=01)00 g, sy < qob3|h0|762“0v°.
0 s1

Since a(t) < a for 0 <t < T, we have

a t T
1] < gkl To| + ) / / / e(t=s1)ag(s2=51)a g, 4, dF (a)
a JO Jsi

272 , 22 a
< —qbz (1R + %e”“vo) / e*TeV0dF (a) < 1.

Similarly, ||[A]| < 1. This completes the proof. 0O
In the numerical solution for (5.5), we take the parameters T' = 1,

[a/Ov b07 DO,q()a hOa T]O] = [057 17 17 1) 06) 15]7

la,a,b,D,q,h,h,n] =1[0.1,0.4,1,1,1.2,0.5,0.4,0.5],
and F(a) is a uniform distribution on [a,a]. It can be verified that the condition of
Corollary 5.1 holds for this example. For the iteration of the fixed point equations in

(5.5), we take a step size of 0.05 to discretize t and a, and the solutions of fi, fa, and
g are shown in Figure 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/07/12 to 134.117.21.188. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2926 SON LUU NGUYEN AND MINYI HUANG
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0.05} e i

t 0 o

F1G. 1. The numerical solution of fi(t), f2(t), and g(t,s).

6. Concluding remarks. This paper considers mean field LQG games with
a major player and continuum-parametrized minor players. We introduce random
mean field approximations, solve the resulting limiting problems as stochastic optimal
control with random coefficients, and further obtain decentralized strategies for the
players.

For the model analyzed in the paper, the minor players are affected by the major
player only via their cost functions. The mean field in the closed loop is nonresponsive
to the strategy change of the major player when the minor players implement their
e-Nash strategies.

If the state of the major player appears in the dynamics of each minor player, the
mean field will become responsive to the major player’s control. More specifically, the
strategy change of the major player causes a change in the major player’s state and
consequently a change in each minor player’s state, leading to a change of the mean
field. Thus, there is a strong coupling between the major player’s strategy change
and the mean field evolution. In this case, the design of the major player’s strategy
should address its ability in simultaneously perturbing its own state process and the
mean field; some initial progress has been made in the recent work [27] by introducing
a procedure called anticipative variational calculations for the major player’s limiting
control problem. The analysis in [27] treated homogeneous minor players and it is of
interest to generalize it to continuum-parametrized minor players.
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Appendix A. Auxiliary lemmas. To solve the forward-backward SDE systems
in section 2, we introduce two general lemmas.
LEMMA A.1. (i) Let My € C([0,T],R™"*"™), Dy € R"*"2 and

§o(t) :f5071(t)+f50,2(75)9€0(0)+/0 Geo (t, 8)dAWo (s),

where fe,1 € C([0,T],R™), feo.2 € C([0,T],R™™™), ge¢, € C(A,R"*™2) are determin-
istic functions and Wy is an no-dimensional standard Brownian motion. Let xo be
the solution of the SDE

(A1) dao(t) = (€o(t) + Mo(t)xo(t))dt + DodWo(t)
with the initial condition x¢(0) independent of Wy. Then
20(t) = fro1(t) + Fao2(B)20(0) + / oo (£, 5)dWo (5),
where
Faon(t) = / Bo(t, 51) fey (51)ds1,
0
t
Froat) = o (t,0) + / Do(t, 51) fep 2 (51)ds1,
0
Gno(t,5) = Bo(t, ) Do + / Bo(t, 51)gey (51, 5)ds1,

and ®g(-,-) is the unique solution of the system

(A.2)

dq)()(ta S) = MO (t)q)() (tv S)dta
Do(s,8) =1, 0<s,t<T.

(i) Let My, Wy, z0(0), and ®g be the same as in (i), and (o(t) = feo1(t) +
f{o (t)ZIJ() +f0 gCo t S)dWO( )) where f{o,l S C([OaT]an)) f{o,? € C([OaT]anxn)a
9co € C(A,R™ ™) and x¢(0) is independent of Wy. The backward SDE

(A.3) {M = (o ¢ Ovo(t))dt + po(t)dWo (t),
(T)=0

has a unique solution (v, fto) and vo(t) = fuy1(t)+ fu 2(t)20(0) + [ guy (¢, 8)dWa(s),
where

T
fro.i(t) = —/ Of (s1,8) feo5(s1)ds1,  j=1,2,
t

T
Guo(t,5) = / B (51, £)gc, (51, 5)ds1.
t
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Proof. (i) By Fubini’s theorem for stochastic integrals,

s1

w0 = [ Bo(t,51) <f50,1<sl> + feoalsn)o(®) + [ e o s)dwo@))dsl

+ (I)()(t, 0)$0(0) + ‘/0 (I)()(t, S)DQdWQ(S)

t

-/ Dot 1) feu 1 (s1)ds1 + <<1>o<t,o> + %(t,sl>fgo,z<sl>dsl)xo<0>

+ /Ot ((bo(t, s)Do + /St Do(t, 51)9e, (51, S)dsl)dWO(S)'

This gives the desired identities.
(ii) The linear backward SDE has a unique solution [5, 36]. Let Wo(t,s) = ®7 (s, t)
for t > 0 and s > 0. Then by [7, Chapter 2],

{d\Ifo(t, s) = —MZ (t)Wo(t, s)dt,

A4
(A4) Uo(s,s) =1, t>0, s>0.

Denote {o(t) = Wo(0,)Go(t), 20(t) = To(0, t)wo(t), and fio(t) = To(0,t)po(t). Then

(8) = Loy 0+ L5, 202000 + [ g, (1. )W)

wher
(A5)
ffo,l(t) = \IIO(Ovt)mel(t)v fﬁmg(t) = \IJO(Oa t)fCO,Q(t)v 9é, (tv S) = \IIO(Ovt)gCo(tv S)'

By virtue of (A.4), d¥,(0,t) = Uo(0,t)MI (t)dt. Thus, by Ito’s formula,

(A.6) {{lﬁo(ﬂ = o(t)dt + fio (t)dWo (),
(T) =0.

By (A.6) and Fubini’s theorem,

t T
Do(T) — Dot / feoa( ds—l—/ fe, o(8)dsao( )—|—/O /t 9¢, (s, 51)dsdWo(s1)
T
—|—/ / gég(s,sl)ddeo(sl)—i—/ fo(s)dWy(s).
t S1 t

Taking conditional expectation with respect to o{zo(0), Wo(s), s < t} yields

T T t T
(A.7) ﬁo(t):—/t féml(s)ds—/t féo,Z(S)dS$0(0)_/0/t 9¢,(s,51)dsdWo(s1).

This implies that 70(0) = — [, fz, ,(s)ds — [ fz, ,(5)dswo(0) and

o)~ 200 = [ Fey 61t [ g aasmo(0)~ [ [ g o samiton

/Co d8+/ fo(s)dWo(s),
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where the second equality follows from (A.6). By using Fubini’s theorem again
we obtain fig(s) = —fST 9¢,(t, s)dt as a deterministic function. Since Wo(t,s) =
\Ifo(t,O)\Ifo(O,S) and \Ifo(t,()) = \I/al(o,t)7 we have I/Q(t) = \Ifo(t,O)I)Q(t), Co(t) =
Wo(t,0)¢o(t), and po(t) = Wo(t, 0)fio(t). Therefore, from (A.5) and (A.7) we have

- T
vo(t) = —/t Wo(t, S)fCo,l(S)dS—/t Wo(t,5) feo,2(s)dswo(0)
t T
_/O/t Uo(t,5)ge, (s, 51)dsdWy(s1).

Since Uy (t,s) = ®Z(s,t), this completes the proof. a
LEMMA A.2. (i) Let Wy, W; be two independent standard Brownian motions,

which are also independent of R"™-valued random vectors xo(0) and z;(0). Let M; €
C([0,T],R™*™), D; € R and

&@=kﬂﬁﬁ@@%@+£%ﬁ@wwﬁ

where fe,1 € C([0,T],R™), fe, 2 € C([0,T]),R™*™), ge, € C(A,R"*™2). Let x; be the
solution of

dai(t) = (§i(t) + Mi(t)zi(t))dt + DidWi(t).

Then
t

ﬁﬂﬂmeﬂﬂ+hm@WM®+hm@WA®+ASMGJWWM$+/fmUJWWK%

0

where

t t
hm@=£¢ﬁ@kﬂﬂ& &Aﬂ=£®ﬁ@kﬂﬂh

t
fros(t) = @4(t,0), %@$=/@wm%mw@h
hg,(t,s) = ®;(t, s)D;,

and ®;(-,-) is the unique solution of

(A8) dq)i(t, S) = Mi(t)q)i(t, S)dt,
D,(s,s) =1, 0<s,t<T.

(ii) Let (MMWOan,q)Z,fQ(O)) be the same as in (i), and (;(t) = fo,1(t) +
sz, (t)CCQ 0 + fo ng t S)dWO( )7 where fCrnl € C([O,T],Rn) sz,2 € C([O ] R™ )
e C(A R”X"Q). Then

{dw( ) = (Gi(t) = M (t)vi(t))dt + i (£)dWo(t) + Ni(£)dWi (1),
Vi(T) = 0,

has a unique solution (v;, pu;, A\;) which satisfies

w@=hﬂﬁﬁw@%@+/m&)mﬂ)
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where
T
fnxwz—/°¢ﬂawﬂm@ﬂ@h j=12
t

T
%m@=—/'ﬁFMMM%®%L
t

Proof. The proof of this lemma is similar to that of Lemma A.1 and we omit the
details. O

LEMMA A.3. Let A(f) and B(0) be continuous matriz-valued functions on a
compact set ©. For each 6 € O, let Py(t) be the solution to the Riccati equation

A9) Py(t) + Py(t)A(0) + AT (0)Py(t) — Po(t) B(O)R'BT (0)Ps(t) + Q = 0,
' Py(T) = 0.

Then Py(t) is continuous in (t,0), and there exists a constant C' such that

sup |P(t)] < C.
0€0,0<t<T

Proof. We use the method of Bernoulli substitution to transform (A.9) into linear
equations [24, 29]. Let Up(t) and Vp(t) be determined by

Up(t) = [A(0) — B(O)R™*BT ()P (t)|Us(t), Vo(t) = Po(1)Us(1),
Us(T) =1,

It is clear that U, ' exists for (t,6) € [0,7] x O, and (Up, Vp) satisfies the ODE

-1 ) -0

Since A(+) and B(-) are continuous functions of 6, by [9, Theorem 7.4, p. 29], Uy(t)
and Vjp(t) are continuous in (t,6) € [0,7] x ©. Then U, *(t) is continuous in (¢,8), so
is Py(t) = Vo(t)U, *(t). By the compactness of ©, we obtain the desired bound for
[Po(t)]. O

Remark A.4. Let © be a compact set, and Mpy(t) a continuous R™*"-valued func-
tion of (¢,0) € [0,T] x ©. Let ®y(t,s) be the solution of d®y(t,s) = My(t)Py(t, s)dt,
Dy(s,s) =1for 0 <s,t <T, § €O. Then $y(t,s) is continuous in (¢, s,d) and hence
SUPgee SUPg< s<7 |Po(t, 5)| < o0.

Appendix B. Proof of Theorem 4.3. Let Ay(t) and Ag,(t) be defined as in
(2.9) and (2.24), respectively. By (4.3) and (4.5),

(Bl) $0(t) = fo(t) + [3 ‘bo(f, Sl)F() (QJ(N)(Sl) - z(sl))dsl.

Next, by (4.4) and (4.6),

(B.2)  xi(t) =2(t) + (T:(t) — 2(t)) +/O Dy, (t,51)F(0;) (N (s1) — 2(s1))ds1.
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By adding both sides of (B.2) for ¢ = 1,..., N and normalizing by 1/N, we obtain

N t
1
280 - 2(0) = @) = 20) + 5 Y [ B ltes)F ) 51) - 2(s)dsn
i=170
y (A3) and Remark A.4,
t
2™ (t) — 2(t)| < |2 (2) — 2(t)| + C/O |2(51) — 2 (s1)|ds1.
Hence, for 0 <t < T,
E/ 1) (s) — 2(s)|ds < ZE/ 2N (s) — 2(s)|2ds
2
+202E/ </ |$(N)(S1)—Z(81)‘d81> ds
0 0
Denote a(t) = Efot |z(V)(s) — 2(s)|?ds. By Lemma 4.2, we have
1 t
at) < C(e?\, + —) + 2C2T/ a(s)ds, 0<t<T.
N 0
By Gronwall’s inequality,
1 272
(V) (5 < 20°T
(B.3) E/ | z(s)|%ds C( N)e .

It follows from (B.1) and Remark A.4 that

E/ |20 (t) — Zo(t)]*dt = E/
SCE/ t/ |2 (51) = 2(s1) |*dsidt
0 0

(B.4) - O(e?V + %)

2
81 Fo( v )(81)—2(81))d81 dt

Similarly, by virtue of (B.2) and Remark A.4 we have
T
1
(B.5) swp B [ |nit) —mi(t)*dt = O + ).
1<i<N 0 N

Combining (B.3)—(B.5), we obtain (4.10). O

Appendix C. Proof of Theorems 4.5—4.6. Before proving the two theorems,
we give two auxiliary lemmas. Suppose that &,(-) and & (-) are random processes
which are adapted to the filtration {F;},;>¢ and satisfy

2 2

(1) %z(ﬁzmwwwf/<m,qz(Az%wwwf/<m
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C.1. A perturbed version of Problem (I) for the major player. Let z(t)
be given as in (4.8). Recall that for the optimal control problem with dynamics and
cost

(C.2) dzo(t) = (Aoﬁo( ) + Bouo(t) + Foz(t))dt + DodWy(t),
(C?)) UQ E/ |$0 HQZ 770‘2?0 + ug(t)Rouo(t))dt,

the optimal control law is @ (t) = Ry ' B (—Po(t)zo(t) +vo(t)), where Py(t) and vo(t)
are determined by (2.8) and (2.14)—(2.17).

Subsequently, we consider a perturbed version of (C.2)—(C.3) having the dynamics
and cost

(04) dajo(t) = (Aoﬂio(t) + Bouo(t) + Foz(t) + fa(t))dt + DodWO(t), t Z 0,
T
(©8) (o) =B | {[rolt) = Hoz(t) +&(t) = mo[g, + uf () Rouo(r) .

LEMMA C.1. Let @y be the optimal control of the control problem (C.2)-(C.3).
For any uo adapted to {Fi}i>0, we have

J§ (o) > Jo(tig) — Oleq + ),

provided that for a fixed constant Cy, the pair (zo,up) in (C.4) has the prior upper
bound

T
(C.6) B [ (oft)? + [uo(t))dt < Co.
0
Proof. We write (C.4) in the form
(C.7)

dwo(t) = (Ao(t)a:o (t) + Bouh(t) + BoRg ' BT g (t) + Foz(t) + fa(t))dt + DodWo(1),

where u}(t) = uo(t) + Ry *BI (Po(t)wo(t) — vo(t)). By (C 6) Efo lup(t)|?dt < C4,
where C1 < oo depends on Cy. For given z¢(0) and wug, uj is a well- deﬁned process
adapted to {F;}i>0. We construct the control problem with dynamics and cost

(C.8)
dFo(t) = (Ao(t):io (t) + Boull(t) + BoRg ' BE () + Foz(t))dt + DodWo (1),

T
Jo(ug) = E/o {|’i’0 — Hyz — U0|20 + |ug — Ry "By (Po(t)o(t) — Vo(t))@o}dt,

where 7 (0) = x0(0) and u is adapted to {F;}+>0. It is clear that Jo(uf) attains its
minimum when uj = 0 and the corresponding cost is equal to Jo (o). Hence

(C.9) Jo(ug) > Jo(0) = Jo(tio).

Take uj = uf, in (C.8) and let &} be the associated solution. Then & (t) = Zo(t) +
fo Do (2, s)ug(s)ds, where To(t) is the optimal state process of (C.2) as determined in
(4.5). This implies Efo |Z6(t)]2dt < Cs. Tt follows from (C.7)—(C.8) that

(C.10) E/ lzo(t) — 4 (1))%dt < Cé?,
0

where C' is independent of &, and (zg,ug). Following the proving argument in [15,
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Lemma A.3] we may use an expansion of (g, ug) around (Z(, u(,) and (C.10) to further
show |JS(uo) — Jo(up)] < Clea + €), where C' does not change with (£,,&,). This
combined with (C.9) proves the lemma. O

C.2. A perturbed version of Problem (II) for the minor player. Let z(t)
be given as in (4.8) and Zo(t) given as in (2.12) and (2.19)—(2.21). Now we consider
a perturbed version of Problem (II). Let the dynamics and cost be given by

(C.11) dai(t) = (A(Gi)xi(t)+B(9i)ui(t)+F(0i)z(t)+§a(t))dt+D(01-)dWi(t), >0,

and
T ~ 2
(C12)  JE(u;) = E/O (}a:i(t) — Hao(t) — Ha(t) + &(t) — |}, + uZT(t)Rul-(t))dt.

The proof of the next lemma is similar to that of Lemma C.1 and hence is omitted.

LEMMA C.2. Let u; be the optimal control of Problem (I1) with z given by (4.8)
and Zo given by (2.12) and (2.19)—(2.21). For any u; adapted to {F;}i>0, we have
Jf (u;) > Ji(;) — O(eq + €), provided that for a fized constant Cy, the pair (z;,u;) in
(C.11) satisfies E [ (Jai(t)|> + [us(t)]?)dt < Co.

C.3. Proof of Theorem 4.5. Let 2, 0 < j < N, be determined by (4.3)—(4.4),
which is associated with the controls 4;, 0 < j < N, given by (4.1)—(4.2). We first
show |J0(1lo,1l_0) — jo(ﬂo” = O(EN + 1/\/N) We have

| Jo (o, ti—o) — Jo(tio)|

dt

T
< E/ ’|$0 — Hoﬁ(N) — 770|2?0 — |{f0 — Hpz — 770|2Q0
0

T
+ B [ |liof, - faol, [at
0
T 2
(C13) <5 [ 1Qol{](o — 70) - Hole™ - 2)
0
+ 2|{f0 — Hoz — 770”(;100 — fo) — HQ({E(N) — Z)‘}dt
T
+E/ |R0|{"&0—@0‘2+2|ﬂ0||ﬁ0—ﬁo‘}dt.
0

It follows from Theorem 4.3 that

T 2 1
(014) E/O |($0 - fo) - Ho(x(N) — Z)| dt = 0(6?\7 + N)

Next, by Schwarz’s inequality,
T
E/ |f,f0_HQZ_T]QH(./,CQ_./EQ)"_HO(ZE(N) —Z)‘dt
0

T 5 \1/2 T B ) 2\ /2
< (/0 E|x0—Hoz—770| dt) (/0 E}(xo—xo)—Ho(x —z)‘ dt)

(C.15) = O<6N + \/LN)
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We use (2.11), (4.1), and (4.10) to obtain

T — 12 g —-1RT NE 2 1
E | i —aol*dt = B | |Ry"Bj Po(t)(wo — 7o) dt:O(GNJFN)’
0 0

and subsequently,

T
2 1
(016) E/ |R0|{ g — Ug +2|ﬂ0| o — Ug }dt:O(€N+—).
[ ol {0 ~ 5 + 24l — 0 £

By (C.13)—(C.16), it follows that |Jo(to, t—0) — Jo O(en +1/VN).

Similarly, we can prove that |J;(t;,@—;) — Ji(@)| = O(en + 1/VN) for i =
...N. O

C.4. Proof of Theorem 4.6. It suffices to show the first inequality, and the
second is evident.

Step 1. The case for the major player Ay to use an alternative strategy ug. Each

minor player takes the control law ; given in (4.2). Denote &,(t) = Fo(z™)(t) — 2(t))
and & (t) = Ho(z(t) — 2™ (t)). The dynamics and cost of Ay may be written as

d$0(t) = (A0$Q(t) + Bouo(t) + FQZ(t) + €a(t))dt + DodWo(t)

—
||

o

-
Il

1

and
T
oo, o) = E /O {Jzolt) — Hoz(t) + &(t) — mol?y, + w8 (1) Rouo(®) } .

We follow the notation in (C.1) to define ¢, and €;,. Note that when the set of strategies
(ug, 1, ..., Gy is applied, z(t) — z(N)(t) is the same as in Theorem 4.3 since (z0, ug)
does not appear in the dynamics of z;, ¢ > 1. Hence,

1/2

(C17) €a+ep= (/OT E|§a(t)|2dt>l/2 + (/OT E|§b(t)|2dt) = O(eN + \/LN)

If ug is simply taken as @, we may apply Theorem 4.5 to show that Jy(g,—o)
is upper bounded by a constant Cy independent of N. So, it suffices to restrict
our attention to all wg such that Jy(ug,4—9) < Cp, which further ensures that
EfOT(|a:0(t)|2 + |uo(t)[*)dt < C) for some constant Cy independent of N. In view
of Lemma C.1, Jo(ug,i—o) > Jo(@o) — O(€eq + €). Therefore, by (C.17) and Theo-
rem 4.5,

Jo(uo, ii—o) > Jo (o) — O(eN + \/LN) > Jo(fio, ii—o) — O(eN + \/LN)

This proves the lower bound in (4.12).

Step 2. The case for any given minor player A; to use an alternative strateqy u;.
After all players, except A;, apply the control laws given in (4.1)—(4.2), the dynamics
of Ag and A;, j # ¢, may be written in the form

dao(t) = (AO (t)z0(t) + BoRg ' BT wo(t) + Foz(t))dt + DodWo (1)
(C.18) + Fo (2™ () — 2(t))dt,

da;(£) = (Ao, (Va5 (8) + BOR BT (6;)v0, (1) + F(8;)2(1) ) dt + D(8;)dW; (1
(C.19) + F(0;) (2™ (t) — 2(t))dt, 1<j<N,j#i.
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We write the dynamics of A; as follows:
dai(t) = (Ao, (Ves(t) + BOIR BT (0:)vo, (t) + F(8:)2(1) ) dt + D(6;)dWi(t)
(C.20) + F(0;) (N (t) — 2(t))dt + B(6;) (ui(t) — ;(t))dt,

where @;(t) = R™'BY(6;)[ — Po,(t)zi(t) + v, (t)] depends on z; and hence is affected
by w;. Since J;(4;,0—;) < Cp for some fixed Cy independent of N, it suffices to
consider u; such that J;(u;,4—;) < Cp. This implies that Efo lu; (t)|?dt < Cy for
some fixed Cy. So by (4.2) there exists Cy such that for all ¢ € [0, T,

(C.21) E/O lua(s) — i1s(s)[2ds < 02+02E/0 l1(5) |2ds.
In parallel with (B.1),
(022) ﬂio(t) = jio(t) —|—A ‘bo(t, Sl)F() (QJ(N)(Sl) — z(sl))dsl,

(C.23) ;(t)

7(t) +/0 Do, (t,51)F(0;) (™) (s1) — 2(s1))ds1, 1<j<N,j#4,
(C.24) x;(t) = 4(t) —I—/O Dy, (¢, Sl)F(Gi)(x(N)(sl) — 2(s1))ds

+/ Qgi(t,sl)B(Gi)(ui(sl) —ﬁi(sl))dsl.
0

Adding up the N equations in (C.23)—(C.24), we have

N
a™(t) = 2(t) = 2V 1 Z Do, (t,51)F(0;) () (s1) — 2(s1))ds1

Therefore, for 0 <t < T,

|z (8) — 2(t)] < |2 — 2(t)] + C/O ‘x(N)(S) — z(s)|ds + %/0 |ui(s) — @i(s)|ds.

By Schwarz’s inequality,

tx(N)S—ZS2S
E/o' () — =(s)*d

< BE/Ot 12N (5) — z(s)|?ds + 3CE /Ot (/0 |2 (s1) — z(sl)}dsl)zds
+%E/t </S ‘ui(sl) — ﬁi(sl)‘dsl)gds

(C.25) <C( —|———|——/E|;zcZ |ds>+CE// |xN)sl —zsl‘dslds.

By Gronwall’s inequality,

(C.26) E/ |z (s )|2ds<C(eN+—+—/ E|z;(s |ds>
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Combining (C.20), (C.21), and (C.26), we may use Gronwall’s inequality to show
supg<;<p Elzi(t)|> < Cs for some constant C3. Therefore,

T 1
(C.27) B [ 1) Pds < 0 + )
It follows from (C.22) and (C.27) that

T 1
(C.28) E / feo(s) — o(s)ds < O( + 1)

Next, denote &, (t) = F(6;)(x™) (t)— z(t)) and &,(t) = H(Zo(t)—xo(t))+H(z(t) —
z(N)(t)). Then the dynamics and cost of player A; may be written as

dzi(t) = (AO)i(t) + B(O:)ui(t) + F(0:)2(1) + () ) dt + D(O)AWi(1), ¢ >0,
T
Ji(us) :E/O {Jas(t) — Hao() — Fz(t) + &(0) — nf?y + ul (1) Rus(t)

It is clear that J;(u;) = J¢(u;) which is defined in (C.12). In view of (C.27)-(C.28),

1/2

T 1/2 T
(C.29) €u+ep = {/0 E|§a(t)|2dt} + {/O E|§b(t)|2dt} = O(eN + \/LN)

Since Efo (| (¢ |2 + |u1(t2|2)dt < C for some constant C' independent of N, by
Lemma C.2, J;(u;, 4—;) > J;(4;) — O(eq + €). By (C.29) and Theorem 4.5,
- 1 1
(g i) > T () — ) > Ji(ag, i) — —).
Jilus @) 2 Ji(@) = O en + \/N) > Jilig, i) — O(en + \/N)
This proves the lower bound in (4.12) for player A;. O
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