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Abstract This paper considers risk-sensitive linear-quadratic mean-field games. By the so-called
direct approach via dynamic programming, the authors determine the feedback Nash equilibrium in
an N -player game. Subsequently, the authors design a set of decentralized strategies by passing to the
mean-field limit. The authors prove that the set of decentralized strategies constitutes an O(1/N)-
Nash equilibrium when applied by the N players, and hence obtain so far the tightest equilibrium error
bounds for this class of models.

Keywords Asymptotic Nash equilibria, decentralized strategies, linear-quadratic, mean-field games,
risk-sensitive costs.

1 Introduction
Since its inception in the first decade of this century[1, 2], mean field game theory has

developed into a major research area, providing a powerful methodology to tackle complex
decision problems involving a large number of noncooperative players. In addition to the
intense mathematical and theoretical investigations (see [1–5]) and references therein), the
application of mean field games has spread to a vast range of domains: Finance[6, 7], wireless
communication networks[8], load management in power systems[9], electrical vehicle charging
control[10], cryptocurrency mining[11], opinion dynamics[12], collective motion[13, 14], large-scale
Kuramoto oscillator models[15], theoretical physics[16], among others.
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The vast literature of mean field game theory and applications has been largely built upon
two fundamental methodologies: The direct approach and the fixed point approach. The di-
rect approach starts by formally solving an N -player game to obtain a large coupled solution
equation system. The next step is to derive a limit for the solution by taking N → ∞[2]. By
contrast, the fixed point approach is to solve an optimal control problem of a single agent based
on consistent mean field approximations and formalize a fixed point problem to determine the
mean field; this approach is also called the Nash certainty equivalence approach[1]. The solution
of the fixed point problem may be used to design decentralized strategies in the original large
but finite population model to achieve an ε-Nash equilibrium[17]. A more detailed account of
the two methodologies and their relation is available in [18].

In the existing literature, linear-quadratic (LQ) mean field games[17] have been of signif-
icant interest, with the very appealing feature of closed-form solutions while very few mean
field game models beyond the LQ cases allow explicit solutions. This class of mean field games
has been intensively studied by many researchers, addressing LQ Markov jump models[19], er-
godic costs[20], an adjoint equation based fixed point approach[21], agent dynamics modelled
by backward stochastic differential equations[22], control input constraints[23], O(1/N)-Nash
equilibrium results with controlled diffusion and indefinite weights[24], partial information with
forward-backward stochastic dynamics[25]. The LQ mean field game can be generalized to in-
clude a major player[26, 27], which has applications in competitive trading in financial markets[6].

For risk-sensitive mean-field games, one can refer to [28–34]. In this paper, we consider a
class of risk-sensitive LQ mean-field games and aim to analyze the individual player’s perfor-
mance loss due to the use of decentralized information. While there has existed extensive work
examining performance of risk sensitive LQ mean field games under different specific model-
ing, researchers have encountered major difficulty to get rigorous and satisfactory performance
estimates. A key reason is that when risk-sensitive costs (as exponentiated costs) are used in
the game, the mean square error estimates for mean field approximations over the whole time
horizon, which have been widely used in mean field games with risk-neural costs, are no longer
adequate. As a result, various restrictions on the model are needed in the analysis while the
performance loss bounds are generally loose, at most achieving an error bound of O(1/

√
N).

We adopt the direct approach developed for LQ mean field games in [18] and extend the
re-scaling technique there to analyze the asymptotic behavior of high order Riccati ordinary
differential equations (ODEs). By this approach, we are able to overcome the difficulty con-
fronting different researchers. Our contributions are outlined as the following. i) Using the
direct approach via dynamic programming, we obtain the centralized strategies and the result-
ing decentralized strategies by taking the former’s mean field limit; ii) by the Feynman-Kac
formula, we derive the corresponding costs for the centralized and decentralized strategies; iii)
we prove that the set of decentralized strategies is an O(1/N)-Nash equilibrium of the risk-
sensitive N -player game. Compared with[29, 31–33], we obtain the tightest equilibrium error
bound.

The rest of the paper is organized as follows. We formulate the risk-sensitive LQ mean-field
game in Section 2. In Section 3, we analyze feedback Nash equilibria in N -player games and
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study their asymptotic solvability. In Section 4, we construct the limit decentralized strategies
and compute the corresponding individual costs. In Section 5, we prove that the set of de-
centralized strategies is an O(1/N)-Nash equilibrium for the risk-sensitive game of N players.
Section 6 provides some numerical examples. Section 7 concludes the paper.

2 The N-Player Model
2.1 Problem Formulation

For the risk-sensitive LQ mean-field game, we start by introducing a population of N players
Ai, 1 ≤ i ≤ N . The dynamics of player Ai satisfy the following stochastic differential equation
(SDE):

dXi(t) =
(
AXi(t) +Bui(t) +GX(N)(t)

)
dt+DdWi(t), (1)

where we have the state Xi(t) ∈ Rn, the control ui(t) ∈ Rn1 , the population average state
X(N)(t) = 1

N

∑N
i=1 Xi(t), and {Wi, 1 ≤ i ≤ N} are N independent Rn2 -valued Brownian

motions. The initial states are independent, and also independent of the N Brownian motions.
The coefficients A,B,G and D are constant matrices with appropriate dimensions.

For a real matrix Z ∈ Rm×n and a positive semi-definite matrix Q ∈ Rm×m, we denote
|Z|2Q = ZTQZ. Let u−i = (u1, · · · , ui−1, ui+1, · · · , uN ) be the set of strategies except Ai. The
cost of player Ai is defined as

J
(N)
i (ui, u−i) =

1

α
lnE

[
eαLi(ui,u−i)

]
, 1 ≤ i ≤ N, (2)

where α > 0 is a risk-sensitive parameter and

Li(ui, u−i) =

∫ T

0

(
|Xi(t)− ΓX(N)(t)|2Q + |ui(t)|2R

)
dt+ |Xi(T )− ΓfX

(N)(T )|2Qf
.

Here the constant matrices Q ≥ 0, R > 0, Qf ≥ 0, Γ, Γf have compatible dimensions.
Remark 2.1 For notational simplicity, we consider constant parameters (A,B,G,D,Q,R,

Γ ) in (1) and (2). When these parameters are replaced by time dependence functions (such as
A(t), · · · , Γ (t)), the analysis is similar.

Let the functions ϕ(t, x1, · · · , xN ) : [0, T ]×Rn × · · · ×Rn → Rn1 and φ(t, x) : [0, T ]×Rn →
Rn1 be continuous, and Lipschitz continuous in (x1, · · · , xN ) and x, respectively. For player
Ai, 1 ≤ i ≤ N , we introduce

Uc
i = {ui |ui = ϕ(t, x1, · · · , xN )}, Ud

i = {ui |ui = φ(t, xi)}

as sets for centralized (state) feedback strategies and decentralized (state) feedback strategies,
respectively.

Consider the following two scenarios of initial states:

(I) Xi(0), 1 ≤ i ≤ N, are Rn-valued independent random variables which have mean µi and
satisfy P (Xi(0) ∈ SX) = 1 for each i and for the same compact set SX ⊂ Rn. Moreover,
the average mean µ(N) = 1

N

∑N
i=1 µi converges to µ as N → ∞.
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(II) Xi(0), 1 ≤ i ≤ N , are Rn-valued i.i.d. normal random variables with mean µ and covari-
ance matrix Σ > 0.

In later performance evaluation, the independent normal initial states in Scenario (II) will
allow us to compute the asymptotic individual costs (as N → ∞) in an explicit form. Let us
introduce the following definitions and problems.

Definition 2.2 The set of centralized strategies u∗
i (·) ∈ Uc

i , 1 ≤ i ≤ N , is a Nash equilib-
rium if for each i,

J
(N)
i (u∗

i , u
∗
−i) ≤ J

(N)
i (ui, u

∗
−i), ∀ui ∈ Uc

i .

Problem (CFNE) For the risk-sensitive LQ mean-field game model with dynamics (1) and
individual costs (2), find a set of centralized feedback Nash equilibrium strategies (u∗

1, · · · , u∗
N ).

The Nash equilibrium for Problem (CFNE) is a set of centralized strategies based on closed-
loop perfect state (CLPS) information[35], where each player requires the state information of
all players. This informational requirement makes the implementation difficult when N is large.
To address this issue, we are interested in finding decentralized strategies.

Definition 2.3 The set of decentralized strategies ûi(·) ∈ Ud
i , 1 ≤ i ≤ N , is an εN -Nash

equilibrium if for each i,

J
(N)
i (ûi, û−i) ≤ J

(N)
i (ui, û−i) + εN , ∀ui ∈ Uc

i .

Problem (DF ε-NE) For the model with dynamics (1) and costs (2), find a set of
decentralized feedback strategies that possesses an ε-Nash equilibrium property.

Remark 2.4 Existing works heavily rely on the fixed-point approach. By estimating the
error in mean-field approximations, they can only obtain a bound of O(1/

√
N) for the cost gap

between the centralized strategies and decentralized strategies. We employ the direct approach
and use the Feynman-Kac formula to directly estimate the cost difference, leading to a bound of
O(1/N). Compared with the existing works, our approach needs weaker conditions and yields
tighter estimates.

2.2 Notations
Let ⊗ stand for the Kronecker product, 1m×n for an m× n matrix with all entries equal to

1 (in particular, 1m = 1m×1), and In for an n× n identity matrix. We denote by Sn the set of
n×n symmetric matrices, and by column vectors {en1 , · · · , enn} the canonical basis of Rn. For an
l×m real matrix Z = (zsk)1≤s≤m,1≤k≤n, |Z| stands for its Frobenius norm, ||Z||l1 =

∑
s,k |zsk|

for its l1-norm. Define det(M) as the determinant of matrix M ∈ Rn×n. For a differentiable
function f(t, x) : [0, T ] × Rn → R, where x = (x1T, · · · , xnT)T, define ∂xif and ∂2

xixjf as the
first and second order partial derivatives with 1 ≤ i, j ≤ n, ∂xf and ∂2

xxf as the gradient (as a
column vector) and the Hessian matrix with respect to x, respectively.

Hereinafter, define Jij , 1 ≤ i ̸= j ≤ N , as the matrix resulting from exchanging the i-th
and the j-th rows of submatrices in INn. It is easy to show JT

ij = Jij = J−1
ij , 1 ≤ i ̸= j ≤ N

(see [18]).
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3 Nash Equilibria with N Players
Define

X = (XT
1 , · · · , XT

N )T, W = (WT
1 , · · · ,WT

N )T, x0 = (X1(0)
T, · · · , XN (0)T)T,

A = diag[A, · · · , A] + 1N×N ⊗ G

N
, Bi = eNi ⊗B, D = diag[D, · · · , D],

Q1 =

(
I − 1

N
Γ,− 1

N
Γ, · · · ,− 1

N
Γ

)T

Q

(
I − 1

N
Γ,− 1

N
Γ, · · · ,− 1

N
Γ

)
,

Q1f =

(
I − 1

N
Γf ,−

1

N
Γf , · · · ,−

1

N
Γf

)T

Qf

(
I − 1

N
Γf ,−

1

N
Γf , · · · ,−

1

N
Γf

)
,

Qj = JT
1jQ1J1j , Qjf = JT

1jQ1fJ1j , 2 ≤ j ≤ N,

M0 = BR−1BT, N0 = 2αDDT, M = M0 −N0. (3)

The system dynamics (1) and costs (2) can be rewritten as
dX(t) =

(
AX(t) +

N∑
i=1

Biui(t)

)
dt+DdW (t),

X(0) =x0,

(4)

and

J
(N)
i (ui, u−i) =

1

α
lnE

[
e
α
[∫ T

0 (|X(t)|2Qi
+|ui(t)|2R)dt+|X(T )|2Qif

]]
, 1 ≤ i ≤ N, (5)

respectively.
Given t ∈ [0, T ], we set the deterministic initial condition (X1(t)

T, · · · , XN (t)T)T = x ∈
RNn and define

J
(N)
i (t,x;ui, u−i) =

1

α
lnE

[
e
α
[∫ T

t (|X(s)|2Qi
+|ui(s)|2R)ds+|X(T )|2Qif

]]
, 1 ≤ i ≤ N.

Let the value function of player Ai be

Wi(t,x) = eαJ
(N)
i (t,x;u∗

i ,u
∗
−i) = E

[
e
α
[∫ T

t (|X(s)|2Qi
+|u∗

i (s)|
2
R)ds+|X(T )|2Qif

]]
, 1 ≤ i ≤ N,

where (u∗
i , u

∗
−i) is a set of centralized feedback Nash equilibrium strategies (if it exists). Taking

Wi(t,x) in this exponential form will enable us to apply dynamic programming.
By dynamic programming[36], we have

−∂tWi(t,x) = inf
ui∈Rn1

[
∂T
xWi

(
Ax+Biui +

N∑
j ̸=i

Bju
∗
j

)
+ αWi(t,x)

(
|x|2Qi

+ |ui|2R
) ]

+
1

2
Tr
(
∂2
xxWiDDT

)
, 1 ≤ i ≤ N. (6)

Denoting Vi(t,x) =
1
α lnWi(t,x), we use (6) to derive
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
− ∂tVi(t,x) = ∂T

xVi

(
Ax− 1

2

N∑
j=1

BjR
−1BT

j ∂xVj

)
+

1

2
Tr
(
∂2
xxViDDT

)
+

α

2
|DT∂xVi|2 + |x|2Qi

+
1

4
∂T
xViBiR

−1BT
i ∂xVi,

Vi(T,x) = |x|2Qif
, 1 ≤ i ≤ N.

(7)

And the equilibrium strategy of player Ai is given by

u∗
i = −1

2
R−1BT

i ∂xVi, 1 ≤ i ≤ N. (8)

For 1 ≤ i ≤ N , taking the ansatz Vi(t,x) = xTPix + ri, and plugging it into (7), we have
the ordinary differential equations (ODEs) for Pi(t) and ri(t):

Ṗi +ATPi +PiA+ Pi(BiR
−1BT

i + 2αDDT)Pi +Qi

− Pi

N∑
j=1

BjR
−1BT

j Pj −
N∑
j=1

PjBjR
−1BT

j Pi = 0,

Pi(T ) = Qif ,

(9)

{
ṙi +Tr

(
PiDDT

)
= 0,

ri(T ) = 0.
(10)

We have the following theorem.
Theorem 3.1 If the coupled Riccati equation system (9) has a solution on [0, T ], the set

of centralized feedback Nash equilibrium strategies (u∗
1, · · · , u∗

N ) of Problem (CFNE) exists and
is given by

u∗
i (t) = −R−1BT

i Pi(t)X(t), 1 ≤ i ≤ N, (11)

where the state X(t) satisfies
dX(t) =

(
AX(t)−

N∑
i=1

BiR
−1BT

i Pi(t)X(t)

)
dt+DdW (t),

X(0) = x0.

(12)

Here the initial condition x0 ∈ RNn is specified by scenario (I), or by scenario (II) provided
that E[eαV1(t,x)] < ∞.

Notice that the centralized feedback Nash strategies (11) are characterized by the coupled
Riccati equation system (9). If (9) has a solution (P1, · · · ,PN ) on [0, T ], such a solution is
unique due to local Lipschitz continuity of the vector field in (9). Subsequently, we obtain a
unique solution for the equation (10).

Now we focus on analyzing Riccati equation system (9). Following the route in [18], we
introduce the following definition.
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Definition 3.2 The sequence of risk-sensitive LQ Nash games (1)–(2) with CLPS infor-
mation has asymptotic solvability if there exists N∗ such that for all N ≥ N∗, (P1, · · · ,PN )

in (9) has a solution on [0, T ] and

sup
N≥N∗

sup
1≤i≤N,0≤t≤T

||Pi(t)||l1 < ∞.

To study the asymptotic solvability of risk-sensitive LQ Nash games specified by (1) and (2),
we introduce the following Riccati ODE system and assumptions.{

Λ̇1 + Λ1A+ATΛ1 − Λ1MΛ1 +Q = 0,

Λ1(T ) = Qf ,
(13)

Λ̇2 + Λ1G+ATΛ2 + Λ2 (A+G)− Λ2M0Λ1

− Λ1M0Λ2 + Λ1N0Λ2 − Λ2M0Λ2 −QΓ = 0,

Λ2(T ) = −QfΓf ,

(14)


Λ̇3 + ΛT

2 G+GTΛ2 + Λ3 (A+G−M0Λ1 −M0Λ2)

+ (A+G−M0Λ1 −M0Λ2)
T
Λ3 − ΛT

2 MΛ2 + ΓTQΓ = 0,

Λ3(T ) = ΓT
f QfΓf .

(15)

Assumption 3.3 For the given α, BR−1BT − 2αDDT ≥ 0.
Assumption 3.4 Riccati equation (14) has a solution on [0, T ] (which is then unique).
Remark 3.5 Under Assumption 3.3, the equation (13) is a standard Riccati equation

and so has a unique solution on [0, T ]. After determining Λ1 and Λ2 under Assumptions 3.3–
3.4, (15) becomes a linear ODE, giving a unique solution.

Lemma 3.6 Under Assumptions 3.3–3.4, we have the following assertions.
(i) If the Riccati equation system (9) has a solution on [0, T ], we have the representation of

Pi, 1 ≤ i ≤ N :

P1 =


ΠN

1 ΠN
2 · · · ΠN

2

ΠNT
2 ΠN

3 · · · ΠN
3

...
... . . . ...

ΠNT
2 ΠN

3 · · · ΠN
3

 , Pj = JT
1jP1J1j , 2 ≤ j ≤ N, (16)

where each submatrix in the partition of P1 is Rn×n-valued.
(ii) For the solutions of (9) and of (13)–(15), we have

sup
0≤t≤T

(
|ΠN

1 − Λ1|+ |NΠN
2 − Λ2|+ |N2ΠN

3 − Λ3|
)
= O

(
1

N

)
. (17)

(iii) The sequence of risk-sensitive LQ Nash games in (1)–(2) has asymptotic solvability.

Proof (i) Using the proving method for Theorem 3 in [18] and Lemma 4.1 in [24], we
obtain (16).
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(ii) Let ΛN
1 = ΠN

1 , ΛN
2 = NΠN

2 and ΛN
3 = N2ΠN

3 . Combining (9) with (16), we have the
following ODE system:

Λ̇N
1 + ΛN

1 A+ATΛN
1 − ΛN

1 MΛN
1 +Q+ g1 = 0,

ΛN
1 (T ) =

∣∣∣∣I − 1

N
Γf

∣∣∣∣2
Qf

,

g1 =
1

N

(
GTΛN

1 + ΛN
1 G
)
+

∣∣∣∣I − 1

N
Γ

∣∣∣∣2
Q

−Q+
N − 1

N2

(
GTΛNT

2 + ΛN
2 G

+ΛN
2 N0Λ

NT
2 − ΛN

2 M0Λ
N
2 − ΛNT

2 M0Λ
NT
2

)
,

Λ̇N
2 + ΛN

1 G+ATΛN
2 + ΛN

2 (A+G)− ΛN
2 M0Λ

N
1 − ΛN

1 M0Λ
N
2

+ ΛN
1 N0Λ

N
2 − ΛN

2 M0Λ
N
2 −QΓ + g2 = 0,

ΛN
2 (T ) = −QfΓf +

1

N
ΓT
f QfΓf ,

g2 =
1

N

(
GTΛN

2 − ΛN
2 G
)
+

N − 1

N2
GTΛN

3 +
2

N
ΛN
2 M0Λ

N
2

− N − 1

N2

(
ΛNT
2 M0 − ΛN

2 N0

)
ΛN
3 +

1

N
ΓTQΓ,

(18)



Λ̇N
3 + ΛNT

2 G+GTΛN
2 + ΛN

3

(
A+G−M0Λ

N
1 −M0Λ

N
2

)
− ΛNT

2 MΛN
2

+
(
A+G−M0Λ

N
1 −M0Λ

N
2

)T
ΛN
3 + ΓTQΓ + g3 = 0,

ΛN
3 (T ) = ΓT

f QfΓf ,

g3 =
1

N

(
2ΛN

3 M0Λ
N
2 + 2ΛNT

2 M0Λ
N
3 − ΛN

3 G−GTΛN
3

)
+

N − 1

N2
ΛN
3 N0Λ

N
3 ,

where g1, g2 and g3 each have coefficients with order of magnitude O( 1
N ). Note that equa-

tions (13)–(15) are the limit of the ODE system (18) as N → ∞. According to Theorem 4
in [18], there exists an N∗ such that for all N ≥ N∗, the ODE system (18) has a solution on
[0, T ] and

sup
0≤t≤T

(
|ΛN

1 − Λ1|+ |ΛN
2 − Λ2|+ |ΛN

3 − Λ3|
)
= O

(
1

N

)
, (19)

which implies (17).
(iii) In view of (17), we have

sup
N≥N∗

sup
0≤t≤T

(
|ΠN

1 |+ |NΠN
2 |+ |N2ΠN

3 |
)
< ∞,

which implies that the sequence of risk-sensitive LQ Nash games (1)–(2) has asymptotic solv-
ability.

Remark 3.7 Lemma 3.6 (iii) implies that under Assumptions 3.3–3.4, (9) has a unique
solution on [0, T ] for sufficiently large N . This fact facilitates our study of the asymptotic
behaviour for the closed-loop system with N players as N → ∞.
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4 Decentralized Strategies and Their Costs
We construct the (limit) decentralized strategies based on the centralized feedback Nash

equilibrium strategies (11) and Lemma 3.6. Taking N → ∞, the limit decentralized strategy
of player Ai is given by

ûi(t) = −R−1BT
(
Λ1(t)X̂i(t) + Λ2(t)X(t)

)
, 1 ≤ i ≤ N, (20)

where Λ1(t) and Λ2(t) satisfy (13)–(14), and X(t) is regarded as the mean-field limit of the
population average state X̂(N)(t). Under the set of strategies (20), the N players have the
closed-loop dynamics

dX̂i(t) =
[
(A−M0Λ1(t)) X̂i +GX̂(N)(t)−M0Λ2(t)X(t)

]
dt

+DdWi(t), 1 ≤ i ≤ N,

dX(t) = (A+G−M0Λ1(t)−M0Λ2(t))X(t)dt,

X̂i(0) = Xi(0), X(0) = µ.

(21)

In order to analyze the asymptotic property of costs associated with the decentralized strate-
gies (20), we introduce the following ODE system:

˙̂
Λ1 + Λ̂1(A−M0Λ1) + (A−M0Λ1)

TΛ̂1 + Λ1M0Λ1 + Λ̂1N0Λ̂1 +Q = 0,

Λ̂1(T ) = Qf ,
(22)


˙̂
Λ2 + Λ̂1G+ Λ̂2(A+G−M0Λ1) + (A−M0Λ1)

TΛ̂2 + Λ̂1N0Λ̂2 −QΓ = 0,

Λ̂2(T ) = −QfΓf ,
(23)


˙̂
Λ3 + Λ̂T

2 G+GTΛ̂2 + Λ̂3(A+G−M0Λ1)

+ (A+G−M0Λ1)
TΛ̂3 + Λ̂T

2 N0Λ̂2 + ΓTQΓ = 0,

Λ̂3(T ) = ΓT
f QfΓf ,

(24)


˙̂
Λ4 + Λ̂4(A+G−M0Λ1 −M0Λ2) + (A−M0Λ1)

TΛ̂4

− (Λ̂1 + Λ̂2)M0Λ2 + Λ1M0Λ2 + Λ̂1N0Λ̂4 = 0,

Λ̂4(T ) = 0,

(25)


˙̂
Λ5 + Λ̂5(A+G−M0Λ1 −M0Λ2) +GTΛ̂4 − Λ̂T

2 M0Λ2

− Λ̂3M0Λ2 + (A+G−M0Λ1)
TΛ̂5 + Λ̂T

2 N0Λ̂4 = 0,

Λ̂5(T ) = 0,

(26)


˙̂
Λ6 + Λ̂6(A+G−M0Λ1 −M0Λ2)− ΛT

2 M0(Λ̂4 + Λ̂5)− (Λ̂4 + Λ̂5)
TM0Λ2

+ (A+G−M0Λ1 −M0Λ2)
TΛ̂6 + ΛT

2 M0Λ2 + Λ̂T
4 N0Λ̂4 = 0,

Λ̂6(T ) = 0,

(27)

 ˙̂r +Tr
(
Λ̂1DDT

)
= 0,

r̂(T ) = 0.
(28)
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Remark 4.1 Under Assumptions 3.3–3.4, ODEs (13)–(15) have a unique solution on
[0, T ]. We can verify that Λ1 obtained in (13) is a solution of (22). The uniqueness of the
solution Λ̂1 in (22) is obvious. Hence we can solve linear ODEs (23)–(28) following the same
order.

Let us introduce an additional assumption.
Assumption 4.2 For given α and Σ, we have αΛ̂1(0)− 1

2Σ
−1 < 0.

Theorem 4.3 Suppose Assumptions 3.3–3.4 hold.
(i) If the initial states satisfy scenario (I), the corresponding cost functional is given by

J
(N)
i (ûi, û−i) =

1

α
lnE

[
eαL(Xi(0),µ)

]
+O

(
1

N

)
+O(|µ(N) − µ|), 1 ≤ i ≤ N, (29)

where L(Xi(0), µ) takes the form:

L(Xi(0), µ) =Xi(0)
TΛ̂1(0)Xi(0) + 2Xi(0)

T
(
Λ̂2(0) + Λ̂4(0)

)
µ

+ µT
(
Λ̂3(0) + Λ̂5(0)

T + Λ̂5(0) + Λ̂6(0)
)
µ+ r̂(0),

while Λ̂k, 1 ≤ k ≤ 6 and r̂ are solutions of (22)–(27) and (28), respectively.
(ii) If the initial states satisfy scenario (II), and moreover, Assumption 4.2 holds, then we

have

J
(N)
i (ûi, û−i) =− 1

2α
ln
[
det
(
In − 2αΣΛ̂1(0)

)]
+ µT

(
Λ̂3(0) + Λ̂5(0)

T + Λ̂5(0) + Λ̂6(0)
)
µ

− µTΣ−1µ

2α
− 1

2α
µT
∣∣∣Σ−1 + 2α

(
Λ̂2(0) + Λ̂4(0)

)∣∣∣2
(2αΛ̂1(0)−Σ−1)

−1
µ

+ r̂(0) +O

(
1

N

)
, 1 ≤ i ≤ N. (30)

Proof Denote

Θ = R−1BTΛ1, Θ0 = R−1BTΛ2, Θ̂i = Θ ⊗ eNT
i , B = diag[B, · · · , B],

Θ̂0 = Θ0 ⊗ 1N , Θ̂ = (Θ̂T
1 , · · · , Θ̂T

N )T, X̂ = (X̂T
1 , · · · , X̂T

N )T. (31)

With the notation in (3) and (31), the limit decentralized strategies (20) and the corre-
sponding dynamics (21) are rewritten as

ûi(t) = −Θ̂iX̂(t)−Θ0X(t), 1 ≤ i ≤ N (32)

and 
dX̂(t) =

(
AX̂(t)−BΘ̂X̂(t)−BΘ̂0X(t)

)
dt+DdW (t),

dX(t) = (A+G−BΘ −BΘ0)X(t)dt,

X̂(0) = x0, X(0) = µ,

(33)

respectively.
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For given initial time t ∈ [0, T ], we consider (33) on [t, T ] and set the initial conditions
(X̂T

1 (t), · · · , X̂T
N (t))T = x̂ ∈ RNn and X(t) = x ∈ Rn, and define

Ŵi(t, x̂, x) = E
[
e
α
[∫ T

t (|X̂(s)|2Qi
+|ûi(s)|2R)ds+|X̂(T )|2Qif

]]
, 1 ≤ i ≤ N. (34)

According to Feynman-Kac formula, we have

−∂tŴi(t, x̂, x) =∂T
x̂ Ŵi

[(
A−BΘ̂

)
x̂−BΘ̂0x

]
+ ∂T

x Ŵi (A+G−BΘ −BΘ0)x

+
1

2
Tr
(
∂2
x̂x̂ŴiDDT

)
+ αŴi

(
|x̂|2Qi

+ |Θ̂ix̂+Θ0x|2R
)
, 1 ≤ i ≤ N. (35)

For 1 ≤ i ≤ N , setting V̂i(t, x̂, x) = 1
α lnŴi(t, x̂, x) and taking the ansatz V̂i(t, x̂, x) =

x̂TP̂ i
11x̂+ 2x̂TP̂ i

12x+ xTP̂ i
22x+ r̂i, we use (35) to derive ˙̂

P
i

11 + P̂ i
11(A−BΘ̂) + (A−BΘ̂)TP̂ i

11 + 2αP̂ i
11DDTP̂ i

11 + Θ̂T
i RΘ̂i +Qi = 0,

P̂ i
11(T ) = Qif ,

(36)


˙̂
P

i

12 + P̂ i
12(A+G−BΘ −BΘ0) + (A−BΘ̂)TP̂ i

12

− P̂ i
11BΘ̂0 + 2αP̂ i

11DDTP̂ i
12 + Θ̂T

i RΘ0 = 0,

P̂ i
12(T ) = 0,

(37)


˙̂
P

i

22 + P̂ i
22(A+G−BΘ −BΘ0) + (A+G−BΘ −BΘ0)

TP̂ i
22

− P̂ iT
12 BΘ̂0 − Θ̂T

0 B
TP̂ i

12 + 2αP̂ iT
12 DDTP̂ i

12 +ΘT
0 RΘ0 = 0,

P̂ i
22(T ) = 0,

(38)


˙̂ri +Tr

(
P̂ i

11DDT
)
= 0,

r̂i(T ) = 0.
(39)

In analogue to Lemma 3.6, and according to Remark 3.7 and Lemma A.1, we establish the
following assertions under Assumptions 3.3–3.4.

(a) For all sufficiently large N , the ODEs (36)–(39) have a unique solution on [0, T ], with
the representation

P̂ 1
11 =


Π̂N

1 Π̂N
2 · · · Π̂N

2

Π̂NT
2 Π̂N

3 · · · Π̂N
3

...
... . . . ...

Π̂NT
2 Π̂N

3 · · · Π̂N
3

 , P̂ 1
12 =


Π̂N

4

Π̂N
5

...
Π̂N

5

 , P̂ 1
22 = Π̂N

6 ,

P̂ j
11 = JT

1jP̂
1
11J1j , P̂ j

12 = JT
1jP̂

1
12, P̂ j

22 = Π̂N
6 , 2 ≤ j ≤ N. (40)

Setting r̂i = r̂ for all 1 ≤ i ≤ N , the equation (39) can be rewritten as
˙̂r +Tr

(
Π̂N

1 DDT
)
+ (N − 1)Tr

(
Π̂N

3 DDT
)
= 0,

r̂(T ) = 0.
(41)
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(b) For the solutions of (22)–(28), (36)–(38) and (41), we have

sup
0≤t≤T

(
|Π̂N

1 − Λ̂1|+ |NΠ̂N
2 − Λ̂2|+ |N2Π̂N

3 − Λ̂3|

+|Π̂N
4 − Λ̂4|+ |NΠ̂N

5 − Λ̂5|+ |Π̂N
6 − Λ̂6|+ |r̂ − r̂|

)
= O

(
1

N

)
. (42)

If the initial states satisfy scenario (I), the corresponding cost of player Ai is given by

J
(N)
i (ûi, û−i) =

1

α
lnE

[
eα(x

T
0 P̂ i

11(0)x0+2xT
0 P̂ i

12(0)µ+µTP̂ i
22(0)µ+r̂(0))

]
, 1 ≤ i ≤ N. (43)

Denote

f(Xi(0), X
(N)
−i (0)) =e

α
(
Xi(0)

TΛ̂1(0)Xi(0)+2Xi(0)
TΛ̂2(0)X

(N)
−i (0)+X

(N)
−i (0)TΛ̂3(0)X

(N)
−i (0)

)

× e
α
(
2Xi(0)

TΛ̂4(0)µ+2X
(N)
−i (0)TΛ̂5(0)µ+µTΛ̂6(0)µ+r̂(0)

)
,

where we have X
(N)
−i (0) = 1

N

∑N
j ̸=i Xj(0). In view of (40), (42) and compactness of the set SX ,

there exists a deterministic constant C such that

|eα(x
T
0 P̂ i

11(0)x0+2xT
0 P̂ i

12(0)µ+µTP̂ i
22(0)µ+r̂(0)) − f(Xi(0), X

(N)
−i (0))| ≤ C

N
, (44)

which implies that the cost (43) of player Ai reduces to

J
(N)
i (ûi, û−i) =

1

α
lnE

[
f(Xi(0), X

(N)
−i (0))

]
+O

(
1

N

)
, 1 ≤ i ≤ N. (45)

According to Lemma B.1, we have

|E[f(Xi(0), X
(N)
−i (0))]− E[f(Xi(0), µ)]| = O

(
1

N

)
+O(|µ(N) − µ|), (46)

Combining (45) with (46), we obtain (29).
If the initial states satisfy scenario (II), we have

J
(N)
i (ûi, û−i) =

1

α
lnE

[
eαL

(N)(Xi(0),X
(N)
−i (0))

]
, 1 ≤ i ≤ N, (47)

where L(N)(Xi(0), X
(N)
−i (0)) is given by

L(N)(Xi(0), X
(N)
−i (0)) =Xi(0)

TΠ̂N
1 (0)Xi(0) + 2Xi(0)

TNΠ̂N
2 (0)X

(N)
−i (0)

+X
(N)
−i (0)TN2Π̂N

3 (0)X
(N)
−i (0) + 2Xi(0)

TΠ̂N
4 (0)µ

+ 2X
(N)
−i (0)TNΠ̂N

5 (0)µ+ µTΠ̂N
6 (0)µ+ r̂(0).

Denoting

M1 = α

 Π̂N
1 (0) NΠ̂N

2 (0)

NΠ̂N
2 (0)T N2Π̂N

3 (0)

− 1

2

 Σ−1 0

0 N2

N−1Σ
−1

 ,

M2 = α

 Π̂N
4 (0)

NΠ̂N
5 (0)

+
1

2

 Σ−1

NΣ−1

 , Xi,N =

 Xi(0)

X
(N)
−i (0)

 ,
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we obtain

eαJ
(N)
i (ûi,û−i)

=
1

(
√
2π)2ndet(Σ)

√
N−1
N2

(∫
R2n

eX
T
i,NM1Xi,N+2XT

i,NM2µdXi,N

)
eµ

T(αΠ̂N
6 (0)−N

2 Σ−1)µ+αr̂(0). (48)

Under Assumption 4.2, we have M1 < 0 for all large N . Combining (42) with (48), we have

eαJ
(N)
i (ûi,û−i)

=
1√

det
(
In − 2αΣΛ̂1(0)

)
+O( 1

N )

× eαµ
T(Λ̂3(0)+Λ̂5(0)+Λ̂5(0)

T+Λ̂6(0))µ × e
−µTΣ−1µ

2

× e
− 1

2µ
T

[
|Σ−1+2α(Λ̂2(0)+Λ̂4(0))|2(2αΛ̂1(0)−Σ−1)−1

]
µ
× eαr̂(0)+O( 1

N ), (49)

which implies (30).

5 Decentralized ε-Nash Equilibrium
To show that the limit decentralized strategies (20) possess an ε-Nash equilibrium property,

we introduce the risk-sensitive LQ control problem for the unilateral improvement of a single
player. Due to the symmetry of the system dynamics and the costs, we only need to consider the
risk-sensitive LQ optimal control problem of player A1. The optimal control problems of other
players can be transformed into the optimal control problem of player A1 by rearrangement of
individual states.

5.1 The Risk-Sensitive Optimal Control Problem of Player A1

Notice that the set of decentralized feedback strategies (û1, · · · , ûN ) satisfies (32). For player
A1, we fix the decentralized strategies ûj , j ≥ 2, of all other players, and consider the following
dynamics

dX̃(t) =

(
AX̃(t) +B1u1(t)−

N∑
j=2

BjΘ̂jX̃(t)−
N∑
j=2

BjΘ0X(t)

)
dt+DdW (t),

dX(t) = (A+G−BΘ −BΘ0)X(t)dt,

X̃(0) = x0, X(0) = µ,

(50)

where the state X̃ = (X̃T
1 , · · · , X̃T

N )T ∈ RNn, the coefficients of (50) follow the notation in (3)
and (31).

Problem (RSC1) For the dynamics (50), find an optimal feedback control ũ1 ∈ Uc
1 to

minimize

J
(N)
1 (u1, û−1) =

1

α
lnE

[
e
α
[∫ T

0 (|X̃(t)|2Q1
+|u1(t)|2R)dt+|X̃(T )|2Q1f

]]
. (51)
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For given time t ∈ [0, T ], we set the initial conditions X̃(t) = x̃ ∈ RNn and X(t) = x, and
define

W̃ (t, x̃, x) = inf
u1∈Uc

1

E
[
e
α
[∫ T

t (|X̃(s)|2Q1
+|u1(s)|2R)ds+|X̃(T )|2Q1f

]]
. (52)

Again using dynamic programming[36], we obtain

−∂tW̃ (t, x̃, x) = inf
u1∈Rn1

[
∂T
x̃ W̃

(
Ax̃+B1u1 −

N∑
j=2

BjΘ̂jx̃−
N∑
j=2

BjΘ0x

)
+

1

2
Tr
(
∂2
x̃x̃W̃DDT

)
+ ∂T

x W̃ (A+G−BΘ −BΘ0)x+ αW̃
(
|x̃|2Q1

+ |u1|2R
) ]

. (53)

By the transformation Ṽ (t, x̃, x) = 1
α lnW̃ (t, x̃, x), we use (53) to derive

− ∂tṼ (t, x̃, x) = inf
u1∈Rn1

[
∂T
x̃ Ṽ

(
Ax̃+B1u1 −

N∑
j=2

BjΘ̂jx̃−
N∑
j=2

BjΘ0x

)
+ ∂T

x Ṽ (A+G−BΘ −BΘ0)x+
1

2
Tr
(
∂2
x̃x̃ṼDDT

)
+

α

2
|DT∂x̃Ṽ |2 + |x̃|2Q1

+ |u1|2R
]
,

Ṽ (T, x̃, x) = |x̃|2Q1f
.

(54)

Since R > 0, the optimal control of player A1 is given by

ũ1 = −1

2
R−1BT

1 ∂x̃Ṽ . (55)

Take the ansatz

Ṽ (t, x̃, x) =x̃TP̃11(t)x̃+ 2x̃TP̃12(t)x+ xTP̃22(t)x+ r̃(t), (56)

where P̃11(t), P̃12(t), P̃22(t) and r̃(t) are deterministic functions to be determined.
Substituting (55) and (56) into (54), we obtain

˙̃
P 11 + P̃11

(
A−

N∑
j=2

BjΘ̂j

)
+

(
A−

N∑
j=2

BjΘ̂j

)T

P̃11

− P̃11

(
B1R

−1BT
1 − 2αDDT

)
P̃11 +Q1 = 0,

P̃11(T ) = Q1f ,

(57)



˙̃
P 12 + P̃12 (A+G−BΘ −BΘ0)− P̃11

( N∑
j=2

BjΘ0

)

+

(
A−

N∑
j=2

BjΘ̂j

)T

P̃12 − P̃11

(
B1R

−1BT
1 − 2αDDT

)
P̃12 = 0,

P̃12(T ) = 0,

(58)
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
˙̃
P 22 + P̃22 (A+G−BΘ −BΘ0)− P̃T

12

( N∑
j=2

BjΘ0

)
−
( N∑

j=2

BjΘ0

)T

P̃12

+ (A+G−BΘ −BΘ0)
T
P̃22 − P̃T

12

(
B1R

−1BT
1 − 2αDDT

)
P̃12 = 0,

P̃22(T ) = 0,

(59)


˙̃r +Tr

(
P̃11DDT

)
= 0,

r̃(T ) = 0.
(60)

The solvability of (57)–(60) will be given in Lemma 5.2. Based on the above process, the
corresponding cost of player A1 can be rewritten as

J
(N)
1 (ũ1, û−1) =

1

α
lnE

[
eα(x

T
0 P̃11(0)x0+2xT

0 P̃12(0)µ+µTP̃22(0)µ+r̃(0))
]
. (61)

5.2 Asymptotic Analysis
In order to characterize the asymptotic behaviour (as N → ∞) of P̃11, P̃12 and P̃22, we

introduce the following ODE system:
˙̃
Λ1 + Λ̃1A+ATΛ̃1 − Λ̃1MΛ̃1 +Q = 0,

Λ̃1(T ) = Qf ,
(62)


˙̃
Λ2 + Λ̃1G+ Λ̃2(A+G−M0Λ1) +ATΛ̃2 − Λ̃1MΛ̃2 −QΓ = 0,

Λ̃2(T ) = −QfΓf ,
(63)


˙̃
Λ3 + Λ̃T

2 G+GTΛ̃2 + Λ̃3(A+G−M0Λ1) + ΓTQΓ

+ (A+G−M0Λ1)
TΛ̃3 − Λ̃T

2 MΛ̃2 = 0,

Λ̃3(T ) = ΓT
f QfΓf ,

(64)


˙̃
Λ4 + Λ̃4 (A+G−M0Λ1 −M0Λ2) +ATΛ̃4 − Λ̃2M0Λ2 − Λ̃1MΛ̃4 = 0,

Λ̃4(T ) = 0,
(65)


˙̃
Λ5 + Λ̃5 (A+G−M0Λ1 −M0Λ2) +GTΛ̃4 − Λ̃3M0Λ2

+ (A+G−M0Λ1)
TΛ̃5 − Λ̃T

2 MΛ̃4 = 0,

Λ̃5(T ) = 0,

(66)


˙̃
Λ6 + Λ̃6 (A+G−M0Λ1 −M0Λ2)− ΛT

2 M0Λ̃5 − Λ̃T
5 M0Λ2

+ (A+G−M0Λ1 −M0Λ2)
T
Λ̃6 − Λ̃T

4 MΛ̃4 = 0,

Λ̃6(T ) = 0,

(67)

{
˙̃r +Tr(Λ̃1DDT) = 0,

r̃(T ) = 0.
(68)

Remark 5.1 Under Assumption 3.3, the equation (62) is a standard Riccati equation
and so has a unique solution on [0, T ]. In fact, we obtain Λ̃1 = Λ1, where the latter is given
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by (13). If Assumption 3.4 holds, we can solve the ODEs (63)–(68) following the same order
as linear equations.

In analogue to Lemma 3.6, and according to Lemma A.1, we obtain the following lemma.
Lemma 5.2 Under Assumptions 3.3–3.4, we have the following assertions.
(i) For all sufficiently large N , the ODEs (57)–(60) have a solution on [0, T ]. Moreover,

P̃11, P̃12 and P̃22 have the representation

P̃11 =


Π̃N

1 Π̃N
2 · · · Π̃N

2

Π̃NT
2 Π̃N

3 · · · Π̃N
3

...
...

. . .
...

Π̃NT
2 Π̃N

3 · · · Π̃N
3

 , P̃12 =


Π̃N

4

Π̃N
5

...
Π̃N

5

 , P̃22 = Π̃N
6 . (69)

(ii) For the solutions of (57)–(60) and of (62)–(68), we have

sup
0≤t≤T

(
|Π̃N

1 − Λ̃1|+ |NΠ̃N
2 − Λ̃2|+ |N2Π̃N

3 − Λ̃3|

+|Π̃N
4 − Λ̃4|+ |NΠ̃N

5 − Λ̃5|+ |Π̃N
6 − Λ̃6|+ |r̃ − r̃|

)
= O

(
1

N

)
.

5.3 Optimal Cost of Player A1

Lemma 5.2 (i) implies that Problem (RSC1) has a solution for all sufficiently large N . Here
we consider such large N , and in view of (55) and (56), determine the optimal control law of
player A1 as

ũ1(t) = −R−1BT

(
Π̃N

1 (t)X̃1(t) + Π̃N
2 (t)

N∑
j=2

X̃j(t) + Π̃N
4 (t)X(t)

)
, (70)

where X̃i(t), 1 ≤ i ≤ N , and X(t) satisfy

dX̃1(t) =

[(
A−M0Π̃

N
1 (t)

)
X̃1(t) +GX̃(N)(t)−M0Π̃

N
2 (t)

N∑
j=2

X̃j(t)

−M0Π̃
N
4 (t)X(t)

]
dt+DdW1(t),

dX̃j(t) =
[
(A−M0Λ1(t)) X̃j(t) +GX̃(N)(t)−M0Λ2(t)X(t)

]
dt

+DdWj(t), 2 ≤ j ≤ N,

dX(t) = (A+G−M0Λ1(t)−M0Λ2(t))X(t)dt,

X̃i(0) = Xi(0), X(0) = µ.

(71)

Here the population average state X̃(N)(t) = 1
N

∑N
i=1 X̃i(t), and Λ1(t), Λ2(t), Π̃

N
1 (t) Π̃N

2 (t)

and Π̃N
4 (t) satisfy the equations (13)–(14), (57)–(58) and (69), respectively.

Theorem 5.3 Suppose Assumptions 3.3–3.4 hold.
(i) For initial states of scenario (I), the corresponding cost of player A1 is given by
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J
(N)
1 (ũ1, û−1) =

1

α
lnE

[
eαL̃(X1(0),µ)

]
+O

(
1

N

)
+O(|µ(N) − µ|), (72)

where L̃(X1(0), µ) is in the form of

L̃(X1(0), µ) =X1(0)
TΛ̃1(0)X1(0) + 2X1(0)

T
(
Λ̃2(0) + Λ̃4(0)

)
µ

+ µT
(
Λ̃3(0) + Λ̃5(0)

T + Λ̃5(0) + Λ̃6(0)
)
µ+ r̃(0),

while Λ̃j , 1 ≤ j ≤ 6 and r̃ satisfy (62)–(67) and (68), respectively.
(ii) For initial states of scenario (II) while additionally, Assumption 4.2 holds, we have

J
(N)
1 (ũ1, û−1)

=− 1

2α
ln
[
det
(
In − 2αΣΛ̃1(0)

)]
+ µT

(
Λ̃3(0) + Λ̃5(0)

T + Λ̃5(0) + Λ̃6(0)
)
µ− µTΣ−1µ

2α

− 1

2α
µT
∣∣∣Σ−1 + 2α

(
Λ̃2(0) + Λ̃4(0)

)∣∣∣2
(2αΛ̃1(0)−Σ−1)

−1
µ+ r̃(0) +O

(
1

N

)
. (73)

Proof The proof follows an approach similar to that of Theorem 4.3.

5.4 ε-Nash Equilibrium
We have the main theorem regarding the performance of the obtained decentralized strate-

gies.
Theorem 5.4 Suppose Assumptions 3.3–3.4 hold.
(i) For initial states of scenario (I), the set of decentralized strategies ûi, 1 ≤ i ≤ N , in (20)

satisfies

|J (N)
i (ûi, û−i)− inf

ui∈Uc
i

J
(N)
i (ui, û−i)| = O

(
1

N

)
+O(|µ(N) − µ|), (74)

where µ(N) = 1
N

∑N
i=1 µi → µ, as N → ∞.

(ii) For initial states of scenario (II) with the additional Assumption 4.2, the set of decen-
tralized strategies ûi, 1 ≤ i ≤ N , in (20) satisfies

|J (N)
i (ûi, û−i)− inf

ui∈Uc
i

J
(N)
i (ui, û−i)| = O

(
1

N

)
. (75)

The estimates in (74) and (75) imply the set of decentralized strategies (û1, · · · , ûN ) is an
asymptotic Nash equilibrium of Problem (DF ε-NE).

Proof According to the equation (14), equations (22)–(28) and equations (62)–(68), we
can show

Λ̂1(t) = Λ̃1(t), Λ̂2(t) = Λ̃2(t), Λ̂4(t) = Λ̃4(t), r̂(t) = r̃(t),

Λ̂3(t) + Λ̂5(t) + Λ̂5(t)
T + Λ̂6(t) = Λ̃3(t) + Λ̃5(t) + Λ̃5(t)

T + Λ̃6(t). (76)

If the initial states satisfy scenario (I), plugging (76) into (29) and (72), we have
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|J (N)
i (ûi, û−i)− J

(N)
i (ũi, û−i)| = O

(
1

N

)
+O(|µ(N) − µ|),

which implies (74).
If the initial states satisfy scenario (II), the difference between the costs (30) and (73) is

J
(N)
i (ûi, û−i)− J

(N)
i (ũi, û−i)

=
−1

2α
ln
det(In − 2αΣΛ̂1(0))

det(In − 2αΣΛ̃1(0))
+ µT

(
Λ̂3(0) + Λ̂5(0)

T + Λ̂5(0) + Λ̂6(0)− Λ̃3(0)

−Λ̃5(0)
T − Λ̃5(0)− Λ̃6(0)

)
µ− 1

2α
µT

[∣∣∣Σ−1 + 2α
(
Λ̂2(0) + Λ̂4(0)

)∣∣∣2
(2αΛ̂1(0)−Σ−1)

−1

−
∣∣∣Σ−1 + 2α

(
Λ̃2(0) + Λ̃4(0)

)∣∣∣2
(2αΛ̃1(0)−Σ−1)

−1

]
µ+ r̂(0)− r̃(0) +O

(
1

N

)
. (77)

Substituting (76) into (77), we derive (75).
Corollary 5.5 Suppose Assumptions 3.3–3.4 hold. Then for initial states of scenario (I)

with µi = µ for all i, and initial states of scenario (II) further subject to Assumption 4.2, we
have

|J (N)
i (ûi, û−i)− inf

ui∈Uc
i

J
(N)
i (ui, û−i)| = O

(
1

N

)
,

which implies that the set of decentralized strategies (û1, · · · , ûN ) is an O(1/N)-Nash equilibrium
of Problem (DF ε-NE).

6 Numerical Examples
Note that Assumption 3.4 plays an important role in obtaining the asymptotic Nash equi-

librium. We give two numerical examples to illustrate that (14) has a solution on [0, T ] under
some conditions, but does not always have a solution.

In what follows, we analyze a scalar case of the Riccati ODEs (13)–(14), i.e., n = 1. Denote
the constant Λ1∞ = A +

√
A2 +Q > 0 as the stabilizing solution of the algebraic Riccati

equation

Λ2
1∞ − 2AΛ1∞ −Q = 0.

Example 6.1 Take the parameters B = G = D = Q = Γ = 1, α = A = R = 1
2 ,

Qf = Λ1∞ = 1
2 +

√
5
2 and Γf = 0. We have Λ1(t) = Λ1∞ as the unique solution of (13) on [0, T ]

for any T > 0. Then (14) can be rewritten as{
Λ̇2(t) + (2− 3Λ1∞)Λ2(t)− 2Λ2

2(t) + Λ1∞ − 1 = 0,

Λ2(T ) = 0.
(78)

Note that Λ1∞ − 1 =
√
5−1
2 > 0, so (78) is a standard Riccati equation and has a unique

solution.
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Example 6.2 Take T =
√
2π
4 , A = 1, G = 1+3

√
2, Γ = 8+4

√
2 and Qf = Λ1∞ = 1+

√
2.

All other parameters are the same as in Example 6.1. We also have Λ1(t) = Λ1∞ as the unique
solution of (13) on [0, T ], and now (14) reduces to{

Λ̇2(t)− 2Λ2
2(t)− 1 = 0,

Λ2(T ) = 0.
(79)

Note that Λ2(t) =
√
2
2 tan(

√
2t − π

2 ) is a solution of (79) on (0, T ], but (79) does not have a
global solution on [0, T ].

Example 6.3 Take T = 3/2, Γ = 3/2 and Qf = 0. All other parameters are the same as
in Example 6.1. Equations (13) and (14) reduce to{

Λ̇1(t) + Λ1(t)− Λ2
1(t) + 1 = 0,

Λ1(T ) = 0,
(80)Λ̇2(t) + (2− 3Λ1(t))Λ2(t)− 2Λ2

2(t) + Λ1(t)−
3

2
= 0,

Λ2(T ) = 0.
(81)

Note that (80) is a standard Riccati equation and so has a unique solution on [0, T ].
We plot the numerical solution of Λ1(t) and Λ2(t) in Figure 1. Figure 1 (a) displays the

solution curve of Λ1(t) on [0, T ]. Figure 1 (b) shows that Λ2(t) tends to negative infinity as t

approaches around 0.58, which implies that Λ2(t) does not have a global solution on [0, T ].
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Figure 1 Numerical solutions of Λ1 and Λ2 in Example 6.3

7 Conclusion
This paper studies risk-sensitive LQ mean-field games. We derive the centralized strategies

and subsequently construct decentralized strategies by applying the direct approach in mean-
field game theory and taking the mean-field limit. Using the value function method, we obtain
tight estimates of the costs and establish an O(1/N)-Nash equilibrium for the decentralized
strategies.
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Appendix A
We give the following lemma, which plays an important role in proving Theorem 4.3 and

Lemma 5.2. The proof is similar to that of Theorem 3 in [18].
Lemma A.1 For 1 ≤ i ≤ N and t ∈ [0, T ], let (Ki,Li) be given by following ODEs:{

K̇i(t) +Ai(t)
TKi(t) +Ki(t)Ai(t)−Ki(t)Mi(t)Ki(t) +Hi(t) = 0,

Ki(T ) = Hif ,
(A.1)

{
L̇i(t) +Li(t)C(t) + Fi(t)Li(t) + Si(t) = 0,

Li(T ) = Sif ,
(A.2)

where the deterministic bounded functions Ai(t) ∈ RNn×Nn,Fi(t) ∈ RNn×Nn, Si(t) ∈ RNn,
C(t) ∈ R, the deterministic bounded symmetric functions Mi(t) ∈ SNn,Hi(t) ∈ SNn, and the
constant matrices Hif ∈ SNn and Sif ∈ RNn take the form (to save space, we use lower case
letters to denote submatrices and subvectors in the partition below):

A1 =



a1 a2 a2 · · · a2

a5 a3 a4 · · · a4

a5 a4 a3 · · · a4
...

...
... . . . ...

a5 a4 a4 · · · a3


, M1 =



m1 m2 m2 · · · m2

mT
2 m3 m4 · · · m4

mT
2 m4 m3 · · · m4

...
...

... . . . ...
mT

2 m4 m4 · · · m3


,

H1 =



h1 h2 h2 · · · h2

hT
2 h3 h3 · · · h3

hT
2 h3 h3 · · · h3

...
...

... . . . ...
hT
2 h3 h3 · · · h3


, F1 =



f1 f2 f2 · · · f2

f5 f3 f4 · · · f4

f5 f4 f3 · · · f4
...

...
... . . . ...

f5 f4 f4 · · · f3


,

H1f =



h1f h2f h2f · · · h2f

hT
2f h3f h3f · · · h3f

hT
2f h3f h3f · · · h3f

...
...

... . . . ...
hT
2f h3f h3f · · · h3f


, S1 =


s1

s2
...
s2

 , S1f =


s1f

s2f
...

s2f

 ,

Φj = JT
1jΦ1J1j , Sj = JT

1jS1, Sjf = JT
1jS1f ,

Φj = Aj ,Mj ,Hj ,Hjf ,Fj , 2 ≤ j ≤ N. (A.3)

(Note that m4 within M1 is symmetric.)
If Riccati equation (A.1) has a solution on [0, T ] for all i, then Ki(t) ∈ SNn and Li(t) ∈ RNn

have the representation:
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K1(t) =


k1(t) k2(t) · · · k2(t)

k2(t)
T k3(t) · · · k3(t)

...
...

. . .
...

k2(t)
T k3(t) · · · k3(t)

 , L1(t) =


l1(t)

l2(t)

...
l2(t)

 ,

Kj(t) = JT
1jK1(t)J1j , Lj(t) = JT

1jL1(t), 2 ≤ j ≤ N. (A.4)

Proof Note that the coefficients of the ODE systems (A.1)–(A.2) are deterministic bounded
functions, so the linear ODE (A.2) has a unique solution on [0, T ]. If the equation (A.1) has
a solution on [0, T ], such a solution is unique. Taking transpose on both sides of (A.1) and
comparing the resulting ODE with (A.1), we get Ki(t) = Ki(t)

T, 1 ≤ i ≤ N.

For i = 1 and 2 ≤ j ≤ N , left-multiplying both sides of equation (A.1) by JT
1j , right-

multiplying by J1j , we have
JT
1jK̇1(t)J1j + JT

1jK1(t)J1jJ
T
1jA1(t)J1j + JT

1jA1(t)
TJ1jJ

T
1jK1(t)J1j

− JT
1jK1(t)J1jJ

T
1jM1(t)J1jJ

T
1jK1(t)J1j + JT

1jH1(t)J1j = 0,

JT
1jK1(T ) = JT

1jH1fJ1j .

(A.5)

Plugging (A.3) into (A.5) and comparing the coefficients of the equations (A.1) and (A.5), we
have

Kj(t) = JT
1jK1(t)J1j , 2 ≤ j ≤ N. (A.6)

Next we focus on analyzing the structure of K1(t) ∈ SNn. It is straightforward to show

JT
skΦ1Jsk = Φ1, JT

skS1 = S1, JT
skS1f = S1f ,

for Φ1 = A1,M1,H1,H1f ,F1, 2 ≤ s ̸= k ≤ N.

For i = 1, left-multiplying both sides of the equation (A.1) by JT
sk, right-multiplying by Jsk,

and defining JT
skK1(t)Jsk = K†

sk(t), we have{
K̇†

sk(t) +K†
sk(t)A1(t) +A1(t)

TK†
sk(t)−K†

sk(t)M1(t)K
†
sk(t) +H1(t) = 0,

K†
sk(T ) = H1f , 2 ≤ s ̸= k ≤ N.

(A.7)

Comparing (A.1) with (A.7), we have K1(t) = JT
skK1(t)Jsk, 2 ≤ s ̸= k ≤ N. Combining it

with the symmetry of K1(t), we see that the representation of K1(t) is given by

K1(t) =



ko
1(t) ko

2(t) ko
2(t) · · · ko

2(t)

ko
2(t)

T ko
3(t) ko

4(t) · · · ko
4(t)

ko
2(t)

T ko
4(t) ko

3(t) · · · ko
4(t)

...
...

...
. . .

...
ko
2(t)

T ko
4(t) ko

4(t) · · · ko
3(t)


.

Setting ko34(t) = ko3(t)− ko4(t), we have{
k̇o
34(t) + ko

34(t)(a3(t)− a4(t)) + (a3(t)− a4(t))
Tko

34(t)− ko
34(t)(m3(t)−m4(t))k

o
34(t) = 0,

ko
34(T ) = 0,
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which implies ko3(t) = ko4(t). Then the representation of K1(t) is in the form of (A.4) by defining
ko1(t) = k1(t), k

o
2(t) = k2(t), k

o
3(t) = ko4(t) = k3(t). The representation of Li(t), 1 ≤ i ≤ N , can

be derived by a similar procedure.
Remark A.2 Since a2, a4 and a5 are not the same, we can not obtain the representation

of Ki, 1 ≤ i ≤ N directly by using Theorem 3 in [4] or Lemma 4.1 in [10]. Compared to
Theorem 3 in [4] or Lemma 4.1 in [10], we introduce an additional inhomogeneous term (A.2).

Appendix B
Lemma B.1 Suppose that the function f(x, y) : Rn × Rn → R has up to the second

order partial derivatives with respect to y, which are continuous in (x, y). If the initial states
Xi(0) ∈ Rn, 1 ≤ i ≤ N , satisfy Scenario (I), we have

|E[f(Xi(0), X
(N)
−i (0))]− E [f(Xi(0), µ)] | = O(|µ(N) − µ|) +O

(
1

N

)
, 1 ≤ i ≤ N, (B.1)

where the random variable X
(N)
−i (0) = 1

N

∑N
j ̸=i Xj(0), E[Xi(0)] = µi for all i, and the average

mean µ(N) = 1
N

∑N
i=1 µi → µ as N → ∞.

Proof When there is no ambiguity, we omit the time variable t, writing Xi = Xi(0) for
simplicity.

Since Xi, 1 ≤ i ≤ N , have a compact support, the first and the second order derivatives of
f(Xi, X

(N)
−i ) with respect to X

(N)
−i are bounded.

By the first order Taylor expansion, we have∣∣∣E [f(Xi, µ
(N)
−i )− f(Xi, µ)

]∣∣∣ ≤ ∣∣∣∣E [(∂yf(Xi, ξµ(N)
−i

)
)T]∣∣∣∣ ∣∣∣µ(N)

−i − µ
∣∣∣

=O

(
1

N

)
+O(|µ(N) − µ|), (B.2)

where we have µ
(N)
−i = 1

N

∑N
j ̸=i µj and ξ

µ
(N)
−i

depends on µ
(N)
−i .

Again using the second order Taylor expansion, we have∣∣∣E [
f(Xi, X

(N)
−i )− f(Xi, µ

(N)
−i )

]∣∣∣
=

∣∣∣∣E [(
∂yf(Xi, µ

(N)
−i )

)T

(X
(N)
−i − µ

(N)
−i ) +

1

2
(X

(N)
−i − µ

(N)
−i )T∂2

yyf(Xi, ξX(N)
−i

)(X
(N)
−i − µ

(N)
−i )

]∣∣∣∣
=

1

2N2

N∑
j ̸=i

∣∣∣∣E [
(Xj − µj)

T∂2
yyf(Xi, ξX(N)

−i

)(Xj − µj)

]∣∣∣∣ = O

(
1

N

)
. (B.3)

Here the last two equalities hold since Xi, 1 ≤ i ≤ N are independent, and the partial
derivatives ∂yf(Xi, µ

(N)
−i ) and ∂2

yyf(Xi, ξX(N)
−i

) are bounded.
Combining (B.2) with (B.3), we have∣∣∣E [

f(Xi, X
(N)
−i )− f(Xi, µ)

]∣∣∣ ≤ ∣∣∣E [
f(Xi, X

(N)
−i )− f(Xi, µ

(N)
−i )

]∣∣∣+ ∣∣∣E [
f(Xi, µ

(N)
−i )− f(Xi, µ)

]∣∣∣
=O

(
1

N

)
+O(|µ(N) − µ|). (B.4)

The proof is completed.


