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Abstract—We study large population leader-follower stochastic
multi-agent systems where the agents have linear stochastic
dynamics and are coupled via their quadratic cost functions.
The cost of each leader is based on a trade-off between moving
toward a certain reference trajectory which is unknown to the
followers and staying near their own centroid. On the other hand,
followers react by tracking a convex combination of their own
centroid and the centroid of the leaders. We approach this large
population dynamic game problem by use of so-called Mean
Field (MF) linear-quadratic-Gaussian (LQG) stochastic control
theory. In this model, followers are adaptive in the sense that
they use a likelihood ratio estimator (on a sample population of
the leaders’ trajectories) to identify the member of a given finite
class of models which is generating the reference trajectory of
the leaders. Under appropriate conditions, it is shown that the
true reference trajectory model is identified by each follower in
finite time with probability one as the leaders’ population goes to
infinity. Furthermore, we show that the resulting sets of mean field
control laws for both leaders and adaptive followers possess an
almost sure ¢ -Nash equilibrium property for a system with pop-
ulation IV where € goes to zero as N goes to infinity. Numerical
experiments are presented illustrating the results.

Index Terms—Adaptive control, leader-follower collective
behavior, likelihood ratio based adaptation, mean field (MF)
stochastic control, Nash equilibria, stochastic optimal control.

I. INTRODUCTION

ULTI-AGENT control and coordination problems arise

in fields such as mobile robotics [1], vehicle formations
[2], synchronization of coupled oscillators [3], flocking [4], and
micro-economics [5] among others. Consequently, there has re-
cently been a considerable amount of research devoted to the
theory of multi-agent systems.
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For complex systems with many agents, it is not feasible for
each individual agent to collect detailed state information on all
the other agents’ states in the way the single agent in a central-
ized control system does on all the components of its system’s
state. Therefore an important issue is the development of decen-
tralized solutions so that each individual agent may implement a
strategy based on its local information together with statistical
information on the population of agents. For large population
systems with mean field couplings, the Mean Field (MF) (or
Nash Certainty Equivalence (NCE)) framework has been devel-
oped as a decentralized methodology in stochastic noncooper-
ative dynamic games in a series of papers by Huang et al. (see
[6], [7] for the MF (NCE) linear-quadratic-Gaussian (MF LQG)
framework, and [8]-[10] for a general formulation of nonlinear
McKean-Vlasov type MF (NCE) stochastic control problems).
For this class of game problems a closely related approach has
been independently developed by Lasry and Lions [11] (see also
[12], [13]), while for models of many firm industry dynamics,
Weintraub et al. proposed the notion of oblivious equilibrium
by use of mean field approximations [14]. In [15], the MF LQG
framework is extended to systems of agents with long run av-
erage costs.

The central idea of the MF control methodology is to specify
a certain equilibrium relationship between the individual strate-
gies and the mass effect (i.e., the overall effect of the popula-
tion on a given agent) as the population size goes to infinity
[7]. Specifically, in the equilibrium: (i) the individual strategy
of each agent is a best response to the infinite population mass
effect in the sense of a so-called e-Nash equilibrium, and (ii) the
set of strategies collectively replicates the mass effect, this being
a dynamical game theoretic fixed point property. The defining
property of the MF e-Nash equilibrium (u}, 3, ...) requires
that for any given € > 0, there exists N(g) such that for any
population size N > N(e), when any agent j, 1 < j < N,
distinct from ¢ employs u7, then agent ¢ can benefit at most by
unilaterally deviating from his strategy «; , and this holds for all
1<¢ <N,

The MF feedback strategies display the possibly counterintu-
itive nature of MF control which is that in the infinite population
limit, except for some statistical information on the parameter
distribution and the initial mean state distribution of the popu-
lation of agents, no observations of other agents’ states are nec-
essary to achieve Nash equilibrium behavior and this property
persists with negligible incremental cost for sufficiently large fi-
nite populations.
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Decision making and collective behavior often involve some
form of leader-follower behavior. This behavior is observed in
humans [16] and many other species in nature [17], [18], and is
studied in a variety of disciplines such as game theory [19], dis-
tributed networks [20], crowd flow dynamics [21] and biology
[17], among others. Such behavior in nature is often attributed
to the fact that there exist some individuals in the group which
have more information than others, for instance the location of
resources or migratory routes [17].

In this paper we study large population Leader-Follower
(L-F) stochastic multi-agent systems where the agents have
linear stochastic dynamics and are coupled via their quadratic
cost functions. The cost of each leader is based on a trade-off
between moving toward a certain reference trajectory which
is unknown to the followers and staying near their own cen-
troid. On the other hand, followers react by tracking a convex
combination of their own centroid and the centroid of the
leaders. Here, as in most practical leader-follower modeling of
multi-agent systems, the leaders ignore the followers, but the
followers’ behaviors are influenced by the leaders. The model
in this paper is a generalization of that in [15] to the case of
collective dynamics which include leaders, followers and an
unknown (to the followers) reference trajectory for the leaders.

We approach the large population L-F model of this paper
by use of MF LQG stochastic control theory. In this framework
the computation of the followers’ control laws requires knowl-
edge of the complete reference trajectory of the leaders which is
in general not known to the followers, hence a likelihood ratio
based adaptation scheme is proposed. The main contributions of
the paper are as follows: (i) A likelihood ratio based adaptation
algorithm (on a sample population of the leaders’ trajectories)
is employed by the adaptive followers to identify the member
of a given finite class of models which is generating the ref-
erence trajectory of the leaders. Under appropriate conditions,
it is shown that the true reference trajectory model is identi-
fied in finite time with probability one by each follower as the
leaders’ population goes to infinity. (ii) A demonstration that
the use of the resulting MF control laws yields a set of leaders
and adaptive followers’ control laws possessing an almost sure
(a.5.) £ y-Nash equilibrium property, where £ goes to zero as
the population size N goes to infinity.

The implementation of the overall MF control laws for the
leaders and followers has the following form: (i) Each leader
enacts an MF control law which consists of the feedback of its
own local stochastic state and the precomputed leaders’ deter-
ministic mass effect. (ii) Each follower enacts an adaptive MF
control law which consists of the feedback of its own local sto-
chastic state and the estimation based mass effects of the leaders
and followers.

Previous presentations of the methodology considered in this
paper include [22], [23] which contained no proof details. In
[22] we first developed a non-adaptive but general model with
weighted couplings in the leaders and followers’ cost functions
(which depended on the locality parameters of the agents). [22]
also presents the main adaptation result of the uniform cost cou-
pling model in the case that the followers “only” track the cen-
troid of the leaders. Subsequently, in [23] the optimality prop-
erty of the (tracking like) adaptive followers’ MF control laws is
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studied. In this paper we present a complete analysis of a more
general (and realistic) scenario where the followers are tracking
a convex combination of their own centroid and the centroid of
the leaders. Hence, we have an e-Nash equilibrium property for
the adaptive followers’ MF control laws.

In the standard consensus literature the agents have little a
priori information but communicate over possibly time varying
graphs, then under connectivity assumptions (e.g., the union of
the interaction graphs for the system is connected frequently
enough as the system evolves) the agents reach consensus (see
[24], among many other papers). By contrast, the leader-fol-
lower agents in this paper possess a priori data on the overall
system; the leaders observe no one and the followers have lim-
ited observations on the leaders and a priori data on the possible
trajectory scenarios of the leaders. This permits the computation
by each follower agent of different tracking scenarios amongst
which it chooses one at each instant, depending upon the obser-
vations received. Therefore, the agents in the model considered
in this paper do not require communication except the limited
observations on the leaders by the followers.

It is to be noted that the formulation in this paper does not
include any collision avoidance or formation control between
the agents beyond the optimal tracking property since the states
do not necessarily correspond to positions in space. We further
note that if the states are given a spatial interpretation the in-
herently stochastic volatility of the dynamics prevents any state
from converging onto another state.

The organization of the paper is as follows. Section II is
dedicated to the problem formulation, terminology and some
applications of the model in multi-vehicle coordination control
and economics (finance). The MF LQG equation systems
of the L-F problem are derived and analyzed in Section III.
In Section IV we present the estimation procedure for the
followers. The stability analysis of the MF control laws and
the adaptive MF algorithm for the followers are presented in
Section V. The optimality properties of the MF control laws
for both the leaders and the adaptive followers are given in
Sections VI and VII presents sample numerical simulations of
the model. Concluding remarks are stated in Section VIII.

II. PROBLEM FORMULATION, TERMINOLOGY
AND SOME APPLICATIONS

The following notation will be used throughout the paper. We
use the integer valued subscript as the label for a certain agent
of the population and superscripts . and F' for a leader and
follower agent, respectively. In addition, an overline denotes the
expected value of a random variable, i.e., Z(£) := Ez(1). | - ||
denotes the 2-norm of vectors and || - || denotes the infinity or
sup norm. ||z|lg := (27Qz)*/? for any appropriate dimension
vector z and matrix @ > 0. AT denotes the transpose of a vector
or matrix A and tr(A) denotes the trace of a square matrix A.
Let C,, be the family of all n-dimensional continuous functions
onRy and C) = {f € Cy ¢ [[flloo = supsg | F(] < o0}
Note that C? is a Banach space under the norm || - |[wo.

Let L denote the countably infinite set of leaders, L™¥* de-
notes the subset {Z,..., Ly, } C L of cardinality N, and

similarly for the set of countably infinite followers F' and the
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subsetF'Nr := {Fy,...,Fy,} C F of cardinality Nr. We as- wherez! € R" is the statey!” € R™ is the control input, and

sume that, N F = §. {wf : 1 < i < Nr} denotes a set of independentlimen-
sional standard Wiener processes independent of pofh :

A. Leaders Stochastic LQG Dynamic Game Model 1 <4< Np}and{z£(0):1 < i< Np}. The matricest;, B;

andC; have compatible dimensions.
Letd; := [A,, B;, C;] be déned as the dynamical parameter
dZiL _ (AiziL + B.m,f)dt n GidwlL? t>0, 1<i<Ng associat.ed with foIIov_vez‘r, 1 <3< Np, where we_ a_s_sume that
1) 0,1 <i< NF_’ are in the compact séi. Th_e initial states
{zF(0) : 1 < i < Ng} are assumed to be independent and
o independent ofw! : 1 < i < Np}, {wF : 1 < i <

The dynamics for thév; leaders are given by

wherezl € R" is the statey? € R™ is the control input, and
{wf 1 <4 < Np} denotes a set of independent (i.e., md2ls I . g
tually independent)-dimensional standard Wiener processed'2): and{z; (0%: 1 ; i < Np}. In addition we assume that
The matricest;, B; andC; have compatible dimensions. ~ SUP1<i<iy Elz7 (0)]* < co. ‘
Let#; := [A;, B;, C;] be déned as the dynamical parameter '€ admissible — control  set Ffor f°”°"‘l’fr @
associated with leadeér 1 < i < Ny, where we assume that', < ¢ = N, 2> gven by U = {y
;, forall 1 < i < Ny, are in the compact s, The initial % () 18 adapted to 0 (27 (s). 5 (s). s< .1 < j < Np, 1 <
states{z2(0) : 1 < i < Ny} are assumed to be independentt < Nz), |12 (D)= o(VT), [y l|zF (D)lI*dt = O(T) a.s.}.
and also independent ¢fv* : 1 < i < N }. In addition we The followers react by tracking@nvex combination of their
assume thatup, <, n, E|z5(0)[]? < oc. own centroid and the centroid of the leaders. We let
The admissible control set for leadgd < i < Ng, is given ~ .
byttt = {uf : ul(t)is adapted to sigma-field o (2 (s), s< $r (N () = e () + (L =) () (9)

. T .
L1 < j < No)llE@ = o(VT), fy = (0))Pdt = wheren is a scalar i0, 1), zF:N7 (1) := 1/Np 32N 2F () is

=1 <
O(T) a.s.}. Intuitively, the admissible controls are the controlgne centroid of the followers. and~V* is the ceLth%oid of the

that do not use any information about future increments pfaqers dened in (2). The LRA cost function for an individual
the driving noise processes, igh is essentially a causality ¢o)ower i (< i < Nr) is given by

requirement in stochastic systems.

i

The cost function of the leaders is based on a trade-off JZ.F’N(uf;uFi,uL)
between moving towards a common reference trajectory and 1 /7 ) )
keeping cohesion of thBock of leaders by also tracking their := limsup = (Hzf — ¢F (2PN NG
centroid. We let T—o00 T Jo
AL (6)
¢h (2 N)() = ARC) + (1 = AN () )
. . _ ' where w;, = (uf,... ul el ek ), wb o=
where\ is a scalar in0,1), h € C? is a reference trajectory (“1Lv~-~v“ﬁz)’ N = Np + Ny is the population size of

known to all the leaders, and"-"z(.) := 1/Ny, Z}’\’:"l zF(-)  the system, and) and ? are déned in (3). To indicate the
is the centroid of the leader§he objective of each individual dependence of 7 onu!(-), u¥,(-), w*(-) and the population

leaderi (1 < ¢ < Nyp) is to minimize its Long Run Average sjze of the systenV, we write it asJiF'“ (uF s uf ul).

(LRA) cost function given by We note that in this model:)the leaders are coupled to each
other through their cost functis and respond to each other and
their reference trajectory, ani)the followers attempt to track
the convex combination of both their own centroid and the cen-
troid of the leaders. These are captured in the two types of MF

equation systems in Section Il

JEN (ul s ut)

li ! ‘T(
= l1msup —=
P T o

T—oc

R G [ T A YA E)

where the matrice§® and R are symmetric positive semi-tde
nite and symmetric positive thaite, respectively, with compat- C. Followers Observation Processes
ible dimensions, and’; := (uf,... ul  ul ... vk, ).

7 —

B We assume that all adaptive followers observe a random frac-
To indicate the dependence df* on uf(-), “E;Z(') and the tion of the leaders’ trajectories with some added noise through
leaders’ population sizéVy,, we write it asJ ™" (uF;ut;).  their individual observation processes. More precisely, we as-
Note that the leaders’ medreld cost coupling (2) is the samesyme each adaptive followerl < i < Np < oo, observes a

as mearpeld couplings in the basic niels considered in [7], non-empty random subsét c L of size|0;| := M; < N, <

but with time-varying offset term(.). If A = 1 thenthe leaders ; of the leaders’ trajectories through the procg¥s(-) which

become independent such that each leader is interested in qgtiescribed in terms of the stioastic differential equations
mally trackingh(-). .
1 LA
M; _ L - 7 i
B. Followers Stochastic LQG Dynamic Game Model dy;™t = (M > % )dt o Y Didv;, t20 (7)
J€0; j=1
Similarly, the dynamics for thé&/z followers are given by _
wherey!” € R™ and{vi : 1 < i < Np,1 < j < M}is
dzf = (Aiz] +Biul ) dt+Cidw!, +>0,1<i< Np (4) asetofindependent standard Wiener processes independent of
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{wiL:lgigNL},{wf:lgigNF},{zf(O):lgig
Nz} and {2F(0) : 1 < i < Np}. The set of constant matrices
{D!:1<i< Np,1<j< M} has compatible dimensions.

The sets O; C L,1 < ¢ < Np < oo, of cardinality M, are
chosen a priori with M; = M(N.) = |VNL] < Ni < o
(where || denotes greatest integer less than or equal to r) for
1 <7< Np < oo, where Np — o0 and Ny, — oc as the
number of followers and leaders respectively goes to infinity.
The sets O; C L, 1 < ¢ < o0, are chosen independently, and
independent of all initial states and Wiener processes by uni-
formly distributed selections on the set of the leaders, L. We
underline that the magnitude | /N 1| is chosen simply for defi-
nition of modeling and exposition; any other integer value func-
tion M (Ny) satisfying M (Ny) — oo and M(N.)/Ny — 0,
as Ny — oo, may be used for the theory in the paper.

We also assume that, as the prior information of the followers,
the reference trajectory of the leaders h(-) is parameterized by
& € A where A is a finite set and ks € Cf; for any 6 € A. This
is only for the followers, and A(-) is fully known by the leaders.

D. Applications

The leader-follower modeling of this paper is motivated by
many practical problems in which some agents in a group have
more information than the others.

A typical application is in multi-vehicle coordination control
(see [25]) where the aim is that the states (e.g., the velocities)
of all vehicles approach a reference signal (which could be an
exogenous signal or which could evolve according to a dynamic
model). In many realistic situations some vehicles (the leaders)
have complete access to the reference trajectory, and the other
vehicles (followers) do not have access to this trajectory and
need to estimate it. We can formulate this multi-agent model as
a leader-follower mean field LQG problem considered in this
paper where the followers need to identify the member of a
given finite class of models which is generating the reference
trajectory.

Another application of the model is leader-follower dy-
namic version of Keynes’ beauty contest games in economics
(finance). Keynes proposed beauty contest games where a
newspaper would print some photographs and people would
vote for the prettiest faces. Everyone who picked the most
popular face automatically entered a lottery to win a prize.
Keynes remarked that the stock market is similar to beauty
contest games where each investor would like to guess the other
investors’ guesses (see Example 1 in [26]). A similar approach
to MF stochastic control is considered in [26] to study large
population static aggregative games such as Keynes’ beauty
contest games. Now we formulate a leader-follower LQG
dynamic version of Keynes’ beauty contest games. Here we
consider a large population of players divided into two groups:
(1) the leaders as large well-informed players (e.g., institutional
investors in the stock market), and (ii) the followers (e.g., retail
investors in the stock market). The state of each player is its
publicly announced prediction of the prettiest face where 2 (-)
denotes the state of the i-th leader (1 < ¢ < Np) and zf )
denotes the state of the i-th follower (1 < i < Ng). The
leaders and followers have linear stochastic dynamics given
in (1) and (4) with different classes of parameters © and
Op. The average prediction of the leaders and followers are
given by their centroids 2%z (+) := (1/Ng) SV 2E() and
2FENF () = (1/Np) SoNF 2F (), respectively. Based on the
quadratic payoff functions considered in [26], we formulate
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cost functions of the agents as follows. The leaders would
like to minimize their cost functions (3) based on a trade-off
between making guesses close to the exogenous private in-
formative signal /& (which is unknown to the followers) and
guessing close to their own average prediction zZ-V2(.). On
other hand, the followers would like to guess close to some
convex combination of their own average prediction z7>V7 (+)
and the average prediction of the leaders 22V (+) (see (6)).
There are many other similar applications of the model con-
sidered in this paper in flocking [27], formation control [28],
dynamic industry models [14], and social opinion models with
a very large number of leaders (e.g., important members of a
party) and followers [29].

III. MEAN FIELD LINEAR-QUADRATIC-GAUSSIAN
(MF LQG) STOCHASTIC CONTROL THEORY

A. Preliminary LOG Optimal Control of a Single Agent

In this section first we consider a single agent with linear
stochastic dynamics

dz = (Az + Bu) dt + Cdw, t>0 ®)

where z € R”™ is the state, ©v € R™ is the control input, w
denotes a p-dimensional standard Wiener process, and z(0) is
given. The matrices A, B and C have compatible dimensions.

The initial condition z(0) is independent of the process w.
Denote the admissible control set U = {u
u() is adapted to o(2(0),w(s),s< ), |(T)] =
j[) lz()||2dt = O(T) a.s.} (see [15]). Foru(-) € U,

let the LRA cost function be given by

1 /7
J{u(-)) :== limsup T ),

T—o0

(Il = 1% + lullz ) dt - ©)

where ¢(-) € C% is a known function, () and R are, respec-
tively, symmetric positive semi-definite and symmetric positive
definite matrices with compatible dimensions.
Theorem 3.1: (Special case of [15]) For the LQG optimal
control problem (8)—(9), assume (i) [A4, B] is stabilizable, (ii)
[A, Q'/?] is detectable, and (iii) ¢(-) € C®. Then we have:
(a) The algebraic Riccati equation IIA + ATII —
HBR-'BTII + @ = 0 has a unique positive semi-defi-
nite solution II.

(b) ' := A — BR!'BTII is asymptotically stable.

(c) The differential equation ds/dt = -4 -
BR7'BTII)Ts + @ ¢ has a unique solution in
Ch:

s(t) = — / T e TN Qg > 0.
Jt
(d) The optimal  control  law:  u°() =
arg infu(-)eu ](u()) = _R—lBT( ( ) + 9( )
Proof: See Theorem 3.1 in [15]. O

B. MF LQG Systems of Equations

Considering the L-F model (1)-(6) we need to solve a
set of tracking optimal control problems where the tracking
trajectories are ¢ (zEN7)(2) and ¢f (2B NE ZENFY() for
leaders and followers, respectively. However, these tracking
trajectories cannot be known a priori and so cannot be used for
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constructing the control laws. Therefore, we take an MF sto-
chastic control approach to approximate the coupling trajectory
terms by purely deterministic processes called mass behaviors
of leaders and followers.

In the MF methodology, each agent assumes that, in the large
population limit, its individual action has no impact on the mass
behavior. In turn, the impact of the mass on the agent is captured
in the limit via a posited deterministic but unknown trajectory
which through consistency requirements is then shown to satisfy
a fixed point equation system. Hence, each individual agent’s
control law may be viewed as a result of that agent having solved
an optimal tracking problem for which the resulting control law
is a combination of a local state feedback and a pre-computable
mass dependent open loop deterministic component.

For any leader or follower representative agent with dynam-
ical parameter § = [A, B, (] (where § € O, for leaders and
6 € Op for followers) let Iy be the solution to the algebraic
Riccati equation

A+ ATTl, — Ty BR'BTT, + Q =0 (10)

and letI'y := A — BR1BTII,.

We have the following assumptions for the model under
consideration:

(A1) For each § = [A, B, C] from the compact sets O, or
O, we assume that the pair [A, B] is stabilizable and the pair
[A, QY/?] is detectable. O

Remark 3.1: Let Assumption (A1) hold. Then for any § =
[A, B,C] € ©1 U©Op, the algebraic Riccati (10) has a unique
positive semi-definite solution, I'g is asymptotically stable and
there exist positive 7y, p such that ||e!¢?|| < e *! forallt > 0
[30].

For the sequence of the leaders and followers’ dynamical pa-
rameters, {6; € Op : 1 < i< Npland{§; € Op : 1 < <
N}, respectively, define the emplrlcal distributions

Z Lio.co0,<6}
1
= ﬁzl{eie@pzeige}
i=1

where 6; < 6 means the componentwise inequality for the two
vectors §; and 0, and 14, co, .0,<py = 11fO1 3 ; < 0 holds,
and 14y, co,.9,<¢1 = O otherwise. Similarly, 11y, cq,.0,<01 =
1if©®p > 0; < 0 holds, and 149, co,..0,<4y = 0 otherwise.
(A2) There exist two probability distributions F(-) and
F¥(.) such that F'Z converges to F'* and F£ converges to F'¥
weakly, i.e., for any bounded and continuous function ¢(4),

Jin [ o@)irko) = [s0arte)

Jin_ [ o@irko) = [ soirro)
where dF' denotes the measure induced by the distribution func-
tions F. O

Remark 3.2: Ttis important to note that if the sequences {#; €
Op:1<i<Np}and{f, € O :1 <i < N} are generated
by independent randomized observations on the distributions
FL and FF'| respectively, then (A2) holds with probability one
by the Glivenko-Cantelli theorem [7].
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By the probability distributions FZ(-) and F¥'(-) we define

v()= [

== [

as the centroid of the leaders and followers, respectively,
in the infinite population limit. The functions 1/1L7°°(-) and
¥F:%°(.) are intended to respectively approximate z%- (-) and
zFNr (.}, defined in (2) and (5), in the infinite population limit.

Denote I'p, by I';. Applying the MF LQG approach [7],
[15] to the leaders’ dynamic game model (1)—(3), we obtain
the leaders” MF system of equations in the infinite leaders’
population limit

zg (AFE(0),

(-)dE*(6)

L
d;t = — (4 = BR'BI,) sE+Q oM (11)

L
d;f = (A; - B;R'BT1l,,)zF — B;R ‘BT s* (12)
vh() = / 75, (-)AF(6;) (13)

JOL

¢F2() = AR() + (1= Np™ () (14)
where zF(-) =z (), S,L-L(~) = sg(), s(0) =

— [T eTimQ¢T>°(r)dr and zF(0) is given for 6; € O .

The equation system (11)— (14) is similar to the MF LQG
equation system in [15] but with a time-varying reference tra-
jectory h(-), and is constructed such that each leader carries
out optimal tracking of the leaders’ mass behavior ¢=°°(.).
More precisely, (i) (11) is the mass offset tracking equation, (ii)
(12) is obtained by taking expectations of the closed-loop dy-
namics of a leader with dynamical parameter 8, € ©p while
the best response is u () := —R BT (Ilp, 25 () + sE(-)),
(iii) 9Z-°°(-) in (13) is the centroid of the leaders in the infi-
nite population limit, and (iv) $*°°(-) in (14) is approximating
oL (z1>N2)(-), defined in (2), in the infinite population limit.

Next, we obtain the followers” MF system of equations asso-
ciated with the followers’ dynamic game model (4)—(6) in the
infinite population limit

JE
d;t = — (4; - BiR‘lBiTH{,i)TsiF +Q ¢ (15)

5F
d;; =(A; = BiR'Bl 1y, )z — B:.R™'Bl 5] (16)
w0 = [ st (7)
v = [ af0drr) (18)

Or

¢T () =t () + (1 =) ™() (19)

where zf () = zh (), sF() = sf(), sf(0) =
— [T " T Q¢T > (7)dr and zF (0) is given for §; € Of.

The equation system (15)—(19) is constructed such that
each follower carries out optimal tracking of the followers’
mass behavior ¢¥:°°(-). More precisely, (i) (15) is the mass
offset tracking equation, (ii) (16) is obtained by taking
expectations of the closed-loop dynamics of a follower

with dynamical parameter 6; while the best response is
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(b) If

(-nIR QI /O

2(/ ||6F91t||2dt)dFF(9i) <1
0

(26)
C?, and
followers” MF system of equations, (15)—(19),
has a unique solution which for a continuum of
agents consists of the #; parameterized quadruple

(7 (), 3F (), 467, 67()). 6 € Op.

then (25) has the unique solution > ¢
so the

O
Intuitively, (24) and (26) mean that A and » should be rea-
sonably close to 1, which means that the leaders should give
sufficient attention to the reference trajectory, and on the other
hand the followers should give sufficient attention to the group
of leaders, so that at the end a desirable mean field behavior
(fixed point) can set in.
Remark 3.3: It is important to note that the conditions (24)
and (26) do not depend on the reference trajectory of the leaders

h(-).

IV. ESTIMATION PROCEDURE FOR THE
ADAPTIVE FOLLOWERS

The computation of the followers” MF system of equations
(and hence followers’ control laws) requires knowledge of the
complete reference trajectory of the leaders A(-) which is in gen-
eral not known to the followers. In this section we construct an
adaptation procedure for a generic follower using a likelihood
ratio based estimator (on a sample population of the leaders’
trajectories) to identify the member generating the reference tra-
jectory h(-) from a given finite set of possible parameters each
identifying a single trajectory. Hence, followers are adaptive in
the sense that they use an estimator to identify A(-). As stated
earlier, we assume that the reference trajectory h(-) is parame-
terized with & from a finite set A such that hs € C? for every
6 e A.

Likelihood ratio based estimation is a well-known method
for generating estimates of an unknown stochastic model pa-
rameter (see, e.g., [31] and [32]). In this paper we use the gen-
eral result on the convergence of likelihood ratio estimators for
stochastic processes parameterized by a finite set of alternative
values which was established in [33] (see [31]).

A. The Likelihood Function

For a generic adaptive follower, we define the likelihood func-
tion (see [34], [35]) on (a subset of) the leaders’ trajectories by

(0 <t <o)
M ¢ LMNT ; A 1 [ L M
L7 (6) :==cxp (zé’s ) dyst — 3 Z5 H ds
0 Jo
(27)

where 24 sM=1/M ZZ 1 25 (t) is the centroid of the leaders’
states when the defining parameter of h(-) is assumed to be
§ € A, and y™ () is the observation process of the generic fol-
lower (which observes a non-empty random subset O C L of
cardinality M = M(Ny) = |V/Ny] of the leaders’ trajecto-
ries) as defined in (7).

Without loss of generality assume 61 € A is the true param-
eter of the reference trajectory ~(-) in the rest of the paper, that is
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to say, the parameter of the leaders generating the data. There-
fore, the observation process of the generic follower is of the

form
M

a7 — (% Zz{jél)dt + % Y Didv, tz0 (28)
i=1

i€

where {v; : 1 < i < N} is a set of independent standard
Wiener processes.

We define the asymptotic (in population) likelihood function
of the generic adaptive follower to be the deterministic function
0<t< o)

L7(8) = exp ( / (7)o ds = 5 / vl dé)

(29)
where 1/15;00 := 1h°° (1) such that 15> (-) is the deterministic

infinite population leaders’ centroid computed from the leaders’
MF system of (11)—(14) when the defining parameter of h(-) is
assumed to be § € A.

Since (i) the processes zéL (-), 6 € A, in (27) are not com-
putable or observable for the adaptive followers, and (ii) the true
infinite population centroid of the leaders 1/151’00 (-) in (29) is not
known to the followers, we introduce the following hybrid like-
lihood function for a generic adaptive follower with observation
process y™M (+) (0 < ¢ < )

t

HM(8) := exp (/ (1/}{550 dy — / H/) ”2(15> .

’ (30)

It is important to note that the hybrid likelihood function (30) is
computable for adaptive followers and includes: (i) the infinite
population centroid of the leaders 1/15’00 (-) which can be com-
puted by each adaptive follower from the leaders” MF system
of (11)-(14) when the defining parameter of the reference tra-
jectory h(-) is assumed to be & € A, and (ii) the observation
process ™ () which is given in (28) for a generic adaptive fol-
lower.

Proposition 4.1: Assume (A1)-(A3-(a)) hold. Then

(a) Foreaché € Aand? > 0

lim |ZM(8) —

M—oc

L6 =0 @.s.

ie, foreachd € A, > 0 and ¢ > 0 there exists a
random Ms.:,0< AMgaf( ) < o0, such that |L7*(§) —
(6)] < e a.s. forallm > Ms, ;.
(b) For each 6€ Aandt > 0,

lim |H”( ) —

M—oo

L8] =0 (a.s.).

Proof: See Appendix. O

B. The Likelihood Ratio

The likelihood ratio test provides the means for comparing
the likelihood of the observations under one hypothesis about
the unknown parameters of the model against the likelihood of
the observations under alternative hypotheses.

At each instant 0 < ¢ < oo the set of the likelihood ratios is

LY (&)
LY(s;)

LRM(1) = { 66€A67é6}
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in which each ratio L} (§;)
the hypotheses §; and ¢;.

It is important to note that for any fixed §; in A the process
(LM (6;)/LM(61)) B is a positive martingale (with respect

to the filtration {}' }t>0 where .7-' v"" is defined as the

o-field o(zF(7), yM ( )1 <0 < M, r < t))[33], [34].
Therefore, for any fixed §; € A, (LM (8;)/L ”((51))»0 a.s.
converges to a limiting random variable by the Martingale Con-
vergence Theorem [36]. Hence, for any fixed ¢;, 6; € A, §; #
§;, the process (L3%(8;)/L*(8,)),,, converges a.s. to a posi-
tive limiting random variable.

/LM (6;) depends explicitly upon

>0

C. Main Estimation Theorem

We define the Likelihood Ratio Estimator (LRE) for a generic
adaptive follower i, 1 < ¢ < N, with observation size m as

HP(6)
HE()

where ¢ € [tg,tx + 7i), 7; is a pre-specific positive number
and fg, ¢1, ... is an infinite switching time sequence such that
tet1 — ti = T, k > 0.68/"(-) is a parameter selector between
finite alternatives which is made at each instant. At each time ¢
if 67*(t) has more than one member, a tie-breaking rule measur-
able with respect to the o-field o(y*(7) : T < t) is employed.

We now enunciate the following verifiable identifiability
condition.

(A4) (Identifiability Condition) there exist a deterministic real
number o > 0, and deterministic time 7,,, 0 < 1,, < 00, such
that

[t -t

where for any fixed § € A, 97> (-) is the deterministic infinite
population leaders’ centroid computed from (11)—(14), when
the defining parameter of /() is assumed to be §. O

Remark 4.1: This identifiability assumption implies that the
corresponding centroid of the leaders for any two distinct pa-
rameters of the set A (which characterizes the reference trajec-
tory h(+)) is distinguishable, after some finite deterministic time.

Lemma 4.1: Assume (Al)-(A3-(a)) and (A4) hold. Then
there exist a deterministic €, 0 < € < 1, and a deterministic
time 7., 0 < T, < oo, such that

(]b>0¢ Vé,—,,éjeA, (5.,;§£6j,t>Ta,

L (9)
Lo (é1)

<l-c, V€A 66, t>T..

Proof: Forany fixedd € A, 6 # 81,and?,0 < ¢ < oo, by
(29) we have

L2 (8)
Lie(61)

= ex

<

[/0 (e —wtz) wkas
5 [ Qe - ki) as
= exp {—% / ”l/)&e —1/)61 I (le)}.

l\DI»—k
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But, by the Identifiability Condition (A4), there exist a deter-
ministic real number o« > 0, and deterministic time 7, 0 <
T,, < oo, such that for all ¢ > T,

exp {—— / HI/JL A 1/)6l ) ok (l‘;)}

1
< exp(f§o¢) be A, b#£6

1) yields the result with 0 < & < 1.
O
Lemma 4.2: Assume (Al1)-(A3-(a)) and (A4) hold. Then
there exist a deterministic , 0 < 1 < 1, a deterministic time
T,, 0 < T, < oo, and, with probability one, a random M,,,

0 < M, (w) < oo, such that for all £ > T}, and m > M, (w)

Hi"(6)
Hy(61)

and setting 1 — € = exp(—

<1l-m, §€A, b#£6 (as.).
Proof: By Lemma 4.1 there exist a deterministic €, 0 <
e < 1, and a deterministic time 7, 0 < 7. < oo, such that for

any 6 € A, 6 # 61,and t > T,
L(6)
Lze(61)

Now choose 3 := n. such that 0 < n < £ <« 1. Then at
each instant ¢ t, ¢ > 1), := 1, , by Proposition 4.1 with ¢ :=
((e = m)L°(61)/2 — ) > 0, there exists, with probability one,
M, (w) == M 1 ()(w), 0 < M, (w) < 00, where M, (w) =
max { Ms, ,(w), Ms, n(w), ..., Ms ., ,(w)} such that for all
m > M, and 6 € A

[H"(8) = L (0)| < ¢ (a.s.).

Hence, by (32) and (33), for all ¢t > T,, and m > M,(w) we
have

<1l-—¢

(32)

(33)

L7 (8)
HP@) _ LE(0)+C _ TEeg Ty
Hy(o) S IE@) - ¢ 1 g
-+ \ .
<?21—7], (‘)EA./(S#(M ((I’s’)

O

Theorem 4.1: Assume (A1)-(A3-(a)) and (A4) hold. Then for

each generic adaptive follower i, 1 < ¢ < Np, there exist a

deterministic 7;, 0 < T; < oo, and, with probability one, a

random M;, 0 < T}, M;(w) < oo, such that 7(t) = &, for all
t > T, and m > M;(w).

Proof: By Lemma 4.2 for any adaptive follower:,1 < 7 <
Nr, there exist a deterministic 7;, 0 < 7; < 1, a deterministic
time T; := T,,,0 < T; < oo, and a random M; := M,,,
0 < M;(w) < oo, such that for all ¢ > T;, m > M;(w) and
0 € A where § # &

Hi" (1) (%) 1
- = 1-—n 1 .5,
a7 (5) (H’"(éﬂ) z(-m)>1 as
which implies that 67*(¢) = &; forall + > T; and m > M;(w),
based on the definition of the LRE in (31). O
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V. STABILITY ANALYSIS OF THE MEAN
FIELD CONTROL LAWS

Definition 5.1: In a large but finite population, the decentral-
ized MF control laws for the leaders and followers, respectively,
are as follows.

* Leaders’ MF Control Laws: The control strategy of each

generic leader ¢, 1 < ¢ < Ny, with dynamical parameter
8, = [Ai, B;, CL] € Oy, is defined as
“L,oo () =

; —ROBI (Mo z7 () + 7)) (4
where s¥(-) is the solution of (11) presented in (20).

* Followers’ MF Control Laws: The control strategy of each
generic adaptive follower i, 1 < ¢ < Np, with dynamical
parameter 8; = [A;, B;,C;] € Op, and observation size
m is defined as

#7°() = —RB (Me 2 () +55.()) (39
where ,sfn() is the solution of (15), when the defining

paramete; of the reference trajectory A(-) is assumed to be
67(+) defined in (31).
O
In the construction of individual strategies, (i) each leader
needs to know A, h(-), the leader’s population initial mean and
the distribution of the leaders’ dynamical parameters (F'*(-)),
where the term know denotes that the control law of the agent in
question may be an explicit function of the indicated informa-
tion; and (ii) each follower needs to know A, 7, the population
initial means and the distributions of both leaders and followers’
dynamical parameters (F'2(+) and F'¥'(-)), but each adaptive fol-
lower does not know the reference trajectory of the leaders A(-)
and estimates it by likelihood estimation from a finite set of pre-
defined signals based upon its observation process. Note that it
is not required for any leader or follower agent to know specific
information (such as the dynamical parameter) of any other par-
ticular agent.

A. Follower's Adaptive Mean Field Algorithm

The algorithm has the following two phases:

1) Estimation Phase: By observing a sample population of
the leaders each follower computes the set of likelihood
ratios (based on the hybrid likelihood functions defined in
(30)) at each instant for alternative values of its hypothesis
parameter § € A. Each follower also computes control
laws by using the parameters in the finite set A. Therefore,
each follower has a set of control strategies with respect to
alternative defining parameters of the reference trajectory
h{-}, and at any instant uses the maximum likelihood ratio
estimate (MLRE) without a guarantee that the MLRE has
taken the true parameter value.

2) Lock-on Phase: As the observation size of each adaptive
follower ¢, 1 < 2 < Np, goes to infinity, its estimate
converges to the true parameter of the unknown reference
trajectory at a deterministic time 7; (Theorem 4.1). In this
phase, the control law of each adaptive follower:, 1 < i <
N, will necessarily be computed with the true parameter
of the reference trajectory for all time ¢ > 7; and any
sufficiently large random observation size.
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Needless to say, an adaptive follower cannot deduce at which
population size the lock-on phase has commenced since this oc-
curs at some random size M (w).

B. Stability Analysis

For the ¢-th leader, 1 < ¢ < Np, with dynamical parameter
6, = [A;,B;,C;] € Op, denote ZLL”() as the closed-loop
solution of its dynamics (1) while using the MF control law
ul"°°(+) as defined in (34). In an analogous way let 2, "™ (-)
be the closed-loop solution of the i-th adaptive follower’s dy-
namics, 1 < ¢ < Np, (4) where its dynamical parameter is
6, = [A;, B;,C;] € O and its adaptive control law is the MF
control law &foo() defined in (35).

Theorem 5.1: (Stability of the MF control laws in the sense
of time average)

(a) Assume (A1)-(A3-(a)) hold. Then (a.s.)

1 /T
sup max limsup— / (
Np>115iSNL 7o T 0

(b) Assume (A1)-(A4) hold. Then {a.s.)

éLm(g)”Z"'”ULLOO(S)HZ) ds < oc.

(36)

NN, F
up e Timsup s [ (157 ()P +[F = () ds < .
i\ifgllé?g‘fwfipT/O 125 ()7 + ;™ ()7} ds < o0
(37)

Proof: See Appendix. (]

It is important to note that these stability results depend on the

boundedness of the infinite population centroids /%°°(-) and

¥T°°(.) computed from the leaders and followers’ MF system
of equations, respectively.

VI. e-NASH EQUILIBRIUM PROPERTY OF THE
MEAN FIELD BASED CONTROL LAWS

In a system of population size N, let the admissible
control set of agent i, 1 < i < N, bel; = {u() :
u;(t) is adapted to o(z;(s),s< 4,1 < j < N), ||z:(D)| =
o(WT), [OT ||z (#)]|2dt = O(T') a.s.}. Note that the strategies
in I4; may use full state information (i.e., u;(#) is a function of
both time  and the system state at this time, (z1(#). . ... z2x5())).
Denote u—; = (u1,...,4;i—1,Ui41.-..,un). To indicate the
dependence of the ¢-th agent’s cost function J; on u;, u_; and
population size NV, we write it as J;¥ (u;, u_;).

Definition 6.1: Given ¢ > 0, a set of controls u; € Uy,
1 <k < N, for N agents generates an a.s. e-Nash equilibrium
with respect to the costs J, 1 < k < N, ifforany:, 1 <i< N

SN (g ) —e < ullézfl TN (ug,u,)

<IN, u’y) (a-s.).
O
Let ,4LL "> be the closed-loop solution of the i-th leader’s
dynamics (1) with the MF control input defined in (34), and
¥1+°°(.) be the infinite population centroid of the leaders (13),
we denote
Ny,

1 oo
N ()| d.

i=1
(38)
The proof of the following theorem is similar to the one of
Theorem 6.1 in [15].

. 1 T
(é‘NL)Z -— lim sup T / ||,l/)L,oc(t) _
T—oc Jo
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Theorem 6.1: Assume (A1)-(A3-(a)) hold. Then the set of the
leaders” MF control laws is an a.s. O{ey, )-Nash equilibrium,
ie., forany i, 1 < ¢ < Ny, we have

_ : N .. Lo
Ofen,) < ulg{ﬁb Jr (i, u™f)

LN (, L,
< T (u;

gAML (uL:’C uL’-OO)

2 7 P —g

el uL,oo)

» P—g

a.s.

where limy, oo en, = 0 (a.s.). O

For any adaptive follower i, 1 < ¢ < Np, let ufﬁo() be the
MF control law when the defining parameter of the reference
trajectory is assumed to be the true parameter 61 € A and let

£7°°(.) and 4ZF 5, (+) be the closed-loop solutions of dynamics

(.} and ul>°(+), respectively (the
7,61
*2(.) is presented in (A25)). Let uX:>° :=

(4) with control input '&F’
explicit form of 73F

(a0, AT = () and uf =
(“fﬁi~~-“§;?ﬂ

Lemma 6.1: Assume (A1)-(A4) hold. Then there exists a
random M, 0 < M{(w) < o0, such that for Np > M (w) and
observation sizes m; > M{w),1 <1i < Ng, we have
JEN @D a0
for1 < ¢ < Np.

Proof: By Theorem 4.1 for each adaptive follower ¢, 1 <
i < Np, there exist a deterministic time 7; and a random M,
0 < T;, M;(w) < oc, such that &”(t) = 6y forallt > T;
and m > M;(w). Let Tp := max{Th,...,Tn,} < oc and
M = max{M,..., M’J\,—} < o0, then for N, > M (w) and
observation sizes m; > M(w),1 < i < Np, we have

)

N"( F.oo, Foo

L’OC) <J i 61 v?hi,élvuL’oc)

a.S.

LU
AFoc Loc
NLZ

AFooH )
AFoo( ZLOC
a2 :)dt

>0 1 -
t51_ NLZ i W)Z JM)H

711 5 || )dt =L + 1.

]Fi\ (AFﬁo ~Foc
’L

g
=lim sup —/
T—oc

ZAFoo) H2
Zy
i=1 N

17
<limsup— (
0

T—oc

D353

_|_

+ lim sup /

T—oc

But, by the long run average stability of the MF control laws (37)
there exists, with probability one, a real number &, 0 < £k < oo,
and independent of 7" such that

(39)

kT
|7;] < limsup = — (a.8.). (40)
T—oo T
Next consider 77 := T' — T, then
JiF,]V (12Fog,7 QAI,F’LOO7 ’ILL og,)
Ny, Np .
n L.> (1 I}) Foo 2
<lim sup / z; Froo_ 2T+ 3 )H
T—oc 51 L Zl J ]\F ]:ZI J:b Q

o s HR)
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=lim sup /
T'—o0

F
_ Loo

L(51 J(sl

i=1

PNy Foo  Foco | Loo
+ | u; 61 )dt J; (umsl U s U )
by (39) and (40), which gives the result. O
Denote
L
2
=1i = - — dt (41
(exp)” = limsup 7 )f [ R ;{; Srllde @
where le 5, isthe closed-loop solution of the ¢-th follower’s dy-

namics (4) with the MF control law (35), and 1/1,)1 (+) is the infi-
nite population centroid of the followers (18) when the defining
parameter of the leaders reference trajectory h(-) is assumed to
be the true one, 61 € A.
Lemma 6.2: Assume (Al)-(A4) hold. Then we have
limy, —ocen,. = 0 (a.s.).
Proof: We have

) 1 T . 1 Nr
(eny)” = liil}]—illp T/ ||'L/161’ - E 4 161 H dt
<2h;“jip— || T —N Z zp |t
1 A‘VF 9
F.oco _ch
+ 2sup |95, () - E; O] (42)
But, by Lemma 5.3 in [15] we have (a.s.)
o 2
thw h;Ilj;l)p —/ H Ny - Z ( ; 51 — 2,551 ) H dt = 0.
(43)
In addition
Np
F,oc
1/)51 . LVF ; 7, 81

= [ E(aRT6) - /@ 2 ()AFE, (8).

Jo,.

So by the weak convergence of Fif to F¥' [Assumption (A2)]
we have a.s. dE'F (see (33) in [15])

Np
1 F,o0
li — Ny =0 44
\kgajgpﬂw (t) A& £1%¢1()H (44)
Hence, by (42)—(44) we get limpy,—oc e, = 0 (a.9.). O

Theorem 6.2: Assume (A1)-(A4) hold. Then there exists a
random M, 0 < M(w) < oo, such that for N > M(w) and
observation sizes m; > M(w), 1 < ¢ < Np, the set of the
followers’ MF control laws is an a.s. £ 5 -Nash equilibrium, i.e.,
forany i, 1 < i < Np, we have (a.s.)

FN(~Foc »F,
J; ( =Lt

b i TEN

(ui; i uL’OO)

1 2

L,oc)

< inf J
U, EZ/{F

<] (Af’og ~ FLoo

s W—g

71LL7OO)

(45)

where ey = O(en, +en,.) (a.s.).
Proof: The second inequality in (45) is trivial. Here, we
shall prove the first inequality.
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For any adaptive follower ¢, 1 < ¢ < N, by Lemma 6.1 there

existsarandom M ,0 < M(w) < oc, suchthat for Ng > M{(w)

and observation sizes m; > M{w) we have

IFI\( afee 1)F.°°,uL’°°) < Jf’N(Ufﬁc,uFlo‘;l 120 aus.
(46)

But,

FN( Foo,  Foo L,

J; ( 6y SU s U OO)

:limsupl T( Froo_ ( LOO 7” ZF7E’°°)H2

- T—oc T 0 ’81 J=1 EAE Q

+ [l HR)

1 (T
< limsup = / (
T—oc T JO

5 - (m/fL"’O +(1

U; 51 ||R)dt + IN

2
L,oc
s, )HQ

o+ [Jes; (47)

where Iy denotes the rest of the terms. We now show that Iy =
O(en, + eny). We have

T L 1 Ak L.oo||2
(™ - V_Lzz Iy, )t

2 -
. Ui
Iy :=limsup =
T Jo

T—o0o
. L—m)? [T Foo
+11¥Ls;11)T ; (Hl/)gl N Z Zi 6, ||Q)
1 [T .
+ 2n(1 — n) limsup = (U 4ch)
n(L =) limsup 7= ; / Z
I\}:'
Foc
XQ(’I/}61 i Z % 5, )(lt

) 1 [T/ reo L Looy\ "
+aptimsup 7 [ (6 - (it 4 (1= ™)
T—oo J()
Ny

X Q(z/)Lx— N Z,&LOO) It

T
+ 2(1—») limsup / ml ,,wLOb +(1 ,,,])1/}5;00))

T—o0
1 X
Fo0 Foc
x Qv - RIS Yot

i=1

:I +I]\F‘|‘I'\L Np +Lr + 1\1" (48)
But,

Iy, < I}, < (1—n)? (49)

where e, and ey, are defined in (38) and (41), respectively.
By the Cauchy-Schwarz inequality we have

Iy one < 2000 = n)IQllen,ew,. (50)
By the stability property of the MF control laws (36) there

exists a real number &k, 0 < &k < oo, independent of both N,
and N such that (a.s.)

i 1
1m sup —
T

T—o0

VLFéTO - (7)1/)L’°° +(1- 7])7/}(5100) Hth < k.
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®  Leaders'initals

0 Followers'initals

20| w—Reference 1

— Reference 2
Reference 3

10| s Reference 4

X-aiis

Fig. 1. Four possible reference trajectories of the leaders (reference one is the
true reference trajectory) corresponding to parameters ¢4, 8z, &3, 64 in the set
A, respectively, and the initial states of leaders and followers.

This and the Cauchy-Schwarz inequality result in (a.s.)

Iy, < 20)QVken,, I3, <201 —)|QIVken,. (51)

Hence, (49)—(51) imply that Iy = T3

Iy, + I}, = Olen, +en;) (a.s.).
But, by the construction of the MF system of equations for

the followers (15)—(19), ufflc (+) is the optimal tracking control

() and ul_r’,fgl

LI, I, N,

LNy

with respect to u’ () which collectively gen-

erate 9L°°(-) and +/**>°(-). Therefore
2
. ,0C - oo 2
limsup = / ( LM I/tl -I-(l—l)) ) H +|uis )dt
T—oo o ’ =
_ Jt N (Uf(sooy " ’,oc‘ wL,oc)
< inf ] (u, uf,v , 1‘L’°c>+()(fl\rb+fNF) a.s.
Ug EZIF ) )

(52)

where the last inequality follows from a similar argument as in
(47)—(51). Hence, (46) and (52) imply the first inequality in (45).
O

VII. NUMERICAL EXAMPLE

Consider a system of 50 agents with 20 leaders and 30 fol-
lowers. For simplicity and clarity of the simulation, we assume
that one follower, called the adaptive follower, needs to esti-
mate the true reference trajectory but this reference trajectory is
fully known to all other followers and all leaders. It is important
to note that the followers are estimating the true reference tra-
jectory independently. If all followers are adaptive the overall
computational load increases linearly with the population size of
the followers which is a manageable complexity. For the adap-
tive follower, the possible set of reference trajectories have the
general form [a; + by cos(wt) as + by sin(wt)], t € [0,10),
where 6 = (a1, b1,a2,b2, w) € A. We assume this set A has
four parameters including the true parameter of the reference
trajectory which is reference one in Fig. 1. All the four possible
reference trajectories generated by each parameter of the set A
and the initial states of all the leaders and followers are shown
in Fig. 1.
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Reference one in the numerator of the likelihood ratio
1000

2
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Reference two in the numerator of the likelihood ratio

o
¥

~

-400 = Reference 1 Reference 2
= Reference 2 -600 Reference 1
-600 Reference 3 - Reference 3
— Reference 4 Reference 4
-800 i i —— V) i i i i i
2 4 6 8 10 2 4 6 8 10
time time
(a) (b)
Reference three in the numerator of the likelihood ratio Reference four in the numerator of the likelihood ratio
400 800
— Reference 3 = Reference 4
Reference 1 600 = Reference 1
200
Reference 2 = Reference 2
= Reference 4 400l Reference 3

200

-200

-400

-600

Fig. 2. (1/¢)log of likelihood ratios ((1/t)log(H™(é;)/H™(&;)),6:,8; € A) such that in each figure there is a fixed parameter of set A in the numer-
ator of the ratio and the parameter in the denominator changes in the set A (a) (1/¢) log(H ;" (61)/H["(8)), 6 € A (b) (1/t)log(H[™(62)/H"(8)), 6 € A
(©(1/8) log(H ™ (6:)/H(8)), 6 € A (d) (1/t) log(H"(84)/H["(8)), 6 € A.

The dynamics of leaders and followers are given in (1) and
(4), respectively, where the leaders and followers’ MF control
laws are given in (34) and (35). In this simulation we have
the following parameters: (i) In (1) and (4) matrices A; of the
leaders and followers are chosen randomly from a normal prob-
ability distribution around matrix ((0.2, —0.3)7, (-0.4,0.2)")
with identity covariance, while matrices B; of both leaders and
followers are identity matrices, and the noise intensity matrices
of both leaders and followers is C' = 4/7; (ii) In (3) and (6) let
@ =1Tand R =0.017; (iii)) In (2) and (5) let A = 0.7, = 0.6
and the reference trajectory i(-) be reference one in Fig. 1; (iv)
In (28) let the observation size of the adaptive follower be 15,
and D = 5I; (v) In (31) let £; = 0, step-size 7 = 1 and the
adaptive follower observes a non-empty subset of the leaders’
trajectories of size 4.

It can be shown that this system satisfies the iden-
tifiability condition (A4). Fig. 2(a)~(d) correspond to
(1/t)log (H(6;)/H["(6;)) for &;, 6; € A such that, for
instance, in Fig. 2(a) the parameter 61 € A corresponding to
reference trajectory one is in the numerator and the plots in
this figure display (1/¢)log (H™(61)/H[*(6;)) for 6; € A.
Based on the LRE defined in (31), Fig. 2(a)—(d) show that
for the adaptive follower 6™ () = 6, for all £ > 1 since
H(61)/H™(6) > 1 (i.e., log(H™(61)/H*{6) > 0) for all
b e N6 F# 6.

State trajectories of the agents

State trajectories of the agents

Y-axis

® Leader
O Follower

a0 30 20 -10 0 10 20 30 40
X-axis

(a) (b)

Fig. 3. State trajectories of leaders (red), non-adaptive followers (blue), and
the adaptive follower (black) (a) 2-D and (b) 2-D in time.

In Fig. 3(a) and (b) the state trajectories of leaders, followers
and the adaptive follower are shown. Based on 6”*(-) in (31) the
adaptive follower initially considers the wrong reference trajec-
tory signals until £ = 1, reference 3 (generated by d3) from time
zero to one, and then locks on the true reference trajectory (ref-
erence one generated by 41) as shown in Fig. 3(a) and (b).

VIII. CONCLUSION

In this paper, we have developed a linear-quadratic-Gaussian
(LQG) dynamic game based model of collective dynamics
which include leaders, followers and an unknown (to the
followers) reference trajectory for the leaders. The Mean Field
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as M goes to infinity. Hence, (A5) and the Cauchy-Schwarz
inequality imply that
lim

L \1 L,oo _L. M L, oo X
; ‘ 71/}53 ) ( %818 71’[}5173)d'5
M—oo

1/2
< LM Lo
< i (/ vt
lim TEA,[,’éEAM,gl =0. (A6)

1/2
(1 w) -
M—

Since forany § € A, 1/)5L °9(.) € C?, there exists a real number

T

k, 0 < k < oc independent of M such that

[t < er

By (AS5), (A7) and the Cauchy-Schwarz inequality we have both
(a.s.)

LM L,co
bl 5 71#61 s

(AT)

lim ‘ )L OC M _ oy g
M- | [y z/ f’l s 1/‘51*’ )
< lim TVkepys, =0 (AS8)
M—occ '
and

T
lim ‘ / zZ < hm TVke ms =0
M—oo 0 (A9)

where £ is a fixed real number independent of M given in (A7).
Analysis of disturbance terms via SLLN: By the Strong Law
of Large Numbers (SLLN) [36] we have

F (T'-7)
}E}m Y Z/ C; rlw a.s.

M_/l/;’ﬁi ) w(gﬁodg

. 1 ¢ "
- A}linoc M ;/0 Dydv; =0 a.s.
M
= i r;7T.,L L _
= AT Z: e (27(0)=27(0)) =0 as. (A10)
and

. T N x 1 M

A}li,noo'/o (T/J(sb JWZD dv;) =0 a.s. (A11)

since for any § € A, ¢2"(-) € C%. Similarly, we have (a.s.)

T 1 M
. LM LooT (L1 N
Lx/ (i = 0w7) g L D) =0 (A1)

M M

i (G2t =) (2t =0

(A13)

Ti(s—7)
w}linx/ Z/ Cidwy) MZD o)

(Al4)
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Analysis of influence of initial conditions: Since fort > 0
M
1 _
|57 3 et (eE0) - 20|
i=1

Z-L(O) -

2

< ye P bup ?L(O)H < 00,

0,€0

(A15)

with the right hand side independent of M, and where positive
~ and p are given in Remark 3.1, Lebesgue dominated conver-
gence theorem [36] implies that

[AOO(/ 47 2 (f(O)sz))Hst)

lim
T
/0

where the last equality is obtained by (A10). Again, by the
Cauchy-Schwarz inequality we have (a.s.)

M

lirn || L Z e (2 (0) —

M—oo
i=1

zh 0))||2d5 =0 a.s.

(A16)

lim

T 1 M
: _ FiS L
M—oc /U (]\/[ ; ¢ (Z (0)

by (A7) and (A16); and (a.s.)

_zL(o)))Tq/;;des:o (A17)

T 1 M T
‘ Tys( L ~L
dm [ (g e G- 0)
x( M @Df&m)db -0 (A18)
by (AS) and (A16). By the same argument as in proving The-

orem 5.1 in [15] (see (31) in [15]) we get

M

/ ||_Z/ elils— T)C’(leH ds=0 (a.s.).

(A19)
Again by the Cauchy-Schwarz inequality we have {a.s.)

lim
M—oco

M

/ ()" MZ/ L= Crdwl ) ds = 0
0

(A20)

lim
M—o0 |

by (A7) and (A19),
T LM LeeyT
A}lin%/o (Zon —¥s”)
LM e
T;(s—1 L .
X Mz_;/o T Cdwlyds =0 (A21)

by (AS) and (A19), and

T 1 M
: r
M—oc ./0 (]\/[ Z ¢

lim
G

=) O dw? )d,s—() (A22)

by (A16) and (A19).
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Conclusion of the asymptotic analysis. By (A6), (A8)—(A9),
(A11)-(A14), (A16)—(A18) and (A19)—(A22) we obtain {(a.s.)

T
/ (7(5 ;M) dy)[
0

T
= exp / () wL Tds | (A23)
40

lim e¢x
M—oo b

from (A4) for any fixed € Aand 7,0 < T < o0, and in an
analogous way one can show that {a.s.)

T
[ ) = ([ s

(A24)

lim ex
M—o0 b

Finally, (A23) and (A24) imply that for any fixed é € A, and
t,0 < t < oo, we have (a.5.)

Y aw L[

| a5 [
¢

=Ly (6)=cxp (/( ) méda——/ HI/J(SLOCH ds)
Jo

O

Proof of Theorem 5.1: Part (a) is a special case of The-

orem 4.1 in [15]. Here, we broadly follow the same approach to

prove Part (b). For an adaptive follower ¢, 1 < ¢ < Np, with

dynamical parameter 6; = [A;, B;,C;] € Oy, by application

of the adaptive MF control law (35) we have the closed-loop
solution

lim LY ()

M—oc

"(5 .;y[ H ds

= lim cxp

M—oc

k3

ot
_eritzF(O)_/ eri(t—T>B.iR—lB,LT§fvoc(T)dT
40

13
s [l 120 @)
0

where aF "*2(-) is the solution of the tracking offset (15) given
by

- _ /‘°° e TH-m( <17’1/J§=00(,~) +(1- ,]7),1/){5,00(7_)) g

(A26)
Denote kr, i= supsea [0 [loo, kr = supsea [[45 loc
and k¥ = max(kr,kr) then by Assumption (A3)

we have k'
JsF=

< 0. Subsequently, from (A26), we get
< QUK /p =: ks < o0, where pos-
itive v and p are given in Remark 3.1, and hence,
| fg "¢ BRI BT ST (r)dr||< kR ME/p =
k1 < o0, where Mp := supy,cq, ||Bi]| < oo since O is
compact. Therefore, we have (a.s.)

lim bllp —
T—oc

||/ N=n B, R B 307 (rydr||dt <
(A27)
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and
lim sup — || ,Fi(t*T)Binleéf’oc(r)dr|\2dt < k2
T—oc
(A28)

Since I'; is asymptotically stable (Remark 3.1) we have

1T
lim sup T/ ||le" 2 (0)]|dt
0

T—oo

= lim sup
T—oo

TR . )
i IO d =0 (0. @29

By the same argument as in proving Theorem 4.1 in [15] we
get (a.s.)

lim qup =
T—oo

= / tr(eFﬂ'tC,;C,;Teri )dt
Jo
2

|| / Tt T)C (l’uJFH dt

IA

sup [|Cif)* =

: (A30)
2/) 6;,€0p

Thus, it follows from (A27)-(A30) that (a.s.)

1 /7
lim sup T éFOO || dt < PQ + ko =i k < oo. (A31)
T —o0
Since @ °(-) = —R'BY (H 200 +5foo()) we
have

RO

1 /7
limsup — /
T—oo T 0

<[ RTYEME(MAk + k2 + 2Mpkk,) < o0 a.s. (A32)

where Mp := supg, g, [|[IL]| < oo since O is compact.
Since k, ks, Mp and M p are independent of 2 and Np, by (A31)
and (A32) we obtain (37). O
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