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ABSTRACT. We consider mean field social optimization in nonlineafudion models.
By dynamic programming with a representative agent emptpgboperative optimizer se-
lection, we derive a new Hamilton—Jacobi—Bellman (HJB)aigu to be called the master
equation of the value function. Under some regularity ctiows, we establish-person-
by-person optimality of the master equation-based cotawes, which may be viewed as
a necessary condition for nearly attaining the social optim A major challenge in the
analysis is to obtain tight estimates, within an errordfl/N), of the social cost hav-
ing orderO(N). This will be accomplished by multi-scale analysis via ¢omging two
auxiliary master equations. We illustrate explicit salas of the master equations for the
linear-quadratic (LQ) case, and give an application toesyt risk.
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1. INTRODUCTION

Mean field social optimization studies decision problem®iving a large number of
agents which have a common optimization objective andastehrough coupling in their
individual dynamics or costs, or both [25]. These problemesaiso referred to as large
population optimal control [20]. The cooperative behawbthe agents differs from the
noncooperative behavior of the agents in mean field gamesihé reader is referred to
[3, 24, 25, 28, 40] for the analysis of social optima in a lingaadratic (LQ) framework.
McKean-Vlasov optimal control has been studied in [5, 8, 183,30, 32, 37, 41], and may
be heuristically interpreted as a limit form of large popigia optimal control. Cooperative
mean field control has applications in economic theory [8t]lective choice problems
[34], multi-agent flocking [33], and power systems [17]. Tination of social optima is
also useful for measuring (in)efficiency of mean field gande4.D].

In this paper we analyze social optimization for a class aflimear models. Consider
a population of agentsl;, 1 < i < N, satisfying the stochastic differential equations
(SDEs):

(1.1)  dX! = (Xl Hdt 4+ odWE + oodW?, 1<i<N, t>0,
t t t t t t

whereX} andu! are agentd;’s state and control, respectively, and

_Z- 1
T D DR

1<G<N,j#i

is the empirical distribution of all otheN — 1 agents, withy,, being the dirac measure at
x € R™. The initial stateg X}, 1 < i < N} are independent with finite second moment.
The N + 1 standard Brownian motiong¥7,0 < j < N}, as the individual noises and
the common noise, respectively, are independent and alspé@ndent of the initial states.
The dimensions of}, ui, W; andW} aren, n1, na, ns, respectively, ang’, o andog
have compatible dimensions. We restrict to the case of aohsise coefficients. Our
approach can deal with state and control dependent noise.

Agent.A; has its own cost

T
(1.2) Ji(wi(),u()) = E / DX, ub, i )dt + E g(Xi, i),

whereu~¢(-) denotes the controls of all agents other thén To avoid heavy notation,
we do not include as an argument iif, o, 0o and L, but can treat thé-dependent case



MEAN FIELD SOCIAL OPTIMIZATION: PERSON-BY-PERSON OPTIMALTY 3

without further difficulty. The social cost is given by

N
(1.3) T W) =",

i=1

whereu == (u!,- - ulV).

1.1. Method, analytical challenges, and contributions.One may attempt to minimize
the social cost by directly solving an optimal control pexol This approach, however,
becomes infeasible wheN is large. Instead, we develop our solution by studying the
optimizing behavior of a representative agent. We explainaple but useful idea in
team decision theory called person-by-person (PbP) opitymalhe reader is referred
to [29, 35, 39] for its characterization and to [12] for itefback form in decentralized

stochastic control. To explain the idea, Btu', -, u) be the team cost ok agents
with strategies:’. Under a given information structure, if the team attais®jitimum by a
joint strategy(a', - - - ,@'V), then no agent can unilaterally take a new strategy to imgrov

for the team. PbP optimality is a necessary condition fanteatimality.

Our PbP optimality-based approach studies the value fumcti a representative agent
and applies dynamic programming in an extended state spelceling an individual state
2 and a measurg describing the mean field. This method enables the agenbimsehits
optimizer in a feedback form* = ¢(t, z, 1), which differs from [36], where the control
perturbation is a non-anticipative process. In the end vigiol special Hamilton—-Jacobi—
Bellman (HJB) equation, which will be called the master emumefor the value function;
some heuristic derivation has appeared in [27] withoutqrerince analysis. Master equa-
tions have been widely studied in mean field games [6, 9, 1djds0 mean field optimal
control [5, 6, 19, 32].

In the setting of social optimization (or large populatigtimal control), our approach
above differs from some existing works, which approximagN -agent optimal control
problem by a McKean-Vlasov optimal control problem (see §1§, 20, 30, 41]). As a
result, their value function takes the fofrh,, (¢, 1t), only characterizing the performance
of the population as a whole. However, in practical coopezatecision scenarios, each
constituent agent still desires to know its own performance approach responds to this
need and specifies an individual’s value functié(y, =, 1). The authors in [5] formu-
late an optimal control problem combing a representativentig state equation with the
McKean-Vlasov dynamics, both controlled by the same pac&bey prove a dynamic
programming principle without common noise, and the deifbt in their master equation
is structured differently from ours.

When the control lawéi!, - - - , @™V) of N agents have been determined from the master
equation, an issue of central importance is their perfomaaRor certain classes of models,
the value function of the controlled McKean—Vlasov dynasrtias been shown to be the
limit of the value function of theV-agent optimal control problem a8 — oo [8, 19].
However, to our best knowledge, except for LQ cases [21, 854Q], there has existed
no past work on social optimization addressing the perfogaaf the infinite population-
based control laws when they are applied by finite populatidks it turns out, our PbP
optimality-based approach provides a tractable framedmrkuch performance analysis.
We will establish approximate PbP optimality for the mastguation-based control laws in

optimizing JED, which may be viewed as a necessary condition for achievéag social
optimality. Naturally, it is desirable to bound the gap be#n the attained performance
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and exact PbP optimality as tightly as possible. A loose dauould not tell much about
performance.

PbP optimality may be viewed as a special case of a Nash lequiiti where all agents
take the social cost as their individual costs. For thisarasur performance estimate in
terms of approximate PbP optimality is similar to thBlash equilibrium analysis in mean
field games [7]. However, we confront a far more difficult peoh, especially under model
nonlinearity. We may think Qﬁﬁ? as a quantity of ordeD (V) while expecting the agent
in question to minimize it up to an accuracyddfl ). The estimate of the performance loss
becomes very intricate since we face quantities of suchidadlg different scales a®(N)
ando(1). In contrast, the-Nash equilibrium analysis involves quantities of scalkg)
ando(1), for an agent’s cost and its performance loss, respectildgiger some regularity
conditions pertaining to the solution of the master equmatiee prove that.’ is nearly PbP
optimal, with an inadequacy (or regret) of at moxtl / V) for optimizing JE,

Our performance analysis depends on exploiting the maitiesfeature when an indi-
vidual attempts to optimize the social cost, where the kew id to decompose the social
costroughly as the sum of a much larger macroscopic termmaotti@r term that carries in-
formation on the representative agent and so will be calledristrumental value function.
Meanwhile, we need to introduce two auxiliary master equesti Such combined usage
of functions describing phenomena of different scalesetiogr with the construction of
their equations, has got much of its inspiration from thegitg literature on computing
tiny quantities which are superposed to very large ones.[1,99-209] [18, p.195-198]
and also from perturbation methods of dynamical systemsd2.33].

The paper is organized as follows. Section 2 introduces tsten equation of the value
function. To prepare for performance analysis, Sectionr®duces the instrumental value
function and two auxiliary master equations. The asympt®bP optimality theorem is
proved in Section 4. Section 5 illustrates explicit soloimf the master equations by
linear-quadratic (LQ) models and a systemic risk example.

1.2. Notation. The Frobenius norm of a vector or matrixs denoted byv|. For the func-
tionv(x) fromRR™ to R, we denote the partial derivatives, ) andd, ;v = 0x,(0z,;v).
Denoted,y) = (0g,%, -+ ,0,,1) as a row vector. The Hessian matrix iy =
(Oriz;V)1<ij<n, Whered,, . ¢ is the (i, j)-th entry of the matrix. If)(z,y) is a scalar
function withz, y € R™, we denote

azydj(xv y) = (aEzyg’l/)(Ia y))lﬁi-jgn'
The evaluation)(z, y)|,=» givesy(x, x). When there is only one space variablén v
(asiny(t, x, 1)), we use the short notatiah, = 9,1 andi,., = 921).

Let P2(R™) be the space of Borel probability measuresishwith finite second mo-
ment. OnP,(R™), we endow the Wasserstein distariég(u, ) so that it becomes a
complete metric space [2]. L&” (R") consist of all probability measurgson R™ such
thaty = L S°% | 6, for somex = (z!,--- ,2¥) with 2’ € R", 1 < i < k.

For a functionyy : R” — R* and a probability measurg, we write the integral

Jan (x)p(dx) as(p, 1) or (¥),. We sometimes write such forfu(dy), ¥ (t, y, ;1)) to
explicitly indicate the variable of integration. For twoopability measureg; and us,

(1 = p2,¥) = (1, ) — (2, ).

Denote the agent index s&f = {1,---,N}, andN_; = N — {i}. Throughout
the paper, the agent indicesj € N, etc, appearing inX?, ui, W/, «', u7, etc.) are
always interpreted as a superscript, and not as an expohleatcontrols of theV agents
are written asu := (u',---,u"). Further letu~* be the controls of all agents except
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A;. We follow [9] (which uses the notatiofl//§u) to define the measure differentiation
for a functionV (¢, z, 1); for fixed (¢, z), the derivatives, V', as a Lebesgue measurable
function fromR™ toR, is denoted by, V (¢, z, u; y) satisfying the normalization condition
(u(dy), 0,V (t,z, ;) = 0, wherey € R™ after the semicolon is the new variable arising
from the differentiation. Higher order derivatives are #amty introduced and denoted
in the formd,,, V (t,z, 1;y, 2), etc. A function (such ag (¢, z, 1)) is said to be jointly
continuous if it is continuous under the product topology0of'] x R™ x Py (R™).

Unless otherwise indicated, the partial derivative wilkdased on the actual appearance
of the variables. For examplé, in 0,6,V (¢, y, u; ) means differentiation with respect to
the variable aftey, even if we initially introduce the form, V (¢, z, ;). The functions
Xs X1, X2, - -+ (such asy(¢, ), x1(t, z, ), etc.) are reserved as a normalizing term (see
Section 5.1 for examples) when differentiating a functiothwespect tou. In various
estimates we us€, C1, Cs, - - - as generic constants which do not depend\oand may
change from place to place.

2. THE VALUE FUNCTION AND ITS MASTER EQUATION

LetU be a nonempty closed subsef®if'. Here and hereafter, we reuSg as a generic
constant in various assumptions. We make the followingdtanassumptions:

(A1) The mapf: R™ x U x P2(R™) — R™ is continuous, and Lipschitz continuous in
(x, 1), uniformly with respect ta. In addition,| f(z, u, )| < Co(1 + |z| + |u| + (|y]).)-

(A2) L:R™ x U x Po(R") — Ry andg : R™ x Py(R™) — R, are continuous, and

L(I,U,/L), g(a:,u) S Ca(l + |CC|2 + |’LL|2 + <|y|>i)a
forall (z,u, u) € R™ x U x Pa(R™).

2.1. The ¢-value function. To explain the idea underlying the derivation of the master
equation, we analyze a family ¢fV, ¢)-indexed control problems for agedt, in a pop-
ulation of N agents. Consider a set of control law, X*, ;7 %), 1 < k < N, with a
continuous functior from [0, 7] x R™ x P(R™) to U that ensures a unique solution to
the SDE system (1.1).

For eachp, let V™:?(¢, 2%, ;%) denote the cost

T
Bt p60) =B [ L0 udps s + Eg(X i)
t

of agentA; when all N agents apply the control lawg = ¢(s, X* u;%),1 <k < N,
on|t, T] with X} = 2% andy; * = p~* € PY-1(R™). The choice of:~* € PN (R") is
arbitrary, which may be matched by appropriate initialesadf all other agentdl;, j # ¢
at timet. ThenV®-¢ is a well-defined function off, 7] x R™ x PNX-L(R"). Itis clear
that this cost depends a¥i. For notational simplicity, we will just write it a& ¢ (¢, 2%, )
by dropping the superscripf. We may denote the cost gf; in this form due to symmetry
of the otherV — 1 agents. Specifically, if we permutate the other agentsairstates, the
cost of 4; remains the same. We shall cllf the ¢-value function forA,;.

Now let the N agents be assigned the initial time-state valies’, =7),1 < j < N,
respectively, which are subject to the constr%m‘wj + %u*j = % Zszl 0.+ for all
j. For the initial timet € [0, T'], denote the controlled state processes for agéntg # i,

2.1)  dX] =f(X1, (s, X2, p57), ps 7 )ds + 0dW] + ogdW), s >t
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For agent4;, we have
(2.2) dX! = f(XLul, p;Yds + odW! + odW?, t<s<T,

where we take::. = u® € Ufor s € [t,t + ¢) andu’ = ¢(s, X%, u;?) on|t + ¢, T]. Under
(2.1)—(2.2), denote

T
Ji(t,zt p Tt (), a7 () = E/ L(X, ug, pg *)ds + Eg(Xp, pg")
¢

t+€ . . . . .
(2.3) :E[/ L(X;uZ’MS—Z)dS+V¢(t+e,X§+E,,u;:€)}.
t

Using dynamic programming, we selecte U on the small intervalt, ¢ + €] to mini-
mize
t+e ) ) ) N
B[ [ DO )ds + Yo VOt e XE )]
t k=1
and next takeV — oo. This allows us to formally derive the master equation ofuhleie

function V (¢, z, 1), as the limiting form ofJ;, after finding the minimizes® which is
further required to be equal ta see details in appendix A.

2.2. The dynamic programming equation (or master equation). Denote the matrices

Y =00l ¥y = gpol . We interpret(z, u*) as the state and control of the representative
agentA; in an infinite population. The master equation of the valugcfion V' (¢, , 1)
takes the form

(24 0V (62, ) = Va by ) o) + 5 TelVaa (1,2, 1) (2 + 5]

L(a,a', p) + (p(dy), 8,8,V (t, x, 1;9) f (y, S, y, 1), 1)
ldy). T2,V (8, ) (S + S)

+ (u(dy), Tr[0ey 6,V (¢, 2, 13 y) Xo])

+
+

= o

1

+ 5 {u* (dydz), Tr(0y=0,,V (¢, , 113y, 2) Vo)),
(2.5) V(Ta,p0) = glz, ), (ta,u) € [0,T] x R x Pa(R"),
where
(2.6) i =gt @, 1)
is selected according to
(2.7) (1,2, 0(t, 2, 1), 1, V() = min ®(t, z,u’, 1, V(-))
for

Otz ul, 1, V() =Valt,z, p) flz,u’, p) + Lz, u, p)
+ (u(dy), 0,6,V (t,y, ps x) f (z, u’, ).

Definition 2.1. We call the pair(V, ¢), as mappings fron0, 7] x R™ x P»(R™) to R
andU, respectively, a solution of the master equation (2.4)efftillowing conditions are
satisfied:

() vV, 9.V, V, andV,, are each jointly continuous dfi, 7'] x R™ x Py(R"™);

(i) 0,V (t,z, 15y), 8,V (t, 2, 13y, 2), 0y0, V (¢, x, 15 y), 6§6MV(t,x,u; Y), Ony0,V (t, 2, 113 y),
0y=0,,V (t, z, 13y, ) are jointly continuous it € [0, 7], z,y, z € R™, andu € P2 (R™);
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(iii) ¢ is continuous on0, 7] x R™ x Po(R™) with

(8,2, )| < Co(1 4[| + (lyl)n);
(iv) there exists a constant, such that for all¢, =, y, z, 1),
(2.8)
0.V (ts 2, 15 9)s 10V (82, 3y, 2)| < Call + |22 + [yl* + 127 + (y)7),
|0y 6,V (t, 2, s y)| < Ca(1+ [2| + [yl + (yl)p),
1056,V (t, 2, 115:9)], 02y0,V (8,2, p15y)| < Ca,
[0y20,,V (8,2, 113y, 2)| < Co

(v) (V, ¢) satisfies (2.4) with terminal condition (2.5).

For the subsequent analysis, it is necessary to look forisnlof equation (2.4) with
further restrictions orl/. We introduce the following class of functioids, consisting
of all functionsV from [0, 7] x R™ x P»(R™) to R such that (a) fulfills conditions
(i) and (ii) in Definition 2.1, and furthermor@,, .,V (t, z, i y, z, w), 0.0,V (t, x, 13 y),
026,V 0.0,V , 0y6,,V (6,2, 159, 2), 020,V s 050,V s OOV Oy Vs OyzbpuppV
are jointly continuous fot € [0, 7], z,y, z,w € R", u € Po(R™); (b) V satisfies (2.8)
and moreover,

[V (t, 2, 1) < Ca(1+ |2 + (Jy)7),

[Va(t @, p)] < Ca(l+ [z] + (ly]),.),

Vo (t, 2, )] < Ca,

1000,V (t, 2, 3 y)| < Ca(1+ |2 + [y[* + (Jy])7),
020,V (t, 2, 3 y)| < Ca(l+ 2| + [yl + ([yDu)

(2.9) 1070,V (t, 2, 1;9)| < Ca,

10y0,u,V (t z, p3y, 2)| < Ca(1+ 2| + [yl + |2] + (y)w),
|(9§5,WV(t,:C,/L;y,Z)|, |(r“)wy5MLV(t,x,u;y,z)| < Cl,

|Opupane (2, 113y, 2,w) | < Ca(1 + |22 + [yl + [2] + [w]? + (y])7),
|0y 0V (@, 13y, 2, w)| < Ca(l+ 2| + [yl + |2 + [w| + {|yl)p),
|0y=0,u,V (t, 2, 3y, 2, w)| < Cy.

The above additional growth conditions in (2.9) are maimy énsuring well-defined
coefficients in the equation @f in Section 3 and for constructing a solutionléf which
involves differentiating both sides of (2.4) and leads toas higher order derivatives.

3. CLOSE-LOOP SYSTEMS AND AUXILIARY MASTER EQUATIONS
We begin by introducing the following assumption.
Assumptior8.1 The master equation (2.4) has a solution &irg) with V' € Cy.

A question of central interest is what kind of social perfarroe can be achieved when
the master equation-based control lawin (2.6) is used by allV agents. Note that
o(t,x, u) involves the measure-valued variahle For its implementation, we will use
the actual process, * in the control laws of théV agents:

(3.1) ay = (t, X[,y "), 1<i<N.
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Under the set of control law&, 1 < i < N, the closed-loop system takes the form
(3.2) dX} = f(X{, 0(t, X{, "), g )t + 0dW + 00dW, 0<t<T,
1<¢<N.

To analyze the performance of the control lawn terms of PbP optimality, we need to
consider a general contra} for agent4; while the other agents take

(3.3) ay = o(t, X[ p "), 2<k<N.

The key question is by how much the social cost may be redugegtimizingu;. This
leads to a control problem with social coéﬁ\é)(ul(-), a~!(+)) and dynamics

(3.4) dth = f(th,u%,ut_l)dt + Uthl + Uothoa
(3.5) AX{ = f(XF ot XE, p "), ny *)dt + odW + oodW),
0<t<T, 2<k<N.

To facilitate the performance analysis, we need to examwdtinctionsl/ andU below,
which are related to the asymptotic behavior of the socislattained by asN — oc.

The social cost under the control lawin (2.6) for all agents will serve as a benchmark
performance level. Based on (3.2), we consider the statepses ofs, T':

(3.6) dX} = f(X{,0(t, X{, 1y "), )dt + odW] + o0dW), s <t <T,
1<i<N,

which are assigned the initial conditios, ', - -- , 2"V). The use of general initial condi-
tions will enable us to derive a partial differential eqoatbf the cost

N
(37) Js((i\({,7)¢(85:1717"' aIN) = ZJi(Saxia,uiiv(b)
1=1

subject to dynamics (3.6). Hetg(s,z’, ¢, ¢) means that the cost is evaluated with
initial time s, initial state(z?, x~*), and the same control lawfor IV agents.

We will look for a suitable representation dfé\é)d). By symmetry of all other agents,

agentA; may write J&?(b in (3.7) asUY (s, 2%, u~1'), where the initial condition.*,
as the empirical probability distribution of the state \esd(?, - - - , 2%), is sufficient for
describing the behavior of all other agents as a whole.

We take a decomposition of the form
(3.8) Uge(t, 2t n™") = UN (2!, 07 + (N = )Tt 7Y,

where the functiort/, to be identified later, is defined df, 7] x P»(R") and does not
depend onN. GivenUZX _(t,z', u=1), one might choose different pai(&/™,U) for the

right hand side of (3.8). However, an appropriate choicE @ crucial in order to prevent
uncontrolled growth ot/ asN — oco. We will take

(3.9) U(t, p) = (u(dy), V(t,y, 1), 1€ PAR"),
which is well-defined in view of (2.9). Our next step is to det timit form of U (¢, 21, = 1),
denoted byU (¢, z, 1), and determine the equation Gt SinceU aggregates the effect of

a particular agent’s state on the social cosﬂs(éz) which itself approaches infinity as

N — oo, we shall calll/ the instrumental value function (IVF) to distinguish it fnche
value functionV.
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3.1. Auxiliary master equations. For (¢, z, 1) € [0,T] x R™ x P2(R™), define

frtm,p) = flz, ot z,p0),p0), Ltz p) =Lz, ot z,pn),p).
We introduce the following assumption:

Assumptior8.2 Each of the function§,, f*, 6,,,. f*, d,L*, 6,,,L*, 6,,g andd,,, g is jointly
continuous in its arguments, and there exists a conétastich that

10, f (82, 3 y)| < Ca(l A+ [2] + |yl + ([y)),
0™ (&, 115y, 2) < Ca(1 4[] + |yl + |2 + (y)w);
|6, L7 (t, 2, i y)| < Ca(l+ |2 + [yI* + (|yD)j0),

[ L (82, 139, 2)| < Call+ [ + [yl + 12 + (lyD)0),
1609, 1 y)] < Ca(L+ [ + [y1* + (Y1)},

10019 (s 113y, 2)| < Ca(l + |2 + [y + 12 + (|y)7),

forallt € (0,7, z,y, 2 € R™.

We introduce the following master equation for the instrataévalue functio (¢, «, u1):

(3.10) 0= 0,U(t, @, 1) + Un(t, , ) f* (¢, 2, 12)

4 T Ut )5 + o)) + L° (1,7, 1)
(u(dy), 0y0, Ut z, p;y) f*(t, y, 1))
5 (), T2, U (1, ) (5 + So))
(

(P (dydz), Tr[0y-0,,U (t, z, 5y, 2) So))
dy)7 6ML*(t7 Y, 1 :E) - 6ML*(t7 Y, 13 y)>
dy), 0,6, U (t, s y) [0, (t, y, s ) — 6, f *“(t,y, 115)])

5 ldy), Tr{[0y20,, T (&, 113y, 2)]|-=y =),

(3.11) U(TI 1) = g(z, 1) + (1(dy), 6,9y, 3 x) — 6.9y, 13 9)),
(t,z, 1) € [0,T] x R™ x P2(R™),

wherel (t, i) is given by (3.9).

It will be helpful to explain how equation (3.10) is derive@ur method is to follow
the idea underlying Feynman—Kac's formula to derive an ggndor UX (¢, 2, 1) us-
ing the dynamics of X}, ;') in (3.6). Subsequently we separate terms of two different
scales, depending on whether they are multiplied\by- 1, to formally obtain two equa-
tions for UN andU, respectively. Finally, takingy — oo, we obtain a limit formU for
U™ and its equation (3.10). See appendix D for details. By thog@dure we have in fact
identified the equation df (see (3.14)) first and then show that (3.9) gives a solution.
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Our next step is to construct a particular solution to masteration (3.10). To do this,
we need to introduce another functidft [0, 7] x P2(R?) — R by the following equation:

(3.12)  0=0M(t,p) + (u(dy), 0y6, M(t, p;y) £ (t,y, 1))

5 lddy), TH326, M (1, 1) (5 + o))

—_

+ = (U (dydz), Tr[0y=0,, M (t, 115y, 2) So])
+ (u®2(dydz), 0,6,V (t, 2, s ) [0, f* (6, y, 13 2) — 0 f* (L, 15 9)]),

+ 3B dydw), TH{ (0,20 V (60,15, 2)] a5,
(3.13)  M(T,u) =0, (t )€ [0,T]x Pa(R™).

[\]

We have constructed this equation so as todsas an adjustment term in the represen-
tation of U (see (3.21) below). Wity known, we may view (3.12) as a linear equation.
Let the clas€’;, consist of all functionsV/ (¢, i) from [0, 7] x P2(R™) to R such that

(i) M(t, 1), O M(t, ) 8, M(t, p159), S M(t, 15y, 2), 90, M (L, p;y), 056, M(t, 1),
0y=0,,, M (t, s y, z) are jointly continuous; (i) for some constafi,,

|§HM(ta ,U,;y)l, |6MMM(t7M; Y, Z)' S Ca(l + |‘T|2 + |y|2 + <|y|2>ﬂ)7
|0y 6, M (t, 3 y)| < Ca(1+ [yl + (Y1),
1056, M (t, 1;9)| < Cay 10y20, M (L, 115y, 2)] < C.

We further introduce the following assumption.
Assumptior8.3. There exists a solutiof/ € C,, to equation (3.12).
Theorem 3.4. Under Assumption 3.1 defined by(3.9)satisfies the following equation
(3.14)  0=08U(t, ) + (p, L*(t,y, 1)) + (1, 0,6, U (L, p139) [ (£, y, )

+ = (1, Te[0;0,U (L, 115 9) (S + So)])

=N =

+ = (U2 (dydz), Te[0y=0,, T (¢, 113, 2)S0)),
(3.15)  U(T.p) = (m.g(y,n)), (t,p) €[0,7] x Po(R").
Proof. ForU defined in (3.9), we have
(3.16) 8 U(t wy) = V(ty, p) + x(t, 1) + (u(dw), 6,V (t, w, 3 y)),
wherey is a normalizing term. We have

(3.17) 8, U(t, sy, 2) = 8,V (t,y, 13 2) + Sux(t, 3 2) + 6,V (t, 2, 3 y) + x1(t, 1, y)
+ <:Uf(dw)7 5uuv(t7 w, 1Y, Z)>

()

Therefore,
(3.18) Oy=0,,U (t, 13y, 2) =020,V (t,y, 15 2) + 0y=0,V (t, 2, 115 )
+ <u(dw), ayzéuuv(tu w, 1Y, Z))

The partial differentiation in the last term can get inside integration by an application
of the dominated convergence theorem.
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Substituting these expressions into the right hand sid8.a&#j, we obtain

(319) ==

&

s V(ty, 1)) + (e, Ly, ) + (s Vi (89, 1) £ (8, 9, 1))
122 (dydw), 0,6,V (t,w, ;) f* (t, y, 1))

(1, Te[Vyy (8, y, 1) (2 + 20)])

(U2 (dydw), Tr[0y6,V (t,w, 113y) (3 + So)])

+ o+

+
N =N =N =N =

(U2 (dydz), Tt{[0y20,V (t,y, s 2) + 0y26,V (t, 2, 3 y)| S0 })

+

+

(U3 (dydzdw), Tr{0y»6,, V (t, w, 5y, 2) S0 }).
By a change of variables, we further apply Lemma B.2 to whitedonstituent term

(% (dydz), Tr[0y.0,V (¢, z, 1; y) Zo))
(3.20) = <u®2(dydz), Tr[0y=0,V (t,y, 1; 2)Xo).

Now after substituting (3.20) into (3.19), we sh@n= 0 by integrating both sides of (2.4)
usingu(dz), where we havéu(dx), 0,V (t, x, u)) = O {p(dx), V (¢, z, ). O

We now take

(3.21) Ut,x,p) =V (t,z,pu) + Mt p)
+ <M(dy)7 §;Lv(t7 Y, K3 .I') - 6MV(t7 Y, 13 y))

for (t,z, u) € [0, T] xR™xP2(R™), and proceed to show that this function satisfies (3.10).
Remark3.5. We explain the idea behind the representation (3.21). WeWg. (¢, %, u 1) =
SN Ve(t,x, u~t) and next expand (¢, z%, %) aroundu~!. The resulting sum is

compared with (3.8) to suggest the construction in (3.21).

Theorem 3.6. Under Assumptions 3.1, 3.2 and 303,defined by(3.21)is a solution to
master equatiorf3.10)with terminal condition(3.11)

Proof. See appendix C. O

3.2. A minimizer property for ¢. The next lemma gives a useful inequality resulting
from takingu® in place ofg(t, z, ) in equation (3.10) fot/.
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Lemma 3.7. Suppose Assumptions 3.1, 3.2 and 3.3 hold and’leée given by3.21)
Then for eachu € U, we have

(322) 0 < 3tU(t,I,,LL)—‘rUm(t,ZC,/L)f(ZC,U,,LL)
+ = Tr[Ups(t, z, 1) (2 + Zo)] + Lz, u, p)
pldy), By0,U (¢, ;s y) f*(t,y, 1)

dy), 6, L*(t,y, psx) — 0, L™ (t, y, 115 y))
dy), 0y, U (t, 11;9) [0, f* (8 y, s ) — 6, f* (L, y, 1159)])
5 (aldy), Tr{[Dy=0,,U (s 139, 2)] =y 3),
whereU is given by(3.9).
Proof. There are only two terms within (3.22) that dependwBy (3.21), we have
(3.23) U (t,w, ) = Vo (t, @, p) + (u(dy), 026,V (¢, @, 113 y)),
where differentiatior®,, can go inside the integral by dominated convergence. We have
Uw (t7 z, /L)f(l', U, ,u) + L(l’, U, ,u)
= [Va(t,z, 1) + (u(dy), 06,V (t, z, p;y)| f (. u, p) + Lz, u, 1)
> Vot 2, ) + (u(dy), 020,V (¢, z, s )| f*(t, @, 1) + L7 (E, @, ),

where the inequality is due to the choicefoh (2.6). On the other hand] satisfies (3.10)
by Theorem 3.6. The lemma follows from (3.10) and the abogquality. O

4. PERSON-BY-PERSON OPTIMALITY

Assumptiot.L ¢(t, z, ) in the solution paifV, ¢) for (2.4) is Lipschitz continuous in
(x, 1) € R™ x Py(R™), uniformly with respect ta.

Assumptior.2. There exists a consta6ty such thatup , max;<;<n E|X{|? < Cx.

Under the standing assumption (A1) and Assumptions 3.1 ahdf4(¢, x, ) is Lips-
chitz continuous ir{z, 1) with linear growth, i.e., for some constafi} 4,

(4.1) |7, ) = £ty v)| < Crg(lz —yl+ Wa(p, v)),
(4.2) [f5 (2, )] < Cro(1+ 2] + (Jyl)u)-
Proposition 4.3. Under Assumptions 3.1, 3.2, 3.3, 4.1 and 4.2,(f&¢, - -- , X}V) given

by (3.2), we have

sup max sup E|X/|? < COrx,
N 1SN o<e<T

where the constartir, x only depends ofil’, Cx, Cy ¢, X, Xo).
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Proof. Consider the closed-loop system
(4.3) dX} = f*(t, X}, py dt + odW} + oodWy, 1<i<N.

Take iy = %Zle 0y andps = %Zle 8,5 with 27,y € R™. Taking a particular
coupling ofx.; andus as the distribution assigning probabilityk at each pointa’, y7) €
R2", we obtainiVs (1, p2) < (222,127 = 7[)1/2 < 3 |27 —37|. Soin view of (4.1),
f*(t, X}, pu ") is Lipschitz continuous i X/}, ---, X}¥) ensuring that the SDE system
(4.3) has a unique solution dn, T]. Applying Itd’s formula to (4.3) and next taking
expectation, we have

t
EIX}|? = EIX; + E / X7 (s, X2, ) + Te(S + So)ds

t
) . ) 1
<E|X§P + TTr(S + o) + CMIE/ ) (14 1+ D |x%])ds
0 T ki

t
_ , 1
< EIXEP + TTe(S + o) + Cl/ (1 +E|IX!? + 1 > 1E|X§|2)ds.
0 T kA

Denotez; = max;<,;<x E|X/|*. We obtainz, < Cy + C fg(l + 22,)ds. By Gronwall’'s
inequality, we obtain the desired estimate with x as specified. O

For any fixed constank, > 0, let ujﬁg consist of allR"!-valued processes; :=
ul(t,w) that satisfy the conditions: (i)! (¢, w) is adapted to the filtratio&" = o(X}, Wk,
WO k=1,--- ,N,s <t), (i) E [ [u!(t,w)[2dt < K.

Remark4.4. Givena !, if ul(t,x1, - ,2x) is a Lipschitz feedback control law yielding
a unique closed-loop state procéss', - - - , X}V), we may identify such a control law as
the process?! (¢, X}, -+, X}V), which is adapted to the filtratiaf;" .

Denoteil} = ¢(t, X}, u; ') in (3.2). Then by Proposition 4.3, beIongsthfﬁ,% if Ko
is sufficiently large.

Theorem 4.5(Asymptotic person-by-person optimalityynder Assumptions 3.1, 3.2, 3.3,
4.1 and 4.2, fo(3.4)(3.5)and any fixed<, > 0, we have

J(N)(al(.),ﬁ(.),... ’ﬁN(.)) < inf J(N)(ul(.)7@2(.),... ’r&N(.))_i_EN’

soc y Ko ©S0C
u (')GZ’{]_—N

whereey = O(1/N) and J is defined by(1.3).

4.1. Proof of Theorem 4.5. Throughout this subsection, we suppose that all assungption
in Theorem 4.5 hold. Using Itd’s formula we obtain the faling lemma.

Lemma 4.6. Let the processesX/, - - - , X}V) be given by(3.4)+3.5) with initial states
(X, , X)) att = 0 andu} being any Lipschitz feedback contegli(t, X}, - -, X}V)
ensuring a unique strong solution®.4)~3.5), and denote the derivativésU (¢, z, 1; v),
S Uty 15y, 2), 8,U(t, w5 y), 0, U (¢, 3y, z) for U andU defined by3.21)and (3.9),
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respectively. Then we have
44)  EUT X7 uz') = U0, X5, 15 1)]

T
:IE/ {(%U(t,th, )+ U6, Xy DX ug )
0
1 _
+ iTr[Uxx(tv thv oy 1)(2 + EO)]

1 B o S
+N—12896#U(t7tha,ut 1§th)f (t, X{,p7)

j=2
+ W gy 2 AU X 5 X (54 5]
j>2
N 1ZTr8xy6 Ut XE i XE) o)
j>2
Y (0,6, U (X i XL X ) 20)
7>2k>2
122Tr8 St XE i XE, XE)S] fat
N >2
and
(45)  E[U(T,pp") = U0, 17"
T
o 1 L
:E/O {&U(t,ut 1)+—N_1zay5ﬂU(t,ut VXD XD )
j>2
1
+ 72( N1y 2 TO3LT (b i s X2 + Zo)

ji>2
> (020, Ut s X XT ) S]

_]>2 k>2

SN ZTr(? 8, U (t, Y XF, XF)® ]}dt.

k>2

Proof. For agentA,, by Itd’s formula involving the measure flofy:; 1,0 < ¢t < T’} (see
e.g. [9, 14, 11]), we have

dU(t, X} e ) = [0.U (4, X e ) + Un(t, X g D FXE g, g )]dt
+ 2Tr[Umc(t Xy, _1)(2 + Xo)]dt
+ Ua(t, X[ g ) (0dW + 00dWY)

1 o
+ N —1 Zayay’U(t’th’:ut ?Xj)f (thg,,Ut J)dt
j>2

> Te[026,U (8, X}y XT) (S + o)t
j>2

1
2(N — 1)

1 _ . .
+ v ; 8,0, U (t, X}, it XY (0dW] + oodWP)
-
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+ N— ;T‘r Dy, U (t, X1 iy 5 X F) o] dt

1 - ,
+ AN —1)2 Z Tr[0y:0,, U (8, X[y 5 X, X{ ) So)dt
J>2,k>2
1 _
+ SN TR > T(0y20,,U (8, X iy 5 XF, XF)S)dt.
k>2

Integrating both sides df, 7'] and taking expectation, we obtain (4.4). The proof of (4.5)
is similar and uses the following relation

(4.6) dU(t,p; ") = 0U(t, py ')dt + —Za S, Ut Y X £ (8, X3, 7 )it
j>2
1

[ 2¢ 77 -1, yvJ

1 L _
-1 Zay(sMU(thut 1,Xg)(0'thJ + UothO)
j=2
1 o |
! m > Tr0y-u Tt s XE X7 S0
7>2,k>2
S =17 2 T0e0uT b s XE X))
k>2

O

To obtain the crucial lower bound in Theorem 4.7 below, wednieeslightly rewrite
the integrands in (4.4) and (4.5) to relate to equationsOj3ahd (3.14) forU and U,
respectively. We proceed to introduce the following eresnts:

1

gtll = ﬁ 6 5 U(tuthaﬂt_leg)[f*(tuXgaMt_J) - f*(tuXt]nu't_l)]a
j>2
a 1 _
52 = m ZTr[ayzéuuU(ta thvﬂt I;vaXf)E]a
k>2

and

=D 00 (o XD 0 X ) = 1 X )

j>2
e B X XD = 0 X X))
Moreover, for2 < j < N, we denote
& =Lt X], ) = L*(t, X7 i )
— g O XT i XD) = 6L (6, X i XD,
¢ = g(X4, pur”) — 9(X7, 7"

1

— ﬁ[(sﬂg(XT7MT ’XT) 6Ng(X’}'7,Uz;17X,},)]
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Theorem 4.7. For (3.4)~(3.5)and every Lipschitz feedback control la, we have
@7  JEIW(),87() 2 E[U0, X, up ") + (N = DU(0, 15 )]

T N N
+E/O (f+eg+e+> e )arrEY €,
j=2 j=2

where the equality holdsif} = ¢(¢, X}, u; ) for all t € [0, T] in (3.4)for agentA;.
Proof. Denote
@a = 8tU(ta thv 71) + U (t thv 71)f(Xt autvlut )

1
+ _Tr[wa(t thaﬂt_l)(z + EO)]

+ —Za S Ut X g s X (6, XY i)
j>2
1 _ .
+ 2(N7—1) > T[026,U(t X} iy XS + o))
j>2
b S T8 U X X))
j>2
1 ) )
+ m _ Z Tr[0y-0,, U (t, Xi 1y 7Xt ,XJ)EO]
Jj>2,k>2

which consists of the first six lines in the integrand of (44) replacessat’j by ;' within
f* on the third line. Then from Lemma 4.6, we have the relation

T
E[U(T, X}, jizt) - U(0, X2, pig )] = E / (0% + &0 + £2)(1)dt

Similarly, based on (4.5), we define

o ==(N ~ 1){aT(t, ;" +—Z<95 Ultopy 5 XD £ (8, X7 )
j>2
! 25 T7(t. =L x7
+mzﬁ[ayéﬂ(](tuﬂt s X7) (3 + 3o)]
j=>2
s D 08Ut i ,Xf,X7)20]}
J>2k>

and

O =" 0,0,U(t, s XD (6, X7 7)) = £7 (8, X M),

_]>2

04 = ZTr@ 8, Ut ur s XF XY,
k>2

Using (4.5), we obtain

(N = DE[U(T, p") = U0, )] = E/OT(@b +67 + 03)(t)dt
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Subsequently, we obtain
(4.8) E[U(T, X7, pp') + (N = DU(T, pg")]
—E[U(0,Xg,15") + (N = 1)U(0, 1 )]

T
:E/ (O + &7 + 65+ 0%+ 68 +0b)at
0

We need to further decompo&® as the sum a of a main component and a small error
term. For this purpose, denote

1 _ _ _ . — )
*ﬁzaya,u[](ta#t )[,uf (t, tha 1aXt1)_5,uf (t, X7, e 1§th)]-
Jj=2
Then we hav®? = 0% + ¢b whereg? is viewed as a small error term. By (3.14), we have
©" = — (N = 1){uy ' (dy), L*(t, y, 1 1))-
For (4.8), denote
0" =0"+ ¢ + &5 + 0"+ 0) + 65

Now we have

0" =0"+0"+0] + 05 +¢&f +&5 + ¢

= {8tU(t thv _1) + Us(t, thv _l)f(Xt autaﬂt )

+ mUm@ X} ) (S + Zo)]

+N—Za 0uU (6, Xy s X7 (6. X iy )
T2
1
+—— TY[035,U(t, X}, L XH(E + 2
N 1) 2y POl X XD (3 )
+—ZTI'(Q)M;6 U(t XtaMt 7Xt )EO]
j>2
1
LT > T[0y= 0, U (6 Xt XF, X ) S0]
3>2,k>2
1 = — j *
—_126y5HU(t,Mtl;Xg)[5uf (thtvﬂt 7Xt)
j>2

- 5Hf*(t7Xt]7/'Lt 7XJ)]

TSy > (0,8, T (b s XEL XS )z]} (= T)
k>2

— (N = D){pg (dy), L*(t,y, pi 1)) + €5 + €5 +€°
=T — (N = )y (dy), Lty g 1)) + &7 + €5 + €.
Now Lemma 3.7 implies, after setting= X/, u = p} andy = p; ' in (3.22), that
(4.9) T+ L(X} uy, Y
+ (g (dy), S, L (6 y, py 5 XY) = 0L (L, g 5y)) > 0,
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where the equality holds if} = ¢(t, X}, ;') in both Y andL. It follows from (4.9) that

O > — L(X} uy, 1y ") — (g ' (dy), 8, L*(ty, iy 5 X)) — 8, L* (8, y, 1 5 y)
(4.10)  — (N — 1){uy (dy), L* Ly, g 1)) + €8 + €5 + €

We have

(4.11) ZL (67 1) = (N = D)y (dy), L (t,y, )

Jj=2
N
+ (N dy), SuL* 6y iy 5 X)) = 0uL by, g s y) + Y &F
j=2
and, in view of the terminal conditions éf andU,
N ) ) . N
(4.12) > 9(Xipg?) = U(T, Xp, ppt) + (N = DU(T, ') + ) €4
j=1 j=2
Combining (4.10) and (4.11) yields
N . . N
(413) ©7(t) = —L(X} uy, 1) = Y L', X ) + &+ &+ €+ &
j=2 j=2
By (4.8) and (4.13), we have
(4.14) E[U(T, X1, up') + (N = D)U(T, uy")

T
—E[U(0, Xg, g ") + (N = 1)T(0, ug )]

T N
> —IE/ [L(Xt,ut, 1)+ZL*(t,X‘Z,uZ"')}df
0

+]E/OT (§$+§§+§b+;§f)dt.

By (4.12) and (4.14), we have

T N
E/O ZE TR B SYAS ety }dt+]EZg X3, 177
j=2 Jj=1

> E[U(0, X3, 19 ") + (N = 1)T(0, 1151
T N N
E a a b L d E 9
+ /0 (51 +& +¢ +;§7) t+ j;gj’

where the equality holds if} = ¢(t, X}, u;*) for all t in (3.4) for agentA, . O
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Lemma 4.8. For (3.4)+3.5), we have

a C j

(4.15) 6811671 < s (L 12 + X + (lyl), ),
c

4.16 I < —

(4.16) 681 <~
O .

@.17) 1< T+ XA X 4 (%)),
C .

(4.18) €1 < g (L XA+ X + (ol )

Proof. By (3.21) we calculat®,6,U (t, z, u; y) and use Assumption 3.1 to obtain
(4.19) |0y0, U (t, @, psy)| < C(L+ || + [yl + (yl))-

Next for =7 == 15 S,y 6,+, we have

(4.20)  fr(t,al,070) = fr(tad uh)

1
= /0 /%f*(t,xj,u_l (e = p )y (T = ) (dy)ds.

Denotejis ==~ + s(pu=7 — p~t) andAd 1y = =9 — p~L. Assumption 3.2 implies

* PN | 1 * N * PN |
uwtf (t,x",us;y)A"’lu(dy)’ = g0 f " (6 s @) = uf (a7, s 7))
Y

C

. 1
< 1 J 1 - k)'
_N—l( +|x|+|x|+N_1kz>2|x|

Subsequently, by (4.19) and (4.20), we have

(4.21) €] < =7+ 2012+ X717+ ()2 )
C .
< m(l + |th|2 + |Xg|2 + <|y|2>#;1)-

Next, we use the growth conditions &, as specified b¢y,, and the semi-symmetry
property (B.11) to establish

(4.22) 1026, U (8, X,y ' XF, X)) < C,

which implies the bound d€| in (4.16). To get the bound ¢f°|, we write

(4.23)  fr(t, 2, p70) =f2 (42l ph) + (A u(dy), S f (el n )

/// SO0, i s7(u T — )y, 2)

- AP p(dy) A p(dz)drds.
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Denotejis » == p~ ' + sT(u™7 — p~t). Then

/ St (a7 sy, 2) A p(dy) A pu(dz)
Y,z

1
N -1
1

- m{[éwf*(ta xja ﬂs,‘r;xlaxl) - 5uuf*(tv xjvlls,rwja 551)]

/[(muf*(t, $j7 ,[Ls.,f; Il; Z) - 5u,uf*(ta Ija ﬂs,‘r; Ijv Z)]Aj’lu(dz)

z

- [5uuf*(t7 xja ﬂs,r; xluxj) - 6uuf*(t7 xj, [)’S,T; $j7 xj)]}

Consequently, under Assumption 3.2, we have

(4.24) [ (6 i 2 A () A ()
Y,z

__c
T (v-1)?

We use Assumption 3.1 to obtain
(4.25) |8y5uU(ta 122 y)| < |(9yV(t, Y, :U')| + |<M(dw)u ayéuv(ta W, 45 y)>|
< O+ Jyl + (ylw)-

By (4.23), (4.24) and (4.25), we obtain the bound&f in (4.15). Finally, we follow the
method in (4.23) to obtain (4.17) and (4.18). O

1+ |zt + |27 + (Jyl) )

Lemma 4.9. There exists a constanty, depending ork, such that for(3.4)«3.5), we
have

4.26 sup su max E|X!]? < Ck..
( ) Np . Ii(o 1<i<N,0<t<T i < O
u GZ/{J:N

Proof. By Itd’s formula, we have

t
X = XGRSO )+ (4 ) s

t
+ / XM (ocdW} + oodW?).
0

We have
N

1
TP k)] < C1X2 - (141X + fudl + 57— DO 1)
k=2

N
1
<C(1+IXIP + [ulP + —— D IX4?).
<O(1+]XP + Juy] +N_1;| q
Then it follows that
t
(4.27) E|X})? §E|X5|2+C/ (1+1E|u;|2+ max E|X§|2)ds.
0 1<k<N

Similarly, for k > 2, we use Assumption (A1) and linear growth@fn Definition 2.1 to
obtain

t
(4.28) E|XF|? <E|XE)? + C/ (1 + max 1E|X§|2)ds.
0 1<k<N



MEAN FIELD SOCIAL OPTIMIZATION: PERSON-BY-PERSON OPTIMALTY 21

Next we follow the proof of Proposition 4.3 to use Gronwalemma to obtain (4.26).1
Proof of Theorem 4.5 By Theorem 4.7, Lemmas 4.8 and 4.9, we obtain
J (@, a7t = E[U(0, Xg, g ) + (N = U0, i) + O(1/N),

J3 (ut, 07 > E[U(0, Xg, 1) + (N = 1)U(0, p1g1)] = O(1/N)

sSocC

forallu'(-) € L{f}i,. Then Theorem 4.5 follows readily. O

5. EXPLICIT SOLUTIONS INLQ MODELS

This section uses LQ mean field social optimization modelustrate explicit solu-
tions of the master equations Bf M andU. The individual agent has the dynamics

(5.1)  dX! = (AX!+ Bui + GX")dt + DAW} + DodW?, 1<i< N,

where the initial states are independent VIE{X || < co. The individual cost is given by
(5.2) J; = E/O (X7 =X =l + ulT Rub)dt + B[ X5 — T X5 —npf?)
whereX{ ™" = A 3N X/ and|z[? = 27 Qz. We have symmetric matrices
Q > 0andR > 0. Denote the social costo.) = SN T

5.1. The master equation of the value function.Denotez = (u(dy),y) € R™ as a
function of u. For the model (5.1)—(5.2), corresponding to (2.6) we cweiiee

® =V, (t, o, u)(Az + Bu' + Gz) + |v — Tz — |5 + u'" Ru’
+ (u(dy), 0.0,V (t,y, u; x) (Az + Bu' + GZ)).
The minimizer of® takes the form

i 1 __

u = ¢(t7 €, M) = _§R IBT [VzT(tu xz, :u’) + <,U,(dy), agéuv(tv Y, 1 .I')” .
The master equation (2.4) becomes

- 8tv(ta €T, ,U)

1
=V, (t,z, pn)(Az + GZ) + §Tr[Vm(t, z, ) (DDT + Do D))
1
a2t -1 Ty, T
+|z-Tz 77|Q 4VQCBR BV,

<,U,(dy), aw(suv(ta Y, 1 ZC)) : BR_IBT : <M(dy)7 6géuv(ta Y, 13 ZC))
w(dy), 0y0,V (t, z, 3 y)[Ay + Bo(t,y, u) + GT])
(u(dy), Te[076,V (t, x, s y) (DD + Do DJ)])
11(dy), Tr[02y 0,V (t, x, ;) Do DY )

+ + 4+ + +
TN = T

N =

<IU,®2 (dde), ’I‘r[ayzéuuv(ta €, Y, Z)DOD(,{]),
whereV (T, z,u) = |z — 'y — 77f|2Qf-

We take the ansatz
(5.3) V(t,z,u) = 2" P(t)r + 2" A1)z + 20" H(t)z
+ 227 S(t) + 227 0(t) + r(t),
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where the function®(¢), A(t), - - -, r(t) are to be determined, witR(¢) andA(t) being
symmetric. We calculate

5,V (t,x, pyy) =287 Ay + 207 Hy + 2970 + x(t, x, ),
OunV(t,x, iy, 2) = 2:TAy + Sux(t, @, s 2) + x1(t, 2,9, 1),
and derive the ordinary differential equation (ODE) system

(5.4) P=—-ATP—-PA+PBR'BTP—Q,

(5.5) A=—(A+H)BR'BT(A+HT)
—AA+G-BR'BY(P+A+H+H)
—[A+G-BR'BY(P+A+H+H")TA
+H'BR'BTH - H'G-GTH -17Qr,

(5.6) H=-A"H+PBR 'B"H

—H[A+G-BR'BY"(P+A+H+H")] - PG+Qr,
(5.7) S =—-ATS+ PBR'BTS + HBR 'BT(5 +0) + Qn,
(5.8) 0=H"BR'BTS+ ABR'BT(S +0)

~[A+G—-BR'BY(P+A+H+H")"0
—(A+H)BR'BT9 - G*s —17Qn,

(5.9) 7=STBRBTS +#T"BR BT (25 + 6)
—Tr[(P+A+H+H")(DoDg)] — Te(PDDT) — " Qn,

where the terminal conditions are
P(T)=Qs, AT)=T7QsTy, H(T)=-QsIYy,
S(T)=—=Qny. O(T)=TQsmys, r(T)=n;Qsny.
We determine the control law
(5.10) o(t,x,p) =—RAIBT[Pr+(A+H+H")z + S +6).
Theorem 5.1. The ODE systertb.4)~(5.9)has a unique solutiofP, A, - - - , ) on [0, T].

Proof. We first obtain a unique solutioR on [0, T']. DenoteZ := P+ A+ H + H™. By
the ODEs of( P, A, H), we can show thaf satisfies the following equation

(511) Z=-(A+G)"Z-Z(A+G)+ZBR'B"Z - (1-D)TQ( -T),

whereZ(T) = (I — F?)Qf(l —T'y). We start by solving the standard Riccati equation
(5.11) to get a unique solutiof(t) on [0, T]. SettingP + A + H + H” in (5.6) asZ,
we determineH using a linear equation, and further obtain= Z — P — H — HT.
Subsequently, we solve two linear equations to oht&i). Next, is determined from a
linear equation.

The above calculation gives a solution of (5.4)—(5.9J@A’], which is clearly unique
by the local Lipschitz continuity of the vector field of the @Bystem. O
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5.2. The equation of M. Given the control law in (5.10), we determine
fH(t,z, 1) = (A— BR™'B"P)z + Gz — BR™'B"(S + ),

where

(5.12) G(t) =G — BR'BT(A(t) + H(t) + HT ().

Now master equation (3.12) reduces to the following form:

(5.13) 0=, M(t, 1) + {u(dy), (9,8, M(t, 1) f* (£, y, 1))

+ 5 (ndy), TH[328, M (1, y) (DD + DoDY))

5 (WO dydz), Tr0,20,, M (1, sy, 2) Do DY)
— (u®(dydz), (0,0, V (t, 2, s y)] - [0 f " (6, y, 13y) = 0, f ™ (t,y, 13 2))])
+ Tr(ADDT),
(5.14) M(T,pu) =0, (t,u) € [0,T] x Po(R™).
We take the ansatz
(5.15) M(t, 1) = (u,y T (t)y) + 27 Tg(1)7 + 2270°(t) +r°(t),
wherell§ (t) andII§(¢) are symmetric. This gives
M (t, i y) = y IS 1)y + 22" T3 ()y + 247 6°(t) + X (1, ),
S M (t, 113y, 2) = 22Ty + 6, (¢, 115 2) + xa (t, Y, ).
We derive the following linear ODE system:
119 = —19(A— BR'BTP)— (A— BR'BTP)TTI — (HG + GT"HT),
3= —M3(A+G—-BR'B"P)— (A+ G — BR™'BTP)T1I3
—IG -G + HG + GTHT,
6°= —(A+ G- BR'BTP)T¢° + (I1Y + I3)BR' BT (S + ),
7 =20°" BR™'BT (S + ) — Tr[(11{ + A)DD™ + (119 + 119) (Do DY),
with the terminal condition$I$(7") = TI3(T) = 0, 6°(T) = 0 andr°(T") = 0, where the

functions(P, A, H, é, S, 0) have been determined from Theorem 5.1 and (5.12). The next
proposition is obvious.

Proposition 5.2. The ODE system ofI1¢, I13, 6°, r°) has a unique solution df, 7.

Remark5.3. In view of Theorem 5.1 and Proposition 5.2, for the model ¥5(8.2), we
may verify Assumptions 3.1, 3.2, 3.3, and 4.1.

5.3. The solution of U. We use (3.21) to construct a solutionfin the linear quadratic
case and obtain

(5.16)  U(t,a,p) =" Pz + (u,y" (1§ — H — H )y) + 2" (113 — A)z
+2eT (A + H + H)Z + 227 (S + 0) + 2270° + 7 + r°,
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wherez = (y),. On the other hand, we may also directly solve (3.10) by logKbr
guadratic solutions of the following form

(5.17) Ut,a,p) = 2" T () + (p,y" T3(t)y) + 2" T5(1)z
+ 22105 (1) 7 + 2275 (t) 4+ 227 0° () + r°(1),
wherell§ (¢), II$(¢) andII$(¢) are symmetric matrix functions of

Theorem 5.4. For the mode(5.1)+5.2), the master equatiof8.10)has a unique solution
U within the class of quadratic solutions, which coincidethwie representatio(b.16)

Proof. By use of (5.17), we derive an ODE system bif, I13, - - - , #°). We further show
solvability the ODEs one by one, in the following order togdk = P, 11 =11 — H —
HT I =A+H+ HT, I =113 — A, S° =S +0,0° = 0°, andr® = r + r°. The
solution is clearly unique by the local Lipschitz contiyygtroperty of the vector field of
the ODE system ofTI§, IS, - - -, °). O

5.4. An example from systemic risk. In the system of inter-bank lending and borrowing,
the state processes &f banks, as the log-capitalization defined in [15], have dyinam

dX} = uldt + o(\/1— p2dW} + pdW?), 0<p<1,

with the initial valueX§, whereWw?, W, ---, WX are independent standard Brownian
motions. TheV banks obtain the somal optimal strategy through miningzin

Js(é\(/;) Z’] u = (ula"' 7U‘N)7
where

T
Hu) =B [ L0 ul, Xt + By X7)
0
with X~ := L5 3, X/, running cost
Lz, ut, 2) = (u')? + 2qu'(z® — 2) + eo(z' — 2)%,  ¢* < e,
and terminal cosy(z?, z) = c(a® — 2)2. The parameters, ¢, andc are positive with

¢ < ¢ to ensure convexity of the running cdstz?, u*, z). See [15] for an interpretation
of ¢ in terms of incentive for lending/borrowing.

5.4.1. The direct solution Denotex = (', --- ,z™)T. The value function is

UN (t,x) mfZE l/ X ul, XYY ds +g(XT,X( z))]

where(t,x) € [0,T] x RY. By solving the HIB equation df__, we obtain

soc!?

UN (t,x) = xTP(t)x + r(t),
whereP(t) hasN diagonal entries; and off-diagonal entries all equal 1@, with
e 2 o qa 2 E()]V
0= —(m +q) (7T2 N—l) (N — )+N
P o i
o= r2-3m+a)(m - ) - (- ) v -2
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wherer;(T) = ¢N/(N — 1) andme(T) = —eN/(N — 1)2. The optimal control law of
thei-th bank is

N
“N,i i q k
(5.18) oVt x) = —(m + @)zt — (1 — —— Z a.
(- v) 2
Denote the ODE
(5.19) 0=Py— (Pa+q)?+e, PuT)=c,

which has a unique solution g, 7]. We can further showupg << |71 (t) — Pa(t)| =
O(1/N). By checking the ODE of N — 1)m,, we obtainsupy<,<p [(N — 1)m2(t) +
P;i(t)] = O(1/N). As N — oo, the optimal control law (5.18) takes the limiting form
(5.20) @'t 2’ p) = [Pat) + q)(z — "),

wherez = (u, y). Comparing (5.20) with the open-loop and closed-loop Nagllieria
proposed in [15], the social optimum has the same solutidghemean field game has in
the limit N — co.

5.4.2. The master equation-based contr@y (2.6), we obtain the minimizer

L 1 1
(521) u = _ivm(ta z, ,u) - Q(‘T - :E) - §<:u'(dy)a am(suv(ta Y, 13 (E)),

wherez := (u,y). We take the ansafZ (¢, z, u) = P(t)z? + A(t)z? + 2H (t)zZ + r(t)
and derive
0=P—(P+q)*+ e,
0=A+(A+H)?—(H—-q)?—-2MP+A+2H) + €,
0=H—(P+q)(H—q)— H(P+A+2H) — e,
0 =74 0?P+o*p*(A+2H),
whereP(T) = ¢, A(T) = ¢, H(T) = —¢, r(T) = 0. Clearly, P = P, on[0,T]. Denote
7y, = AN+ 2H, and we use the equationsfand H to write the ODE:
(5.22) 0=21+(Z1—q)* —2(P+Z1)(Z1 —q) — €0, Zi(T) = —c,

for which we can show thaf; = —P is a solution. By uniqueness of the solution of
(5.22), it follows thatA + 2H = —P on[0,T]. Subsequently, we determiré from a
linear equation using the equationifafter setting\ + 2H as— P; this in turn determines
A. The above solutiof\P, A, H) is unique. The control law (5.21) now becomes

a'(t,x, ) = —{[P(t) + qlz + [A(t) + 2H(t) — ¢]7}
= [P(t) + q)(z — 2),
which agrees with (5.20).

6. CONCLUDING REMARKS

Our performance estimate via multi-scale analysis has based on existence of suf-
ficiently well behaved solutions of two master equationsifoand M. For future work,
it will be of interest to develop existence results follogisuch methods as in [9, 16] for
more specific models.
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APPENDIXA: A FORMAL DERIVATION OF THE MASTER EQUATION OFV

This appendix considers a more general model with diffusaefficientsr (X7, u?, u; %)
andoo (X7, ul, u; *) before specializing to the form in (1.1). This will give us radn-
sights into the dynamic programming method. Below we adogtg denoteX(z, u, 1) ==
(ooT)(x,u, p) andSg(z, u, p) = (ool )(x, u, 1.

Now we take initial timet € [0,7) and initial stategz!,--- ,z"). For the feedback
control law¢, denote the controlled state processes for agéntg # i, as

(A1) dX] =f(XT,6(s, XT, u57), s P)ds + o (X, ¢(s, X, 157, s ? ) AW
+ Uo(Xg, o(s, Xg,u;j),u;j)de, s>t
For agent4;, we have

(A2) dX! = f(Xul,u") 4+ o(XEul, uy " )AWE + oo(X L, ul, py )AWY, s > t,

where we take:! = u’ € Ufor s € [t,t +¢€) andul = ¢(s, X!, pst) on[t + ¢, T).

A.1. The control perturbation of A;. Note thatV¢ (¢, %, 1) is defined orf0, 7] x R™ x
PN-1(R"), wherePY~1(R") is only a subset o, (R™). We still formally denote the
derivative 5,V (¢, 2%, ui; y), which is interpreted in the following sense: for anye
Paw H(R™),
VO(t,xt v) = VO(t,xt ) = /6MV¢(1€, 2t s y) (v — p)(dy) + o(Wa(v, ).
Y
We give an example to illustrate.

Example A.1. Supposé(t, 2%, u=*) = 27Tl (t) ' +2 T T, (t) 2D 422 T o (1) 2D,
wherez(=) = (y) - = 7= Zsz#i 27 andIl, (t) andIl,(¢) are symmetric. Then
(Suh(ta :Eia /1‘717 y) = 2yTH2 (t) <y>#—i + 2xlTH12(t)y + X(ta :Eia lLLii)’

wherex(t, z¢, %) is a normalizing term.
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We further formally denote the second order derivadiygV (¢, 2%, u; y, ). We make
formal usage of partial derivativésV ¢, 0,: V', 02, V?, 0,6,V (t, 2%, 3 y), 00,6,V (t, 2%, 115 y),
(955”‘/(75@, ' y)v ayz5HHV¢(tu x5y, Z)

A.2. Cost estimate ofA;. Under (A.1)-(A.2), letJ; be given by (2.3). Taking a fixed
constant control’ (given the initial conditior(¢, z*, 1)) on the small intervalt, t + €],
we have the approximation

(A3) Ji=L(a' ',y e+ VOt )
+ OVt at, e+ 0 VOt at ) f(at ut, e
+ ETr[aiiV¢(t, AN DI CARTANTI [
1 2 @ i —q T, —1
+§’I‘r[amlv (t,x s 1 )EO(‘T y Uy [ )]6
+E(Au" (dy), 6,V (t, 2", 5 y))
+E(Au (dy), 0,8,V (t, 2, s y)Ed)
1 . ; :
+ iE//5uuV¢(t,xZ,u’l;y,Z)Au’z(dy)ﬁuﬂ(d@
zJy
+ o(e),
whereAp™ = p; ). — p~* and
fz = U(xiv uiv M_i)(Wngé - Wtz) + Uo(fL‘i, ui’ M_i)(WgFE - Wto)

The three expectations in (A.3) are needed since the eraiistribution;:; . is random.
Within J;, denote

Ki(t, o', p= ) = L' ul, 77 + 0, VOt a' ) f (2 ul, )
1 : , S
+ TRV (2t B u', i)
1 , , S
+ iTr[a§7 V¢(ta Ilv ﬂ71)20 (Ila uza H*Z)].
The sumkC; explicitly depends on?. The remaining components if) receive either no
or negligible impact from:’. The optimal choice ofi?, however, is not to simply minimize
K. Instead, one should take into account the impaet‘ain all other agents, which we

call the social impact.
We check the double integral termii. As N — oo, we obtain the approximation

1 i —i —i
QE//éwV‘i’(t,w%u sy, 2) A" (dy) Ap~" (dz)
zJy
€ .
~~ —//Tr[(?yzzsuuvgb(t,:cz,u;y,z)
2.y

g0 (Zv (b(tv Z, /L)? ,LL)O'g (yv (b(tv Y, ,LL), /L) ,u(dy)u(dz),

wherey~* has been approximated ly
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A.3. Cost estimate for all other agents.We check how:! = u’ on [t, ¢ + €] affects the
cost of agent4;, j # i. By symmetry of the dynamics of th¥ agents orjt + ¢, T, the
cost of 4, on [¢, T] may be written as

. ) t+e ) . . . .
(Ad)  Ji(t,a, p7 u()) = E[/ L(X?,ud, p;7)ds + VO (t +e, X! . u;fe)} ,
t

whereu! = ¢(s, X7, u;7) on the whole intervalt, 7). In general/;(t, 27, p=7,u(-)) #
Ve(t,x?, u=7) sinceu’ may differ from¢(s, X!, us%) on [t,t + €]. Then we take the
expansion of (A.4) to formally obtain

Jj=L(a?, ¢(t, 27, ), p e+ VOt 2l u)
F OVt e+ 0p VOt a?, w) (2, ot a7, n7), 7 )e

AN DR (NN )

1 . ) . . ) .

+ T3 VOt a7, i) S0 (2, ot 27, ), 17 )]e
+E(Au (dy), 8, VO(t, 27, 75 y))
+E(ALTI(dy), 0,38,V (t, 27, n ™5 y)E])

1 . . . .
+ §E/ S VOt 2!, ™75y, 2) Ap (dy) Ap™ (dz) + o(e)
zJYy
=Jj1+-+ Jj_]g + 0(6)7

whereg! = o (27, u!, =)W}, . — W) + ao(a?,w/, p=7) (W2, — WP) with v/ =
é(t, 27, n~7). The nine terms/; ;, are identified by their order of appearance. Note that
the first six terms in the sum are not affectecdy= U.

In the following we use the notatiod),V (¢, z, u;y) andd,,, Vo (¢, x, u;y, z). Thus
D20, VO (t, 27, p; ¥, ') stands f0i0,.6,,V? (¢, 27, 13y, 2)|y—ah 2—yi- We have

Jiz =B — 1w)(dy), 6,V (t, 27, 75 y))
1 _ . . _
:—_ Z E[(S#VQB(LIJ’M?J;X?A—E) - 6#V¢(t7xjhuij;xk)]
keN—{i,j}
1 o S
+ ﬁE[éuvd)(ta 55‘77M J; Xt+e) - 5HV¢(t1 ‘TJ, H ]; T )]7

where the second to last line has a much smaller dependencetioan the last line has.
Specifically, whenu’ has a change of magnitude(1), it results in anO(e) change of
X/, ., whichin turn causes afi(e*/N) change ofX/, .. ForJ; 7, we estimate the second
component in the above sum and have

1 S o
Jji = ﬁE[5uV¢(tafCJau_];X§+e) — 0,V (t, 2l 752"
1 o

= m{axi5uV¢(ta a7 wt) f(at ut e

+ =Te[02:6, VO (t, 2!, p 752" S (2t ul i 7)]e

N — DN~

+ =Tr[026, VO (t, a7, w75 2" 8o (2F, ul, ™ ")]e + o(e)}.
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Next we have
Jjs = B(Au (dy), 0,50,V (t, 27, ™7 y)e])

1 ‘ . ‘ | |
No1® 0,56,V (t, 27, w7 XF ) — 0,00, VO(t, a7, 75 a%)]e]
keEN_;
1 . .
o 3 W0 VO )
kGij

AR LT AN C AT u_j)} €+ o(e).

In the last summation! = ¢(t, 2!, ') for all | € N_;. Within the above sum foy; s,
denote its component with = i, which depends on’:

Jj8,i =

€
N -1
To analyzeJ; o, denote
Ent = 8 VO (t, 27, 775 th+ea th+5) — 8 VOt 2, 2, th+e)
— 6 VOt I X o) 4+ 6, VOt 2 w2, 2.

Tr[awﬂml 5HV¢(t7 :Eju N_j; :Ei) : 0’0(.’L'i, uiu M_i)a(:)r (‘Tju uju /14_7)]

We have
1 . , . 4
Ji9 =5 / SunVO(t. 2, sy, 2) A (dy) Ap (dz)
zJYy

1
=W _Tp 2. B

k,lEij
1 -
(N —1)2 > |00 VOt ik )
k#Lk,IEN_;
' UO(Il;ul;,uil)Ugj(Ik,Uk,lu/ik):|€+ O(E)}

1 N

_ ¢ P B W

+ 2(N_1)2 Z {ﬁ[ayzéﬂﬂv (thJ?/'L va , L )

kE/\/,j

(24 Zo)(a*, ub, 1) e+ o(0)

whereu! = ¢(t, 2!, u~!) for eachl € N_;. Subsequently, within the expression.hfo,
we have the following:’ dependent components:

< i —d i
Jj0i = m Z Tr [8yz5MLV¢(t,x],‘u ‘7;Ik,x )
keN—{i,j}
~oo(zt,ut, ptog (aF, o(t, 2", u’k),u’k)}
< i i
e X )
leN—{ij}

N e N N L AR
€

o 1) 00V O (b st ) - (B0 + D) (et ).
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A.4. Approximation. For largeN, all the empirical distributiong =7, 1 < j < N, may
be approximated by a commene P2 ~1. For.J; 7 ;, denote

Pj,7(t7 Y, K, :Eiu uZ) = 6x16uv¢(t7 Y, 13 xl)f(xl, uiv ,U,)

1 ) o
+ ETr[ailaltV(b(ta Y, K3 IZ)E(Izv uzv /L)]

1 . o
+ S Tr(07:0u VO (b y, 5 2") B0 (27 ', o).

We take the approximation

Z J’,7,i ~ 6/ Pj,7(t7 Y, 1y xiv ul)u(dy) = K2(t7xi7uiaﬂ)67
JEN—; Rr

> Jj,g,we/ Tr[Dyai 6,V (8, y, s 2" )oo (¢, u', w)og (y, d(t,y, 1), )] p(dy)
JEN_; "

= K3(t,z%, u’, p)e.

Next,

Z Jj9.i

JEN_;

€ . . . .
%ﬁ Z Tr[aywiéuuv(b(tu ‘ij MY, xl) ] (xla uz7 M)U(:)F (y7 ¢(t7 Y, ,U,), /L)],U,(dy)
i Y

€ . . . .
+ ﬁ Z/Tr[amizéuuv(b(tuxjaﬂ;xzuz) : 00(27¢(tvzau)7/J')Ug(xlauZ?M)]ﬂ(dz)
J#i 0 F

/ /M%y%ﬂ%ﬁ w, iy, x') - oot ut, wog (y, d(t,y, 1), 1) pu(dy) p(dw)
wJy

~
~

S [ [ 00Vt 2) o0 602, ) o )l )

=y(t, 2" u’, e

A.5. Cooperative optimizer selection.Within the mean field limit, we consider €
Po(R™), and the control law)(t, z, i1). The functionV?¢ (¢, z, 1) is defined on0, 7] x
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R™ x Po(R™) and does not depend dvi. By adding upCy, K2, K3, andkC4, we define
O (t, x,ut, 1, V()
=L(z,u’, p) + 0.V (t,x, ) f(x,u’, p)
+ OV (1, )t )] + 5 THORV (1,2, 1) B0 ' )
+ <u(dy), {8x5uV¢(ta ys 113 2) f (0, 1)
+ Tr[0,y 6,V (8, y, 115 2) 00 (y, d(E,y, 1), p)og (', )]

+1Tw%@JW@4hmx»x@uﬂuﬂ
Te[028,V (1, y. i 2) So (. w' )] b))

p®? (dydw), Tr[0y00,,, V(8 w, 3y, ) - oo (2, u', p)og (y, d(t,y, 1), 11)])

+  +
1\3|>—~L\>|}—l1\>|}—‘
/\

/\

p®?(dzdw), Tr |:8mz5uuv¢(tu w, (X, Z)
(AS) : UO(Za¢(tazau)7ﬂ)ag(xauiau):|>a

where the control law has been used by other agents. We taékkas a minimizer ofb?
to obtain

(A6) (I)¢(t7 Z, ﬁ’l(ta xz, ,LL), s V¢()) = min (I)¢(ta xz, uiv s V¢())

The selection ofi’ takes into account its impact on bothand all other agents’ costs. The
remaining step is to specify by a consistency condition to be introduced below.

A.6. The master equation. Combining (2.3), (A.3) and the optimizer selection rule@).
we introduce the master equation (as a special HIB equation)

— OV (t, 3, 1)
= Vit ) i ) + 5 TRV (6, ) S )]
+ 1Tf[aQV(t, z, ()Xo (w, 4, p)] + Lz, 4", p)
(dy), 0y0,V (t, @, y) f (y, &L,y 1), 1))
(u(dy), T[050,V (¢, 2, 1 9) E(y, d(t, v, 1), 1))
(u(dy), Te[076,V (¢, 2, 113 y) S0 (v, (t, v, 1), 1))
p(dy), Te[0uy 6,V (8, 2, 1Y) - o0(y, $(t, y, ), p)og (2, 4°, w)])
(B2 dyd=), (0,25, V (1., 159, 2)
~00(2, ¢t 2, 1), 1) (y, S(t,y, u),u)} )
where(t, z, 1) € [0,T] x R™ x Py(R™) and the terminal condition is

V(Ta €L, ,LL) = g(Ia ,LL).

<
L1
oW
1
2
(

_l’_
_l’_
_l’_
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Moreover, the control law is required to be equal to the optimizér, i.e.,

(A7) a'(t,x, p) = arg min (¢, z,u’, p, V(-)),
uelU

(A.8) ot , p) =i’ (t, , ),
where (A.8) is called the consistency condition and
(I)¢(t7 x, uia M, V())
= L(l’, uiu ,u') + Vw(tu Z, ,u')f(xla ui7 /'L)
1 , 1 .
+ §TI'[8§V(t7 €, /,L)Z(CC, ul’ :u)] + §Tr[8gv(t7 &€, /,L)Eo(x, ul, :u)]
+ <u(dy), {5m5uV(t7y, i) fx, ', )
+ Tr[Duy 6,V (L, y, 115 2) 00 (y, d(L, y, 1), p)og (0, )]
1 .
+ 5 TR020,V (8, y, s 2) B, ', )

+ Tr[(?ﬁ&uV(t,y,u;w)zo(%uiaﬂ)]}>

+ = (u®*(dydw), Tr[0ys6,, V (t,w, sy, x) - oo (2, u’, p)og (y, o(t,y, 1), 1))

=N =N

(A9)  + S {p*(dzdw), Tr[0u20,, V (t w, 1w, 2) - 00(2, 6(t, 2, 1), p)org (w,u', ),
where the control law in ®¢ has been used by other agents.

RemarkA.2. The value functiorl/ corresponds to a representative agdptinteracting
with an infinite population.

RemarkA.3. Wheno ando are constant matrice®? in (A.9) reduces to the simpler
form ® in Section 2.

APPENDIXB: PRELIMINARY LEMMAS AND SEMI -SYMMETRY PROPERTY

Lemma B.1. Suppose the function(z,y) from R™ x R™ to R has continuous partial
derivativesd,, ¥ (z,y) andd,, ¥ (x,y), and denotéi(z,y) = dyyt0(z, y). Then

(B.1) Byeto(x,y) = (h(z,y))",
(B.2) Oay(y, ) = (h(y, )"

Proof. The(i, j)-th entry ind,, v (x, y) is 0.,y ¢ (x, y) and the(j, i)-th entry ind,, ¢ (z, y)
iS Oy, 2,7 (x,y). Now (B.1) follows from Schwarz’s theorem [22]. Next (B.ligids (B.2)
by switchingz andy. O

LemmaB.2. LetS € R™*" be symmetric. Suppo8e,d, V (t,y, u; z) andd, .6,V (t, y, u; z)
are continuous if{y, z). Then

(B.3) Tr[0.0,V (t,y, 3 2)8] = Tr[0,.6,V (t,y, p; 2) %],

(B.4) Tr[ayza,uv(tv Y, 1 Z)inz:y = Tr[ayZ(S#V(t, 25 s y)inz:y

Proof. If D andX aren x n matrices anc is symmetric, then we have

(B.5) Tr(DX) = Tr(ED) = Tr[(ED)T] = Tr(DT%),
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which together with Lemma B.1 yields (B.3). Dendtgy, z) = 0,.96,V (t,y, 1;2). By
Lemma B.1,0,.6,V (¢, z, 11;y) = (h(z,y))T, which combined with (B.5) implies (B.4).
O

Consider a continuous functiop(t, s): R. = [0,7] x [0,¢) — R, wherec > 0.
Define the partial derivative} (¢, s), 0s1(t, s) andod,0sv(t, s) on R., where each partial
derivative is interpreted as a one-sided derivative whemakeo; (0s, resp.) at = 0 or
t =T (ats = 0, resp.). For instance, for< t < T, we have

t,e) —W(t
059 (t,0) == lim wit0 —¥(t,0) ’O).
e—0t €

The next lemma extends the symmetry property of second @altial derivatives in
Schwarz’s theorem [22] to the case of boundary points of mned he proof uses essen-
tially the same argument as in [22, p.317] and is omitted.here

Lemma B.3. Suppose) satisfies the following conditions:
() The partial derivativeg),1(t, s), 0s1(t, s), andd,0s1)(t, s) exist onR..
(i) 0,057 (¢, s) is continuous at the poirfty, 0) for ¢, € [0, T].
Thendsdp(to, 0) exists and; 0y (to, 0) = 9 ds1(to, 0).

Lemma B.4. Supposé’ (¢, z, xu) is a function from(0, 7] x R™ x P,(R™) to R, satisfying
the following conditions:
() 0.V (t, 2, 1), 6,V (t,x, ;y) and 8,6,V (t, , u; y) exist and are jointly continuous
in(t,x, n) € [0,T] xR" x Po(R™) and (¢, z,y, ) € [0, T] x R?"™ x Py(R™), respectively;
(ii) for each constan&’ > 0,

10,V (t, 2, 1159)|, 10:0,V (¢, 2, 15 9)| < Cre (1 + |y[?)

holds for allt € [0,77], z,y € R™, u € Po(R™) whenevelz| < K andWa(u,dy) < K
(equivalently s, |y|?) < K?), whereCk is a constant depending di.
Then the derivative,, (0, V (t, z, it))(y) exists, and moreover,

(B.6) 8u(DV (to, 1)) (y) = 06,V (¢, 2, 13y)
forallt € [0,T],z,y € R", u € P2(R™).

Proof. Step 1. We show the normalization propertyogs,, V (¢, z, ;). By the normal-
ization property 06“17, we have(u(dy), §Hf/(t, x, u;y)) = 0, which implies

0 =0 (u(dy), 6,V (t, 2, 115y)) = (u(dy), s,V (¢, z, 1)),

due to condition (ii) and an application of the dominatedvasgence theorem.
Step 2. Lefu; andpus both fromP,(R™) be fixed. Fort € [0, T] ands € [0, 1], set

U)(tv S) = V(tv'rvﬂl + SI/),
wherer = s — 1. We have
(B7) aﬂ/)(t, S) - 8tV(t, T, H1 =+ SI/)

for (t,s) € [0,T] x [0, 1]. We proceed to cheakv(t, s). Suppose € (0,1). Thens,,V/
evaluated afi; + sv gives
lim w(ta 5+ E) B w(ta S)

€l0 € = (v(dy), 5#V(tv T, pin + sviy)).
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Next, we have

hf{} Pt,s —e) —d(t,s) hﬁ} Vit z, p1+ sv+ elpy — p2)) — V(t, 2, p1 + sv)
€ —€ e E

= — (11 — p2)(dy), 6,V (t. 2, 1 + sv3y))
=(v(dy), 6,V (t,x, j + s13y)).

The second equality results from the definitionSpff. We similarly obtain the one-sided
derivative ofi(t, -) as(v(dy), 0,V (t,x 1 + sv;y)) ats = 0 ands = T Therefore for all
s € 0,77, 9s¢(t, s) exists and
(B.8) 0s)(t, s) = (v(dy), 5NV(1€, x, [y + SV Yy)).
Subsequently, by (B.8), for each fixed (0,7"), we have

00 (t, 8) = O (v(dy), 6MV(t, x, 1y + sv;y))
(B.9) = (v(dy), i0,V (t,x, 1 + sv5y)), s €[0,T),
where the second equality results from condition (ii). Waikirly obtain (B.9) fort = 0
andt =T.

Step 3. A9, s") — (t,s) € [0,T] x [0, 1], we may showVs (u1 + s'v, pg + sv) — 0
using [38, Theorem 6.9], andtheref(ﬁtéMV(t’,x,ul +5'vyy) = 00,V (¢, x, pi+sv;5y)
by condition (i). Subsequenty;d¢(t',s") — 9:0s1(t, s) by (B.9) and the dominated
convergence theorem under condition (ii). Hewg8,1 (¢, s) is continuous in(t,s) €
[0,T] x [0, 1]. Therefore by Lemma B.3);0:1 (¢, s) exists at each poirft, 0), t € [0,T],
and moreover,

(B.10) 9s04b(t,0) = 0,051 (t,0) = (v(dy), 8,V (t, 2 i1 y)),
where the second equality follows from (B.9). By (B.7) andi®, we have

lim 20,V (6, 2, 1 + ) — DV (E 2, 1)) = DBuo (1, 0)

el0 €
= (u(dy), 0,8,V (t, 2 p1; y))

for all p; € Po(R™). S00,(d,V(t,z,11))(y) exists. Recalling Step 1, we obtain (B.6).
O

Proposition B.5. ([9]) Suppose that bothy, ) (x; y) andw,,,.(1; v, z) exist and are jointly
continuous in their arguments and that for edch> 0, (6,9 (u;y)l, 10,0 (1 y, 2)| <
Ck (1 + |y|* + |2|?) holds for ally, = € R™ wheneve satisfiesVs (11, 6) < K. Then

(Bll) (Smﬂ/](ﬂ; Y, Z) = 6;1;/‘/](#; Z, y) + 5;/(/](#; y) - 6uw(ﬂ; Z)

The equality (B.11) will be called the semi-symmetry prapef §,,,1 and has been
proved in [9] for bounded derivatives. But the proof there b& easily adapted to the
guadratic growth case.

APPENDIX C: PROOF OFTHEOREM 3.6

It is clear that (3.21) satisfies the terminal condition {3.1We will next differenti-
ate both sides of equation (2.4) Bf, and use further transformations to generate several
equations. By adding up these equations, we can verify tlico (3.21) forU.
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C.1. The equation of V. We redisplay the master equationlof
2ﬂﬂ%@wa2+HM+LWLLM
+(u(dz), 0.0,V (t,x, pi; 2) f*(t, 2, 1))
1
5 (n(d2), Te[026,V (t, 2, 15 2) (S + o))
+ <,LL(dZ), Tr[azZ(S#V(t, €T, s Z)EOD
1
+ 5 (W2 (dzdw), Te[020 0,V (8 7, 1 2, w) o)),
where(t, z, 1) € [0, 7] x R™ x Po(R™).

C.2. The equation of9;6,, V. Usingz; within z = (z1,--- ,z,)7 in place oft in Lemma
B.4 and recalling the growth conditions @f, we can show

00,V (b, 15y) = (6,0:V (2, 1)) (), 026,V (t, 2, wy) = (6,02V (¢, 2, 1)) (y).

Taking measure differentiation of the master equatiof’ aibove and using as the
newly generated variable, in view of Lemma B.4, we have

(C.1) 0 =0,8,V (t, 2, 113 )
+ 026,V (ty, 5 y) 7 (2, ) + Vi (2, )0, f (8 @, 15 y)
4 S TO0,V (b, 5 ) (2 + So)] + 8,1 (1,7, 1:9)
(2), 0-6,,V (2,11 2,9) I (1,2, 1)
(), 0-8,V (1,1 2)6, (0,2, )
b ), T2,V 0, 52, 9) (5 + So)])
), Tel02,,V (6, 2 ) o))
+ S (), TV (0,12, 0,) Do),
+ 0y6,V (t,, w5 9) f*(,y, 1) + xa(t, 2, 1)
+ S TB26,V (2, 1) (5 + Zo)] + xa(t, 2, )
+ Tr[02y 0,V (t, 2, 13 y) So] + x3(t, @, 1)

1
+ §<N(dw)7 Tr[ayw(suuv(ta €z, 3y, w)EOD + X4(t7 z, M)

<
(

1
+ §</J,(d2)7 T‘I'[azy6MMV(t, €, sz, y)EOD + X5 (t7 xZ, M)

In the above, the measure differentiation can get insid=gnation by dominated conver-
gence.

C.3. The summed equation.By switching variables in (C.1) and integration, we obtain
two more equations fad, (u(dy), 6,V (t,y, p; z)) ando(u(dy), 6,V (t,y, 1;y)), respec-
tively. We have
0 =0,V (t,x, 1) + 0 M(t, ) + O (pu(dy), 6,V (t, y, s ) — Oepuldy), 6,V (t, Y, 15 y))
+ \IJVa
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where

Uy = Vw(tu T, N)f*(taxaﬂ)

+ ((dy), Oy 0, M (¢, iy y) £~ (. y, 1))

(u(dy), Trl56, M (t, ) (S + o)])

(u®2(dydz), Tr[y20,, M (t, 115y, 2) o))

2 (dydz), 0y 0,V (t, 2, s y) [0 f ™ (8, y, 113 2) = S f* (1, 13 )])

(U2 (dydw), Tr{[0y=6,, V (t, w, 3y, 2)]| .=y =}),

L1
s
1
2
(

1
2
+ (uldy), 0,6,V (t,y, s x) [ (L y, 1) + 0,V (t,y, W) f* (L, y, 15 2))
+ 3 ldy), O30, (8, y, s ) (5 + o))

+ (uldy), 6, L7 (t,y, p; )

+ (P (dydz), 020,V (ty, iz, 2) f* (8 2, 1))

+ (1% (dydz), 026,V (t, y, j1; 2)8,f (¢, 2, p; )

0 (dyd2), T2,V (1, 2, 2) (5 + Do)

+ (W (dydz), Tr[0y20,,V (t,y, 1 2, ©) o))

U (dydzdw), TrOeuSyV (1, 15 2,0, ) o)),

+ (uldy), 00,V (t,y, ps ) f* (¢, 2, p))

+ 3 ldy), (020, (8, y, s ) (5 + o)

+ (u(dy), Tr[0y26,V (t,y, 1; 2)X0])

"

1

5 (2 (dwdy), Tr[Dens 8V £,y 15 2, w) 5o])
1

+ §< p 22 (dzdy), Tr[0206,,V (. y, 115 2, 2)%0])

(dy), [0y0,V (t,y, 152)) o=y [ (8, y, 1) + Vi (t,y, )0, (9, 1159))

(u(dy), Te{[056,V (¢, y, 185 2)] o=y (2 + To)})

—(n
1
2
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(u(dy), 6, L"(t,y, s y))

(22 (dydz), 06,V (t,y, 13 2,y) (¢, 2, 1))
(22 (dydz), 0.6,V (t,y, p; 2)8,f*(t, 2, p15 )
(

(

1
= 5 (dyd=), Tr(026,,V (8, y, 13 2, y) (T + )))

— (1 (dydz), Tre{[0y =0,V (£, Y, 1 2, )] |2=y T })

— S dyddo), Te{DeabuaV (1, s 2, 0,) o)),

= (1Y), [020,V (£, y, 5. 2)][ o=y S (8, Y, 1))

— S ldy), T {26,V (1, 1:2) Loy (5 + S0))

— {1(dy), Te{(0yu0,Y (1,15 )] =y o))

— S d0dy), Te{ BV b7 0)]o=y o))
1

- §<,LL®2 (dZdy)a Tr{[8Z16##V(ta Y, K5 =, 17)]|x:y20}>

We have split the above sum into several groups for ease dinga
On the other hand, using the expressions (3.9) and (3.21) tmdU, we evaluate the
right hand side of (3.10), excludirigU, to get the sum

9
Uy = Z G,
k=1
with the components:

G1 = Vx (tv .I, /L)f*(ta Ia ,U) + <‘U(dy), aI(Sﬂv(ta yv :ua I)>f* (tv .I, IUJ)a
Goim S THVaalt, 2, 1) + (), 020, (1,1 2)](S + B0)} + L (0,2, 1),
Gz = (u(dy),[0,0,V (t,x, p;y) + 0y0,M(t, s y) f*(t, y, 1))

+ </L®2(d’u)dy)a [8y5uuv(ta U), ,uv ZC, y) - ayaﬂﬂv(tv ’LU, ,UJa U), y)]f* (tv ya ,u)>

+ (u(dy), 0y [0,V (t, y, ;) — 6,V (t,y, 1)1 f (t y, 1)),

Gy= =(u(dy), Tr{[020,V (t, x, t;y) + B8, M(t, 1; y)|(E + o) })

+ N =
N = N =

(u®2 (dwdy), Tr{[026,,,V (t,w, p3 2, y) — 026,V (£, w, 13w, y))(Z + o) })

+ = (uldy), T{OF[6,V (t,y, s ) — 0,V (£, y, 113 )] (2 + Zo)}),

Gs = (u(dy), Tr[0ay0, V (t, 2, 13 y) So)) + (1 (dwdy), TH[ay 0 V (£, w, s 2, y)So])
+ (u(dy), Tr[02y 0,V (t, y, p; 2)X0)),
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1
Go = 5 (n®2(dyd), Tr{Dys |GV (8. 1, 2) + 0 M (E i, 2)
+ <M(dw)7 6uuuv(t7 w, W3 T,Y, Z) - 6MMMV(t7 W, U3 W, Y, Z))

+ 5uuv(t7 Zy 5 T, y) - 6MMV(t7 2y 5 2, y)

+ (Suuv(tu Y, 3 x, Z) - 6MMV(t7 Y, Y, Z)jl EO}>7
Gr = (u(dy), 6,L"(t,y, ;) — 6, L"(t,y, 11;9)),

Gs = (u(dy), 0,V (t,y, u) + (u(dw), 6,V (t,w, s y))]
[Ouf (b y, s ) = S, f (E y, 5 y)]),s

1
GQ = 5 </L(dy)v Tr{ [ayzauv(tv Y, 1 Z) + 8yz5,uv(ta Zy 3 y)

+ (u(dw), 0y=0,,V (t,w, w; vy, z))] ‘Z:y2}>.

We have followed Section 1.2 for the notation of partial datives. For instance, in the
last line ofG3, 0, acts on two places @&,V (¢, y, 1;y).

C.4. Reduction to simpler equations. It suffices to show
(C.2) Ty = Uy,

Both sides of (C.2) share many common components. We camloantt;, Go, G7 and
G's from both sides. We further cancel otit from both sides after rewriting's using
(B.3) and the semi-symmetry property (B.11). Subsequenthfurther cancel out several
terms inGs, G4, Gg andGy that are shared b¥y,. Now to show (C.2), it suffices to show

(C.3) U, =0},
where

Uy =(u®?(dydz), 0.0,V (t,y, i 2, ) f*(t, 2, 1))
< ®2(dyd2)7 Tr[835ﬂﬂv(t7 ya :u7 Z? CC)(E + EO)D
(dydz), Tl'[ayzéuuv(tu Y, 15 2z, $)20]>

+
+
+ <®3(dydzdw),Tr[azwaw‘/(t,y,u;z,w,I)Eo]>

wl»—t/\wly—l

= (uldy), [0y0,V (t,y, 3 2)]lo=y £ (£, y, 1)

5 (a(dy), Te 1035,V 8y, 5 )] o=y (5 + 50 )
— (u®2(dydz), 0:0,,V (t,y, 115 2,9) (¢, 2, 1)
1
2t
-

(u?(dydz), Te{ 020,V (t,y, 1 2,9) (B + Zo) })
,U,® (dde) TI'{[ayz(SuuV(t Y, 15 =, x)]lm ’UEO}>

1
§< ®3 (ddedw) Tr[azwa,u##v(ta Y, ki z, w, y)20]>7
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— ((dy), 020,V (t,y, 5 )] |a=y [ (t, y, 1))

) T35,V (1, 1) oy (2 + S0)])

— (u(dy), Te{[0y20,V (t, y, p; 7))o=y >0 })

<:u®2 (dwdy)v Tr{[axwalt,uv(tv ya ,u7 €, U])] |z:y20}>

2
1
2
1
3 </L®2 (dzdy), Tr{[azx5uuv(ta Y, 1 2, I)]|x:y20}>
and
Ul =Gy + Gy + G+ Gy,

with the components:
G% = <:u®2 (dwdy)v [8y5ﬂﬂv(t7 U], ,UJa Ia y) - 8y6#ltv(ta wa ,uv U], y)]f*(ta ZJ7 /L)>

— (u(dy), 0, [6,V (t,y, ;)| f*(t,y, 1)),

Gl = = (u®*(dwdy), Tr{[@géwV(t, w, [T, Y) — BjéwV(t, w, p;w, y)| (X 4+ 3o) )

N =

— S0y, THI5,V (1, )5 + S0,

1
Gé = §<u®2(dydz), Tr{ayz [(u(dw), SppnV (L w, s, y, 2) — 8V (L w, s w, y, 2))
+ 5uuv(ta 2, 15, Y) — 6uuv(tu 2, 152, Y)

+ OV (t Y, 52, 2) = 0V (6, Y, 1139, Z)} Eo}>,

Gy = %<u(dy),Tr{ {8y26MV(t,y, Wi z) + 0y=0,V (t, z, u;y)}

=

We use the relation

Oyl0,V(t,y, 1 y)] = 0y[0,V (t, y, 15 2) ] o=y + 02 [0,V (£, Y, 113 )] o=y

and next the semi-symmetry property (B.11)pf V' to rewriteG3. This eliminates73 as
a common part of both sides of (C.3). Now we only need to show

(C.4) w3 =03,

where

1
Wi =5 (dydz), Tr020,,V (8, y, 3 2, 2)(5 + Xo)])
+ <u®2(dyd2)7 Tr[(‘?yZ(SMMV(t, Y, 15z, ‘T)EOD

1
+ 5 <M®3 (ddedw)a Tr[azwéuﬂﬂv(tv y7 M; Z,Ww, :E)EOD

— S ldy), T {B28,V (9, 5 )] o=y (5 + D))
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(1 (dydz), Te{026,,V (t, y, 5 2,9)(Z + $o)})
/1'®2(dyd2)7 Tr{[ayzéuuv(ta Y, sz, CL‘)] |w:y20}>

<ILL®3 (ddedw)7 Tr[azwa,u##v(ta Y, pi =, w, y)EOD

N | =

—~

N RN~ TN =N

(u(dy), Te{[026,V (t,y, 1t; @)]| o=y (5 + To)})
1(dy), Te{ [0y 0,V (£, y, 15 2)]|a=y X0 })

<M®2 (dwdy), Tr{[amwéuuv(ta Y, 5, ’LU)] |$:’U20}>

(u®*(dzdy), Te{ (0220, V (£, y, 15 2, )] [2=y D0 })
and
VY= Gi+ G+ Gy
with the component&’}, G§ andG} taking the same form as i1,
We rewriteG} using the semi-symmetry property (B.11)®%f, V' and next the relation

Oy, y)] = [Orath(@,y) + Dy (@, y) + Ouy (2, y) + Dyat) () o=y

Subsequently, we cancel oG, + G§ as a common part of?, and¥%. Then to show
(C.4), it suffices to show

(C.5) P = G,
whereG{ is the same as i}, and
WYy =(u®?(dydz), Tr[0y6,,V (t, y, 15 2, ) S0))
+ %(/L@S(dydzdw), Tr[0z0w 0V (t, Y, 11 2, w, 2)30])
— (u®*(dydz), Tr{[0y=0,V (t,y, 13 2, )] [a=yZ0})

- <:u®3 (ddedw)v Tr[azwa,u##v(ta Y, K5z, w, y)EOD

1
2
1
- 5 <M®2 (dwdy)7 Tr{[amwéuuv(ta Y, 1T, w)] |w:y20}>
1
- 5 <M®2 (dZdy)a Tr{[azméuuv(tu Y, 15z, x)]'w:UEO}>

Using the semi-symmetry property (B.11) twice, we obtain
5uuuv(t7 w, W5 T,Y, Z) :5uuuv(t7 w, 13 Y, =z, l‘) + 6MMV(t7 w, 13y, ,T)
- 25##V(ta w, 13y, Z) + 6##V(ta W, 3 T, Z)v

and subsequently,

8yz[5,u,u,uv(ta w, ,LLv €, ya Z) - 5###V(t7 w, ,UJa w, ZJ7 Z)]

= ayz [éuuuv(ta w, w3y, z, 1’) - 5HHHV(t7 w, Wy Y, z, ’U})]
Now to show (C.5), we only need to show

Ul = G2,

where
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U =(u®?(dydz), Tr[0y20,, V (t, y, 115 2, 2) X))
— (u®?(dydz), Te{[0y=0,,V (£, y, 13 2, )] o=y To })

1
- 5 <:u®2 (dwdy)v Tr{[axwa,u,uv(tv ya ,LL, €, ’LU)] |z:y20}>
1

- 5 <M®2 (dZdy)7 Tr{[azwéuuv(tu Y, 15 2, :E)Hm:yEO})
and

1

5 (2 dyd2), T { 0,2 [0,V (1 22 13, 9) = BV (8,2, i 2,)

OV (6, i, 2) = 0,V (L ys 13y, 2) | o } ).

After transforming the:-dependent terms @#Z using the semi-symmetry property (B.11)
and comparing withP'{, to get rid of shared terms, to show (C.5), we only need to show
(C6)  (u®*(dydz), Tr{[0y=0,.V (t, . pt: 2, 2)][o=y S0 })

G% =

1
+ §</1,®2 (dwdy), ’I‘r{[amwéuuv(tu Y, 3 x, w)]|$:7!20}>

+ §<u®2(dzdy), Tr{ (0200, V (t, Y, 113 2, )| 2=y Z0 })
1

5 (12 (dydz), Tr{0y: [0V (£ 2, 115 2,9) + 0V (9, 159, 2)) 0 )
+ (u®2(dydz), Tr[0,.6,V (t,y, 1; 2)So)).

After changing the notation on the LHS and expanding theiglatifferentiation on the
RHS, (C.6) is equivalently written as

(2 (dydz), Tr{[By=0,,.V (t,y, 13 2, )=y Do})
+ 5 <:u®2 (dydz)v Tr{[8y25ﬂﬂv(ta U), ,LL, ya Z)] |w:y20}>

+

N =

<ILL®2 (dde), Tr{[azydu.p.v(t; w, [; z, y)] |’LU:ZUEO}>

:5 <ﬂ®2(dyd2’), TI'{ ([8yz5##V(t, T, 15z, y)] |z:z + [8yz5,u.,u.v(t7 2y 5T, y)] |1:Z

+ [5yz5uuV(t7w7u; Y, Z)”ac:y + [ayzéuuv(ta Y, 3 x, Z)Hw:u) E0}>
+ (u®?(dydz), Tr[0y:6,V (t,y, p; 2)So]),

which, after cancellation of the last two terms of LHS andtrrewriting the first term of
LHS by the semi-symmetry property (B.11), reduces to

(u?(dydz), Te{0y: [0,V (ty, b 2, 2) + 8,V (t,y, 115 2) = 8,V (1,9, 13 2)] S0 }Homy)

=5 (2 =), T { (10,20 (82, 50, ) s + [0y28,V (1, 132, 2] o=y ) S0 } )
+ (u®?(dydz), Tr[0y20,V (t,y, u; 2)So)).
The above equality is equivalent to

(u®?(dydz), Tr[0y20,,V (t, y, 15 2, 2)S0] |w=y)
1

5 (B2 (dyd2), Tr{ ([0y=0sV (&, 2, 13 2, y)||o=z + (0200 (ty, 117, 2)][a=y) Do })-
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The last equality indeed holds in view of Lemma B.1 and etyé8.5). We conclude that
(C.2) holds, which completes the proof.

APPENDIX D: DERIVATION OF EQUATIONS (3.10)AND (3.14)FORU AND U

LetUXN (t,z*, =) be the social costin (3.7) and (3.8). In the formal derivatielow,

we suppose the functions behave well so that the small exrovsio(e) holds uniformly
with respect to allV. We have

t+e N

(Dl) Usoc(t ‘T ) [ 1) :E{/ |:L*(S7X517Ms_1)+ZL*(S7X§a:u’s_k):|d8
t k=2

+ UN(t +e€ Xt-‘revy’t-i-e) + (N - 1)U(t + €, :ut_-l}e)}

=L*(t, 2" p 16+ZL (t, 2%, n=")e + Noe)

+ EUN(t + €, Xt+€7 :u’t-i—e) + (N - 1)EU(t + €, Mt_-l‘lﬁ)

We make the expansion

N N
ZL* s,z :ZL*(S,xk,u_l)
k=2

N
Y U = pm ) (dy), 6, L7 (2", Y y)) + o(1/N)]

k=2
=(N = 1){(u~"(dy), L*(t,y, u~ "))
N
+Y (W = pm Y (dy), L7 (a2 pT ) (= &)
k=2
+ o(1),

whereo(1) — 0 asN — co. We have

N
&= —— [6ML*(t,xk,,u_l;:vl) — 5HL*(t,:vk,u_1;xk)]
k=2
= (N (dy), 6, L*(t,y, s 2t) — 0, L*(t,y, 1™ 5 y)).

In the following we have such designated variableg, z as in the function& ™ (¢, z, i),
OuUN (t, 2, 115y), 0 UN (&, 2, 13y, 2), 6, U (¢, 115y) anddy,, U (¢, ; y, 2). DenoteAp™* :=
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;L;i — p~kforall 1 < k < N. Now we formally make the expansion
UN(t +e Xt-i—e? :ut-i-e)
=UN(t,z' um ) + 0, UN (8,2, u e
1
+ 0, UN(t, =) ot 2t e + ETr[aiUN(t, ot (S 4 Bo)]e
+(ApTH(dy), 5, UN (12t 17l y)) (= &)
+ <A:u_1 (dy)v 8x5#UN(ta Il ’ :u_l; y)
) [UO(W&E - Wto) + U(Wt1+e - th)]> (= &)
1 _ _ _
+ (AT (dy)Ap (d2), 6, U (1,2 n7hy,2)) - (=€)
+ o(e).
We similarly have

Tlt+ e ) = Ut + 0,0t i )e

+{(Ap M (dy), 6, Ut 5y) (= &)
1 i —
+ 5 (A7 (dy)Ap=(dz), 65, U (1 7159, 2)) - (= &)
+ o(e).
We have
N
E& = 1E B UMt at n™ 5 XE) = 6,0 (2t p s ab)]
k=2
N
== 12{8 oy UN(t, ot = a®) (8, 2 uF)e
k=2
+ §Tr[8§5#UN(ta Ilhu_l; Ik)(z + EO)]E + 0(6)}
= e(u~(dy), 0,0, UN (t, ', sy) f* Ly, )
_ 1 _
+elp™ (dy), STO0,UN (2, 15 y) (5 + o)) + o(e),
and
1 N
E§3 :m Z {[815#UN(15,$1,,UJ71 Xf—i—e) 8x5#UN(taI1hu71;Ik)]

k

||
o

) [UO(WtOJre - Wto) + U(Wt1+e - th)]}
= (u~'(dy), Tr[0uy6, UM (12", 1;9) o)) + ofe).

Next we have

1 _ . B .
54 :m Z [6MMUN(t,JJ1,M 1,X,5J+€,Xf+€)—5HHUN(t,LL'1,[J, 1,XtJ,Xf+E)

Ji,k=2

- 5,U4LUN(ta Ila,u_la Xnge’ XZC) + 6##UN(t7'r17,UJ_17tha Xf)}v
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and
E& = — - R 3 {Tr[a 85, UN(t, 2,y Y2l ")
4 2(N — 1)2 ‘ yzUpnp ) ) ) )
7,k>2
(X = XD~ XD +ole)}
= N 1) 5 E Z { 10y20,,, UN (t, 2, p= 1 29 %) S]e + o(e )}
7,k>2
1 —1.,..k .k
+2(N7_1EZ{TI’ 0y20,, UN (t, 2t =t 2 2 )E]e—i—o(e)}
k>2
1, _ _ _
= 5 (dy)p~ (dz), T8, U™ (8,28, 1y, 2) Do e
1 _ _
+ mw Hdy), Tr{[0y=6,, U (t,2", 1715y, 2)] .=y B} e + o).
We have
N
E&s = 7 11EZ5 Ut p~ Y Xy o) = 0,0 (8 15 2%)]
k=2
N
= S {08 T ) )
k=2
+ 5Tr[a§5ﬁ<t, il a)(S 4 So)] fe + ofe)
. _
“N_1 Z {3y5uU(t7H71§$k)f*(t, AT
k=2
+ STr[026,T(t, 1 )(E-l—Eo)]}e—i—o()
1 N
+v—7 > 0,0, Ut s ab)
k=2
T =) (dy)s S (2 n T y) A o(1/N)]e
N
1 — _ . —
= mZ{ayiqu(tv# Lah) e, et utt)
k=2
+ %Tr[a% Ult,p 2% (2 + Eo)]}e
N
22{86 U(t, b 2%)
f=2

Pt 2% i) = S (et w2 |
+ o(1/N)e + ofe).
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So we have
(N — 1)E& =€(N — 1)<u’1(dy), Ay, Ut sy) f*(ty, )
+ %Tr[aiéuﬁ(t, why)(Z 4+ Eo)]>

+e{u M (dy), 8,8, Ut =)0 f by, sat) = 6 f (ty. )
+ o(l)e + No(e),

whereo(1) — 0 asN — oc.
Similarly, we have

B = 5y 3 { [&,zéwU (t, L2, 2"

7,k>2
(X = XD = XD | +ole)}

ST 2 {750 ) ol +0(0)

Jk=>2

1

RETE

E Z {Tr[(?yz(SMLU(t, p k2PNl 4 o(e)}

E>2
(™ H(dy)pu~ " (d2), Tr[0y26,,U(t, 1"y, 2)So))e

p N (dy), T{[0y:0,,U (8, 15y, 2)]|a=y B} e + o(e).

+ o=

2(N —1) <
Therefore, we have

(N = 1DE& = (N = 1){u~ (dy)p~ " (dz), Tr(0y20,,U (¢, 1~ "5, 2)Do])e

il A

+ 57 dy), T[98, U (8, 1775y, 2))|:=yZhe + No(e).

Using the local expansion of the right hand side of (D.1) aext tettinge — 0, we
obtain the following equation

0=L*(t,z", p ") + (N = 1)(u"(dy), L*(t,y, u "))
+(u M (dy), S, L*(ty, s at) = 8, L¥(ty, 1 s y)
+O,UN (tat, p ) + 0, UN (8t T ()
+ lTr[(?QUN(t, ot (2 + o))
+(u M (dy), 9,0, UN (t, 2t s y) £ty )
1
+ 5( Y(dy), Tr[026,UN (t, 2", " y)(S + So)])
+ (N (dy), Tr[0py6,UN (8, 2", 15 ) S0])
1 -
+5(" Ydy) =t (dz), Tr0y.0,,UN (t, 2", 1w sy, 2)S0))
1

(7< ! (dy), Tr{[ayz5uuUN(ta Ila ,U71§ Y, 2)] |z:y2}>

1)
(N = 1)U (t, p™")

_|_
[\

_|_
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(N = )N (dy), 8,0, Ut n~ 55 9) f*(ty, n™ )

(N = 1)~ (dy), Tr[076,U(t, 1~ 59) (S + o))

P (dy), 9y, U (b, p™ 5 y)[uf (8 y, n™ Y ah) = 8uf* (Ly, 5 9)])
(N = 1){u~(dy)u~ " (dz), Tr8y=0,,U (¢, 1 5y, 2)S0])

(™ (dy), Te{[0y:0, T (t, ™ "5y, 2)]l==y ) + 0(1),

whereo(1) — 0 asN — oo.
Collecting all components with coefficieM—1 together, we rewrite the above equation
in the form

0 =(N = D){0T(t, ™) + (™ (dy), L* (b, 17 )
Hdy), 0,0,U(t ™ sy) f* Ly, 1)
(u™"(dy), T8, T(t, 11" y) (2 + o))

+{u”
!
2

g ) (), Ty, 15y, 2) o))}
+ 0, UN(t, 2t ) + 0. UN (8,2t ) (2t )
+ lTr[aﬁUN(t, ot (S A+ Bo)] + LH(t 2t uh)

+(u~ N (dy), 0,0, UN (L2t ) fH (s )
(e (), TH28,U (2 5 ) (5 + )
(u(dy), Tr0uy0, U™ (t, 2", 1) E0])
(™ (dy)p~ " (dz), Tr[8y=0,,UN (t, 2", p~ "5y, 2)0])

(%M “Hdy), Tr{[0y20,, U7 (2t 1™y, 2)] =y 2))

(W' (dy), 6, L*(t,y,p™ s 2t) — 8, L7 (t,y, n "5 y))
(n~(dy), 35 WO (™) [0uf* by, w2t = 8 f* (L y, 0 5 y)])

(= (dy), Tr{[8y=0,uU (t, ™5y, 2)][ 2=y 2}) + 0(1).

1
2

[)

+ o+ + o+

1
2
Provided that we have chosen the functid(y, ;1) to satisfy (3.14), then the above
equation further implies
(D.2) 0=0,UN(t,a', )+, UN(t, 2", up~ ) f*(t, 2" )
+ %Tr Q2UN (t, ', w ) (S + Xo)] + L¥(t, 2t )
(= (dy), 0,8, UN (2", w5 9) [ty n 7))
S0 (), T8, (1, i) (5 + o)
+ {(p(dy), Tr{0ay0, U (£, 2", i y) Vo))

+
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(™ (dy), Tr{[0y=0,uU (8, 171y, 2)] 1=y B}) + 0(1).
Taking N — oo, we obtain (3.10) as the limiting form of (D.2).
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