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Mean Field LQG Games with A Major Player: Continuum
Parameters for Minor Players

Son Luu Nguyen and Minyi Huang

Abstract— We consider a mean field LQG game model with
a major player and a large number of minor players which are
parametrized by a continuum set. We approximate the mean
field generated by the minor players by a kernel representation
using the Brownian motion of the major player, and local
optimal control problems are solved for both the major player
and a representative minor player via backward stochastic
differential equations. The resulting set of decentralized control
strategies based on consistent mean field approximations is
shown to have an ¢-Nash equilibrium property.

I. INTRODUCTION

Large population stochastic dynamic games with mean
field coupling have experienced intense investigation in the
past decade; see, e.g., [1], [4], [10], [11], [12], [13], [16],
[17], [19], [20], [21], [22], [23]. To obtain low complexity
strategies, consistent mean field approximations provide a
powerful approach, and in the resulting solution, each agent
only needs to know its own state information and the
aggregate effect of the overall population which may be
pre-computed off-line. One may further establish an £-Nash
equilibrium property for the set of control strategies [12].
The technique of consistent mean field approximations is
also applicable to optimization with a social objective [5],
[14], [20]. The survey [3] on differential games presents a
timely report of recent progresses in mean field game theory.

A naturally motivated generalization of the mean field
game modeling has been introduced in [9] where a major
player and a large number of minor players coexist pursuing
their individual interests. Such interaction models are often
seen in economic or engineering settings, simple examples
being a few large corporations and many much smaller
competitors, a network service provider and a large number
of small users with their respective objectives. Traditionally,
game models differentiating vastly different strengths of
players have been well studied in cooperative game theory,
and static models are usually considered [6], [7], [8].

The LQG model in [9] shows that the presence of the
major player causes an interesting phenomenon called the
lack of sufficient statistics. More specifically, in order to
obtain asymptotic equilibrium strategies, the major player
cannot simply use a strategy as a function of its current state
and time; for a minor player, it cannot simply use the current
states of the major player and itself. To overcome this lack
of sufficient statistics for decision, the system dynamics are
augmented by adding a new state, which approximates the
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mean field and is driven by the major player’s state. This
additional state enters the obtained decentralized strategy of
each player and it captures the past history of the major
player.

A crucial modeling assumption in [9] is that the minor
players are from a finite number of classes labelled by a set
{1,...,K}, where players in each class share the same set
of parameters in their dynamics and costs. The size of the
additional state introduced in [9] depends on the number of
classes so that it provides sub-mean field approximations for
different classes, and this approach becomes invalid when
the dynamic parameters are from an infinite set.

In this paper, we consider a population of minor players
parametrized by an infinite set such as a continuum, and
seek a different approach for mean field approximations. Due
to the linear quadratic structure of the game with a finite
number of players, it is plausible to assume that the limiting
mean field is a Gaussian process and may be represented
by using the driving noise of the major player. Eventually
we will justify this argument by showing consistency of the
mean field approximation. Given the above representation of
the limiting mean field, we may approximate the original
problems of the major player and a typical minor player by
stochastic control problems with random coefficients in the
dynamics and costs [2], [24]. This further enables the use
of powerful tools from the theory of backward stochastic
differential equations [2]. Also, the Gaussian property of
various processes involved will play an important role and
we exploit this to develop kernel representation to reduce the
analysis to function spaces [18].

The organization of the paper is as follows. Section II
formulates the mean field game. Section III solves two
auxiliary stochastic control problems in the mean field limit.
The consistency condition for mean field approximations is
introduced in Section IV, and Section V shows an asymptotic
Nash equilibrium property. Section VI concludes the paper.

II. THE MEAN FIELD DYNAMIC GAME MODEL

We consider the LQG game with a major player % and a
population of minor players {<%,1 <i < N}. At time 7 > 0,
the states of the players <% and .«#; are, respectively, denoted
by xo(7) and x;(¢), 1 <i<N. Let (Q,.%#,%,t > 0,P) be the
underlying filtration. The dynamics of the N+ 1 players are
given by a system of linear stochastic differential equations

dxg = (ono + Boug —|—Fox(N))dt + Dod Wy, (1)
dx; = (A(6;)x; + B(6:)u; + F(6,)x™)dr + D(6,)aW;,  (2)

1012



where the initial states aIe given by x(0) and x;(0), 1<
i <N, and x") = (1/N)Y¥ | x;. For simplicity, we may take
F = o{x(0 ) i(s), nggN s<t}.

The states xo,x; and controls ug,u; are, respectively, n
and n; dimensional vectors. The noise processes Wy, W;
are np dimensional independent standard Brownian mo-
tions adapted to .%;, which are also independent of the
initial states {x;(0),0 <i < N}. The deterministic matrices
Ao, By, Fo,Do,A(+),B(+),F(-) and D(-) all have compatible
dimensions. The vector 6; is a parameter of the dynamics
associated with player <. We assume that 6; takes its value
from a compact subset ® of R

The cost function for . is given by

E/ {’)C()—‘P() ‘Q —i—ugRouo}dt, 3)

where ¥ (x(N >) = Hox™) + 1. Here and hereafter, we may
write z7 Mz = |z|2, for a positive semi-definite matrix M. The
cost function for @, 1 <i <N, is given by

Ji= E/ {’x, (xo0,x

where ‘P(xo,x( >) = Hxo+ Hx™) + 1. The component Hx
in the coupling term ¥ indicates the strong influence of the
major player on each minor player. In (3) and (4), all the
deterministic constant matrices or vectors Hy, H, A, Qo >0,
0>0,Rp>0,R>0, no and n have compatible dimensions.

We introduce the following assumptions:

(A1) The initial states x;(0), 0 <i <N, are independent,
Ex;(0) =0 for 1 <i<N and there is a constant C indepen-
dent of N such that sup,;-y E|x;(0)]* < C.

(A2) There exists a distribution function F(8) on R?
such that the empirical distribution function Fy(6) =
%Zf»vzl l(g,<p}, Where the inequality holds componentwise,
converges to F weakly, i.e., for any bounded and continuous
function h(6) on RY,

)\ +u! Ru;}dt, 4)

lim h(0)dFy(6 / h(0)dF (0
N—oo JRd
(A3) A(-),B(-),F(-) and D(-) are continuous matrix func-

tions of @ € ®, where © is a compact subset of RY.

It is worth noting that in the special case where ©® =
{1,2,...,K} is a finite set, a similar game problem has
been treated in [9] using the aggregation approach. By
aggregating all states x; with the same value of the parameter
6, =k, 1 <k <K, the mean field process @) () can be
characterized by a Kn dimensional process z(¢) described by
an ordinary differential equation driven by the state of the
major player. In this paper, © is assumed to be a compact set,
not necessarily a finite set. It turns out that such a modeling
gives the game a very different nature, and the Markovian
state space augmentation approach developed in [9] is no
longer applicable.

Remark: If a term Gxg appears in (2), the control pertur-
bation of the major player will immediately impact on the
mean field term and the limiting control problem of the major
player will be different. For simplicity, we let (2) take the
present simple form. 0

III. THE LIMITING CONTROL PROBLEM
A. Two Auxiliary Optimal Control Problems

To obtain decentralized control synthesis, we formulate the
auxiliary control problems within the population limit via the
approximation of x™) by a process z. Intuitively, due to the
linear quadratic nature of the game, z should be a Gaussian
process (except an additive component related to x¢(0)), and
moreover, it should depend only on the driven noise of the
major player since the noises of the minor players ought
to be averaged out. Now we consider the following control
problems.

Problem (I)-Optimal control of the major player. The
dynamics are given by

1) = fi(t) + f2(1)x0(0) + Jo 8(t,5)dWo (s),

(t) )
dxo = (Aoxo + Bouo + Foz)dt + Dod Wy,

where z replaces x™) in the finite population model. For
the mean field approximation, we consider f; € C([0,T],R"),
fH€C([0,T],R™"), and g € C(A,R""2), where A= {(¢,s) :
0 <s <t <T}. The cost function is given by

B T
J()(M())ZE/O {‘X()—Hoz—no‘on—i-ugRouo}dt. (6)

Problem (II)-Optimal control of the minor player. After
solving problem (I), we may express the state xy of the major
player by its initial condition and its Brownian motion, and
further denote the state process by Xjy. By combining z, Xy
with the limiting dynamics for the minor player, we introduce
the equation system

2(1) = fi(t) + f2(1)x0(0) + fo &(2,5)dWo (s),
XO(I) = ffo,l (t) +ff0,2(t)x0(0) + jé 8% (l‘,s)dW()(s), (N
dxi = (A(6;)x; + B(6;)u; + F (6;)z)dt + D(6;)dW;.

The cost function is given by
T
_ - oA 2
J,‘(M,')ZE/O {‘x,’—HX()—HZ—T]‘Q-‘ru,TRu,‘}dl‘. (8)

B. The Analysis of Problem ()

Lemma 1: (i) There exists a unique optimal control to
problem (I) for the major player.
(ii) The pair (%o, i) is the optimal solution to problem (I)
if and only if iy (¢) = Ralngo(t), where (%(2), po(2),q0(t))
is the solution of the following forward-backward SDE

d%o = (Ao¥o + BoRy ' BY po + Foz)dt + DodWy,
dpo = [Qo (%o — Hoz — o) — Af po]dt + qodWo, )
%9(0) =x0(0), po(T)=0.

(iii)) The forward-backward SDE (9) has a unique solution

()EO P05 QO) O
Let Py(z) > 0 be the solution of the Riccati equation

(10)

Po +PyAg+ APy — PyBoR, 'BYPy+ Qp =0
P(T) =0.

To analyze (9), write po(t) = —Py(t)xo(t) + vo(t), where
vo(t) will be determined later with the terminal condition
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Vo(T) = 0. Denote Ag(t) = Ag — BoR, 'BY Po(t). Note that
we may write io(t) = Ry 'BL (—Py(t)%o(t) + vo(t)). By Ito’s
formula, it can be shown that the coupled equation system
(9) is equivalent to the system of forward-backward SDE

dxp = (Agxo + BQRalBgVo + FQZ) dt 4+ DodWy,
dvy = { — Ag\/o + [(PQF() — QOHQ)Z - Q()T]o} }dt
+(go + PyDo)dWy,
)f()(O) = )C()(O), V()(T) =0,
where vg is now decoupled from xg.

To proceed, we will find a representation of X determined
by (11) in the form

Y

ot) = frya (04 Fro2050(0) + [ 5, .)aWas), (12)

where fz, 1 € C([0,T],R"), fg,2 € C([0,T],R*™*"), and gz, €
C(A,R™™) are to be determined.
To solve the second equation in (11), denote {y(r) =

(Po(t)Fo — QoHo)z(t) — Qomo and () = qo(t) + Po(t)Do.
Then by the equation of z in (5),

Golt) = 1 (0)+ Fy2050(0) + [ 5,105,

where [z 1(¢) = [Po(t)Fo — QoHo|f1(t) — QoMo fg,2(t) =
[P()(I)F() - Q()H()]fz (l), 8¢ (t,s) = [P()(I)F() - Q()Ho]g(t,s) and

dvo(r) = (o(r) — AL (1) Vo (t))dt + po(1)dWo(1).
Let dy(z,s) be the solution of the following system

dq)O(tas) :AO(t)q)O(tvs)dta (13)
Dy (s,s) =1, t>0, s>0.

Then by [15, Lemma A.1 (ii)],
t
VO(t):fvo,l(t)+fv0,2(t)x0(0)+/0gvo(tas)dWO(s)a (14)

where

T
Suoa(t) = /I D (51,1) [(Q()Ho —Py(s1)F) f(s1) + Qono} dsy,
(15)

T
Svo2(t) = /t D (s1,1) (QoHo — Po(s1)Fo) f(s1)ds1,  (16)
T
gut:9) = [ ®F(s1.1)(QoHo ~ y(s1) o) g(s1.5)dsi. (17
We continue to solve the first equation in (11). Let & (¢) =

BoRalBg Vo(t) + Foz(t). Then, by the equation of z in (5) and
(14)-(17),

1
0(0) = 5,1 (0)+ Sy 2(0300) + [ 5,0.5)Wos),
where fz, ;(t) = BoRy 'BY fv,.;(t) + Fof;(t), j = 1,2, and
8¢, (1,5) = BoRy ' Bl gy, (1,5) + Fog(t,5).
We have

dio(t) = (§o(r) + Mo(1)%o(t))dt + DodWo (t).

Therefore, by [15, Lemma A.1 (i)] we obtain (12), where
!
fxo,1(t)=/0 D (t,51)fg,,1(51)ds1
it T
= / / Dy (1,51)BoRy ' B ®f (52,51)
JO . 81

X ((QoHo — Py(s2)Fo) fi(s2) + Qono)dS2d81

+/t Dy (t,51)Fofi(s1)ds
0

o f1](2), (18)

fro20) = @(1,0)+ [ @), 2(50)ds1

_—
2/0 / (I)o(t,sl)BoRalng)g(SQ,Sl)
B J S
x (QoHo — Po(2)Fy) f(s2)dsad's
t
+/O Do (t,s1)Fofa(s1)ds) 4+ Po(t,0)

= [rovzfz] (t), (19)

ot
gx (t,5) = / Do(t,51)8¢,(s1,5)ds1 +Po(t,5)Do
JSs

:/l/T<I>0(t,s1)BoRo_lBgCI>g(sz,s1)
s Js
X (Q(;Ho — Py(52)Fo)8(s2,5)dsrds
+ /: D (2,51)Fog(s1,s)ds) +Dy(t,s)Dg
—: [Aog](1,9).

C. The Analysis of Problem (II)

(20)

Lemma 2: (i) There exists a unique optimal control to
problem (II).
(ii) The pair (¥;,#;) is the optimal solution to prob-
lem (I) if and only if () = R™'BT(6;)pi(t), where
(x:(2), pi(£),qi(t),ri(t)) is the solution of the forward-
backward SDE

d%; = (A(Gi)fi +B(9i)R_1BT(9i)Pi+F(9i)Z)df
+D(6;)dW;,
dpi= {Q(fi—Hfo—ﬂz—n) —AT(ei)Pz}df @D
+qidW; + ridWy,
%(0) =x;(0), pi(T)=0.
(iii) The forward-backward SDE (21) has a unique solution
(Xi, Pir i Ti)- O

Let Pg,(t) > 0 be the solution of the Riccati equation
Po, +Pa,A(6;) + AT (6,)Py,

—Po,B(6,)R, BT (6;)Ps, +Q =0,
P, (T) = 0.

(22)

Write p;(t) = —Pg,(1)xi(t) + vg,(t), where vq (1) will be
determined later satisfying the terminal condition vg,(T') = 0.
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Denote Ag,(t) = A(6;) — B(6;)R™'BT (6;)Py,(t). Similar to
(11), the coupled equation system (21) is equivalent to the
following forward-backward SDE
;= { g5+ B(6)R B (6)) Ve, + F (60)2 hdr

+D(6,)dW;,
dve, = { — Al Vo, + (Po.F (6;) — QA)z — QHo — 01 }dt
+(gi -+ Po,D(6;))dW; + ridW,

X[(O) =x,~(0), V@i( ) =0.
(23)
We will represent %;(¢) in the form
%i(t) =f5.1(t) + f5;,2(t)x0(0) + fz,.3(2)xi (0)
+f g (1,5)dWo(s) + / e (t,9)dW(s), (24)
0 0

where fz 1 € C([0,T],R"), f:.2,fx3 € C([0,T],R*™"), and
gz, hg, € C([0,T],R™"™) are to be determined.

Let (i(t) = (Po(t)F(6) — QH)z(t) — QHXo(t) —
()—qz(t)+Pe,() (6;). Then by (12),

G0) = S0+ Fga00)+ [ g6t 9)dWo(s),
where

fga(t) = [Po,(t)F (6;) — 1(1) = QH f1 (1) —
fe.2(t) = [Po(1)F(6; 2(t) = OH f, (1),
gé,-(tvs) [PG (I)F(el)_QI:I] ( ) )_QHgfo( ) )

By (23), we have
dve, (1) = [Gi(r) —

Let ®g,(7,s) be the solution of

{dcbgi (t,5) =

on,

on,

A Ve, (1)]dt + ri(t)dWo(t) + Ai(t)dWi(z).

25
¢9i(s,s)—l, t,sZO. (2)

Then by [15, Lemma A.2 (ii)],

Ve, (1) :fv9i71(t)+fv9i,2(t)x0(0)+/olgvei (t,5)dWo(s), (26)

where
T [ A
Jve,. f):/t q)g,»(slat)_(QH_PG,-(sl)F(Gi))fl(Sl)
+OH fry.1 (1) +0n|ds1, @7)
T _
Jvg2(1) Z/I <I>5,.(S1,t) _(Qﬁ—Pe,-(h)F(Gi))fz(Sl)

7 ’z(sl)} dsl, (28)
8vy, (t,8) = /th’g,»(Slaf) :(Qﬂ—P&-(Sl)F(@i))g(Sl,S)

+ QHgs, (s1,9)|dsi. 29)

Next, let &(t) = B(6;)R'BT(6)vg,(t) + F(6;)z(t). Then
by the equation of z in (5) and (26) Gi(t) = fe1(t) +

f5,2(0)x0(0) + Jo 8¢, (2,5)dWy(s) with

e, (6) = BBOR™'BT(6)) fuy, (1) + F () f(1), j = 1,2,

(30)
8¢, (1,5) = B(6;)R™'B" (6))gv, (1,5) + F(6))g(t,5).  (31)
We have
dxi(t) = (&(t) + Ag,(t)%i(t) )dt + D(6;)dWi(t).

Therefore from [15, Lemma A.2 (i)], we obtain (24), where
faalt / Do, (2,51) fe, 1 (s1)ds1
:/ ®q, (1,51)B(6;)R""'B” (8 / Df (52,51)%

x [(QH—PG-(SZ) (6)£i(52) + QH fry1(52) + 0N | dsadls,

+/ g, (t,51)F (6;) f1(s1)ds1

=:[Cq,1f1)(1), (32)

fao( /q)e (t,51)fe, 2(s1)ds1
—/ <I>9 (t,51)B 1BT / q)e (s2,81)%

/Cbgtsl

=: [y, 2/](1),

and

0;) f2(s1)ds
(33)

t
gz (1,5) :/ Do, (t,51)gz,(s1,5)ds)
—/ CI>9 t,s1)B(6;)R™ 1BT / <I>9 52751)

X {(QH—P@.(Sz)F(Q )) (Sz, )+Qng0(S2, s)|dsads

+/ Do, (1,51)F(6;)g(s1,5)ds
[Ag8](1,5) (34)
and furthermore,
fe3(t) =Py, (1,0), hg(t,s) =Py, (1,5)D(6;). (35)

The importance of (24) is that it explicitly relates the
functions in the limiting mean field to the representation of
Xi, and hence in the analysis of the replica of the mean field
z, we may solely focus on function spaces.

IV. THE CONSISTENCY CONDITION

We now introduce the consistency condition for the mean
field approximation. More precisely, when the controls ob-
tained in Section III are applied, the mean field replicated by
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the closed loop in the population limit should coincide with
the one assumed at the beginning. To proceed, denote

L0 = [[[Fo /) ()dF(®), 0<r<T.j=12, G6)

Agl(r.9) = [ [hosl(r.5)aF(0). 0<s<i<T. ()
for fi € C([0,T],R"), f» € C([0,T],R™") and g €
C(A,R™™) where A = {(t,s) : 0 < s <t < T}. Here,
Lo, fil(r), j=1,2, and [Agg](t,s) are, respectively, defined
as in (32)-(34) with 6; = 6.
Lemma 3: Assume (A1)-(A3).
(i) T’y is a mapping from C([0,T],R") to C([0,T],R").
(i) T, is a mapping from C([0,T],R"™*") to C([0,T],R™*").
(iii) A is a mapping from C(A,R"*™) to C(A,R™2). [
Denote

Cnce = C([0,T],R") x C([0,T],R™") x C(A,R"™"2).

Definition 4: A triple (f1,/2,8) € Cnce is called a con-
sistent solution to the Nash certainty equivalence (NCE)
equation system if

L) =1Tfl), 0<t
g(t,s) = [Ag](t,s), 0<
O

Denote the linear operators [y, [p2 and Ap on
C([0,1],R™), C([0,T],R™*™") and C(A,R"*"), respectively,
as follows:

[To,; f]()

(38)

t T
= [ [ @ott.50)BoRy B0 (52,51)
51
X (Q()H() — P() (Sz)F())fj (Sz)dSstl
ot
+/ cI)() t,S1)F0fj(S1)dS1, ]: 1727

Rogl.9) = [ [ @0te.50)8um; 505 2.
X (QoHo — Py(s2)Fo)&(s2,5)dsrdsy
!
+/ D (t,51)Fog(s1,s)ds1,

which are obtained by retaining the linear term of the affine
operators I'g ; and Ag, respectively.
Correspondlng to I'g .1, I'gp and Agg, define the linear
operators I'j, T2, and A on C([0,1],R"), C([0,T],R"*") and
C(A,R"™™) respectively, as follows:

- [

f/(sl)dslv j:1727

[To,ifi](t R™'BT(0)®g (52,51) %

Let C(]0,1],R"), C([0,T],R"™") and C(A,R"™"2) be en-
dowed with the usual sup-norms ||-|l« so that they are all
Banach spaces. Define the linear operators

Es)0) = [[[Fosf)ar©), j=1.2
Al1.9) = [ [Rog](t,5)dF ()

For f, € C([0,T],R™"), we write fo = [fa.1,--s 2.0,
where f,; € C([0,T],R") for each i = I,..,n. Then
[szz](l‘) = [[fwlfz,l](t), ey [f‘lfz,n](t)} . We have the follow-
ing result for the NCE equation system.

Theorem 5: Under (A1)-(A3), if the norms of ' and A
satisfy ||| < 1 and ||A]| < 1, then there exists a unique
solution (f1, f2,8) € Cnce to (38). O

V. ASYMPTOTIC EQUILIBRIUM ANALYSIS

Throughout this section we assume that there exists a
solution (f1, f2,8) € Cycg to the NCE equation system (38).
Define &y >0 by €5 = 8}1 Nt sfz»zyN + 8§’N, where

%wﬁﬁﬂmmwmmwémmMW@ﬁu

2
(6)—/@[1\9g](t,s)dF(9)‘ dsdt.

Lemma 6.' Under (A1)-(A3), limy—e ey =0. O
Consider the system (1)-(2). Let the control laws of 2%
and &%, 1 <i <N, be given by

lio(t) = Ry "By (— Po(t)xo(t) + vo(t)),
;i) = R "BT(6;) (— Py, (t)xi(t) + vg, (1)),

where Vo(t) and vg,(t) are determined by (9) and (21)
corresponding to the solution (f1, f2, ) to (38). Their explicit
solutions are given by (14) and (26). After the control laws
(39)-(40) are applied, the dynamics of <% and </ may be
written in the form

gN

(39)
(40)

dxg = {ono + BoRy ' BY Pyvo + Fox™) }dt + DodWp, (41)
dx; = {Agix,»+B(9,»)R’1BT(6)Pg Vo, + F(6))x <N>}dt
D(6,)dW;,

where xV) = (1/N)YY | x;.
We now construct the limiting equation system for the
N +1 players

1<i<N, (42)

iy = {ono +BoRg ' BI Pyvy + Foz}dt +DodWy,  (43)
dx; = {Agifi +B(9,')R713T(9,')P9i\/9i +F(9,')Z}dt

D(6)dW;, 1<i<N, (44)

with the initial conditions X;(0) = x;(0). We have the propo-
sition on the mean field approximation.
Proposition 7: Assume (A1)-(A3). Then

E/T\z(t)— o(e}v+1/N),

:(1/N) l l'xl U

¥ (1) dr =

where ™
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By Proposition 7 we may further establish the next theorem.
Theorem 8: Assume (A1)-(A3). We have

T
JNUSPNE: 22
E /O (Je() =< 0) +0;1;£N|x,,(t) (1)) d
(45)
[l

Consider the system of N+ 1 agents described by (1) and
(2). Let the class %y consist of all processes yw of the form

yW(t) = At [ho(l‘,S)dWo(S), s 7hN(tvs)dWN(S)]T

:0(s§,+1/1v).

where each h; is an R"2-valued bounded measurable
function on A.

For any i =0,..., N, the admissible control %; of agent .7
consists of control u; as a time dependent function linear in
X0,X1,-..,XN,yw for some yw € Zy. The resulting control
of a player may not be purely in a feedback form since the
noise process may be used via yw; this more general form
of controls is necessary in order to include the decentralized
controls (39)-(40) that we have derived. Since the control
still uses the players’ states, (ug,up,...,uy) is in a partial
feedback form, and will be called a set of partial feedback
strategies. Note that %; is not restricted to be decentralized.
Given each set of strategies in % X ... X %y, the closed-loop
system has a unique strong solution. For i =0,...,N, denote
u_;= (M(), UlyeoosUj—1,Uj1 1, ...,MN).

Definition 9: A set of controls u; € %, 0 <i <N, for the
N+ 1 players is called an £-Nash equilibrium with respect to
the costs J;, 0 <i <N, where € >0, if for any i, 0 <i <N,
we have J;(u;,u_;) < Ji(ul,u_;) + €, when any alternative u;
is applied by player 7. O

Theorem 10: Assume (A1)-(A3). Let iy and i; be the
optimal controls in the limiting control problems (I) and (II).
For 0 < j <N,

ij) —J_j(ﬁj)’ = 0(8N+ 1/\/ﬁ)-

O
By using Theorem 10 we can further establish the next
theorem.
Theorem 11: Assume (A1)-(A3). Then the set of controls
iij, 0< j <N, for the N+ 1 players is an £-Nash equilibrium,
ie., for 0 < j <N,

Ji@j,a-j) — e <infljuj,ia-j) <Ji(@j,a-),
J

where 0 < & = O(ey + 1/v/N). O

VI. CONCLUSION

This paper considers mean field LQG games with a major
player and a continuum-parametrized minor players. The
mean field structure does not allow the Markovian state space
augmentation approach developed in the previous work [9].
We introduce random Gaussian mean field approximations
and solve the resulting limiting problems as stochastic opti-
mal control with random coefficients, and we further derive
decentralized controls for the players.

[1]

[2]
[3]

[4]
[5]

[6]
[7]
[8]
[9]

[10]

(11]

[12]

[13]

[14]

[15]
[16]

(171

[18]

[19]

[20]

[21]

[22]

(23]

[24]

1017

REFERENCES

S. Adlakha, R. Johari, G. Weintraub, and A. Goldsmith. Oblivious
equilibrium for large-scale stochastic games with unbounded costs.
Proc. [EEE CDC 2008, Cancun, Mexico, pp. 5531-5538, Dec. 2008.
J. M. Bismut. Linear quadratic optimal stochastic control with random
coefficients. SIAM J. Control Optim., vol. 14, no. 3, pp. 419-444, 1976.
R. Buckdahn, P. Cardaliaguet, and M. Quincampoix. Some recent
aspects of differential game theory. Dynamic Games and Appl., vol.
1, no. 1, pp. 74-114, 2011.

C. Dogbé. Modeling crowd dynamics by the mean field limit approach.
Math. Computer Modelling, vol. 52, pp. 1506-1520, Nov. 2010.

N. Gast, B. Gaujal, and J.-Y. Le Boudec. Mean field for Markov
decision processes: from discrete to continuous optimization. Preprint,
2010.

Z. Galil. The nucleolus in games with major and minor players.
Internat. J. Game Theory, vol. 3, pp. 129-140, 1974.

O. Haimanko. Nonsymmetric values of nonatomic and mixed games.
Math. Oper: Res., vol. 25, pp. 591-605, 2000.

S. Hart. Values of mixed games. Internat. J. Game Theory, vol. 2, pp.
69-86, 1973.

M. Huang. Large-population LQG games involving a major player: the
Nash certainty equivalence principle. SIAM J. Control Optim., vol. 48,
no. 5, pp. 3318-3353, 2010.

M. Huang, P. E. Caines, and R. P. Malhamé. Individual and mass
behaviour in large population stochastic wireless power control prob-
lems: centralized and Nash equilibrium solutions. Proc. 42nd IEEE
CDC, Maui, HI, pp. 98-103, Dec. 2003.

M. Huang, P. E. Caines, and R. P. Malhamé. Nash equilibria for
large-population linear stochastic systems of weakly coupled agents,
in Analysis, Control and Optimization of Complex Dynamic Systems,
E. K. Boukas and R. P. Malhamé eds, Springer, New York, 2005, pp.
215-252.

M. Huang, P. E. Caines, and R. P. Malhamé. Large-population cost-
coupled LQG problems with nonuniform agents: individual-mass
behavior and decentralized &-Nash equilibria. [EEE Trans. Autom.
Control, vol. 52, no. 9, pp. 1560-1571, Sep. 2007.

M. Huang, P. E. Caines, and R. P. Malhamé. The NCE (mean field)
principle with locality dependent cost interactions. IEEE Trans. Autom.
Control, vol. 55, no. 12, pp. 2799-2805, Dec. 2010.

M. Huang, P. E. Caines, and R. P. Malhamé. Social optima in mean
field LQG control: centralized and decentralized strategies. Submitted
to IEEE Trans. Autom. Control, 2010 (conditionally accepted).

S. L. Nguyen and M. Huang. LQG mixed games with continuum-
parametrized minor players. Preprint, 2011.

J.-M. Lasry and P.-L. Lions. Mean field games. Japan. J. Math., vol.
2, no. 1, pp. 229-260, 2007.

T. Li and J.-F. Zhang. Asymptotically optimal decentralized control for
large population stochastic multiagent systems. IEEE Trans. Automat.
Control, vol. 53, no. 7, pp. 1643-1660, August 2008.

R. S. Liptser and A. N. Shiryaev. Statistics of Random Processes, Part
I: General Theory, second ed., Springer, New York, 2001.

M. Nourian, R. P. Malhamé, M. Huang, and P. E. Caines. Mean
field (NCE) formulation of estimation based leader-follower collective
dyanmics. Internat. J. Robotics Automat., vol. 26, no. 1, pp. 120-129,
2011.

H. Tembine, J.-Y. Le Boudec, R. El-Azouzi, and E. Altman. Mean field
asymptotics of Markov decision evolutionary games and teams. Proc.
International Conference on Game Theory for Networks, Istanbul,
Turkey, pp. 140-150, May 2009.

H. Tembine, Q. Zhu, and T. Basar. Risk-sensitive mean-field stochastic
differential games. Proc. 18th IFAC World Congress, Milan, Italy, Aug.
2011.

G. Y. Weintraub, C. L. Benkard, and B. Van Roy. Markov perfect
industry dynamics with many firms. Econometrica, 76, no. 6, pp. 1375-
1411, 2008.

H. Yin, P. G. Mehta, S. P. Meyn, and U. V. Shanbhag. Synchronization
of coupled oscillator is a game. Proc. American Control Conference,
Baltimore, MD, pp. 1783-1790, June, 2010.

J. Yong and X. Y. Zhou. Stochastic Controls: Hamiltonian Systems
and HJB Equations, Springer-Verlag, New York, 1999.



