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Mean Field LQG Games with Mass Behavior Responsive to
A Major Player

Son Luu Nguyen and Minyi Huang

Abstract— We consider a linear-quadratic-Gaussian (LQG)
game with a major player and a large number of minor players
with mean field coupling. The state of the major player appears
in the dynamics of the minor players, causing the mean field to
be responsive to its control. We construct decentralized £-Nash
strategies. This is accomplished by combining (i) stochastic
control with random coefficients and (ii) a procedure called
anticipative variational calculations which addresses the major
player’s ability to simultaneously perturb its own state process
and the mean field.

I. INTRODUCTION

In the recent years there has been a very rapid accumu-
lation of research on large population stochastic dynamic
games with mean field coupling [1], [6], [11], [12], [14],
[15], [16], [21], [23], [24], [26], [28]. Extensive efforts have
been devoted to LQG models [3], [11], [12], [16], [21].
To obtain low complexity strategies, consistent mean field
approximations provide a powerful approach, and in the
resulting solution to a large but finite population model,
each agent only needs to know its own state information
and the off-line computable aggregate effect of the overall
population. One may further establish an €-Nash equilibrium
property for the set of control strategies [12]. Consistent
mean field approximations are also applicable to optimization
with a social objective [7], [13], [23], estimation and filtering
[22], [27], and recharging control of large populations of
electric vehicles [17]. A maximum principle is developed
for mean field control models in [2]. The survey [5] presents
a timely report of recent progress in mean field game theory.

A natural generalization of the mean field game modeling
has been introduced in [10] where a major player and a
large number of minor players coexist. The major player
model is extended to Markovian switching dynamics in [25].
Traditionally, games differentiating vastly different strengths
of players have been well studied in cooperative game theory,
and static models are usually considered [8], [9].

The LQG model in [10] contains minor players of a finite
number of types. A state space augmentation approach was
developed there by adding a new state which approximates
the mean field and is described by a stochastic ordinary
differential equation (ODE) driven by the major player’s
state. The use of this additional state Markovianizes the
limiting decision problems. When the minor players are
parametrized by a continuum set, the method in [10] faces
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challenges since it would lead to an infinite dimensional
augmented state space. The work [18], [19], [20] treated a
continuum parameter set by viewing the local control prob-
lems of the major player or a representative minor player as
stochastic optimal control with random coefficient processes
[4], and they were solved by use of adjoint equations in
the form of linear backward stochastic differential equations
(BSDESs) [4], [29], and subsequently consistent mean field
approximations were developed. A limitation of the analysis
in [18], [19], [20] is that it only deals with non-responsive
mean field where the state of the major player does not
appear in the dynamics of the minor players.

This paper considers responsive mean field by allowing
the state of the major player to appear in the dynamics of
the minor players as in [10]. Although we only consider
homogeneous minor players, it is of interest to extend the
BSDE based approach in [19], [20] since sufficient condi-
tions on the existence of a solution can be developed by using
linear operator techniques. By contrast, if the state space
augmentation approach in [10] were applied to the finite
horizon control problem in this paper, it would introduce
a mean field ODE with time-varying coefficients due to
the transient behavior of the mean field evolution. Then
the consistent mean field approximation in [10] would lead
to equality constraints on these coefficient functions. It is
generally difficult to verify these constraints.

The paper is organized as follows. Section II introduces
the game model. Section III describes anticipative variational
calculations and the two limiting control problems. Sections
IV and V solve the optimal control problems of the major
player and the minor player, respectively. Consistent mean
field approximations are analyzed in Section VI, and the
equilibrium property is established in Section VII. Section
VIII concludes the paper. Due to limited space, we omit all
proofs of our results in this paper.

II. THE MEAN FIELD LQG GAME

The LQG game consists of a major player 2% and a
population of minor players {%,1 <i < N}. At time ¢ > 0,
the state of player «7; is denoted by x j(t), 0<j<N. Let
(Q,F,{%# }i>0,P) be a filtered probability space with the
filtration {.%; };>¢. The dynamics of the players are given by
a system of linear stochastic differential equations (SDEs)

dxo(r) = (Aoxo(r) + Bouo (1) + Fox™) (1))dr 4+ DodWy (1),
(D
dx;(t) = (Ax;(t) + Bui(t) + Fx™)(t) + Gxo(t))dt + DdW(t)
1<i<N, 2)
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where x) = (1/N)YY | x;, When G # 0, the minor player
receives a 51gn1ﬁcant impact from the major player and any
other minor player has only a negligible impact if N is large.
The states xg,x; and controls ug,u; are, respectively, n and
n; dimensional vectors. The noise processes Wy, W, are ny
dimensional independent standard Brownian motions adapted
to {-% }i>0, which are also independent of the initial states
{x;(0),0 < j <N}. For simplicity, we may take the o-algebra
F = 0{xj(0),W;(s),0 < j < N,s <t}. The deterministic
matrices Ao, Bo, Fo, Do, A, B, F, G and D all have compatible
dimensions. We will often drop time 7 in xo(¢), uo(¢), etc.
The cost function for . is given by

E/ {’)C()—‘P() ‘Q —i—ugRouo}dt, 3)

where ¥ (x(N )) = Hpx™) + No- Here and hereafter, we may
write z7 Mz = |z|3, for a positive semi-definite matrix M. The
cost function for %, 1 <i <N, is given by

Ji= E/ {|x, (xo0,x

where ‘P(xo,x(m) = Hxo+HAx™) + n. The component Hxy
in the coupling term ¥ indicates the strong influence of
the major player on each minor player. In (3) and (4), all
the deterministic constant matrices or vectors Hy, H, A,
00>0,0>0, Ry >0, R>0, no and n have compatible
dimensions. We use L% (0,T;R¥) to denote all R¥-valued
random processes y defined on [0,7] which are adapted to
{Fi}iz0 and E [ |y(1) Pt < o.

N0)[o+ul Rui}de, — (4)

A. Assumption

(A) The initial states {x;(0),0 < j <N} are independent,
Ex;(0) =0 for 1 <i <N and there is a constant C indepen-
dent of N such that supy -y E|x;(0)[* <C. &

For simplicity we assume zero initial mean for the minor
players and this condition may be relaxed.

III. OPTIMIZATION WITH ANTICIPATIVE VARIATIONAL
CALCULATIONS

We consider the approximation of the control problem of
the major player. Let x™) in (1) and (3) be approximated by
a process z. This gives the dynamics

dxo(t) = (A()xo(t) + Bouo(t) + F()Z(t))dt + DodWy(t)  (5)

and the cost
T
- 2
JO:E/O {x0 —Wo()[3, + uf Rouo }dr. )

To avoid introducing too many variables, we still use xg
to denote the state of the limiting control problem. The
Brownian motion Wj is the same as in (1). We may write Jy
as Jo(xo,u0;z) and use (6) to define the cost associated with
general processes (x(,,u(,z ) not necessarily satisfying (5).
Our objective is to find a solution pair (¥, i) such that
the cost attains its minimum in some sense. Before solving
the control problem, an immediate issue is how z should be

specified and in what sense Jy is optimized. To proceed, let
P(t) > 0 be the solution of the Riccati equation

{P—i—PA—i—ATP—PBRlBTP—i-Q—O, -

P(T)=0.
Definition 1: Let z* € L%(0,T;R") be given. We say

(%o, o) is an equilibrium solution with respect to z* if
(1) (%o, i0,z") satisfies the SDE

dxo(t) = (A())E()(l‘) + Boiip(t) + Foz" (l))dt + DodWy(t),

(i) Jo(Xo, i0;2") < Jo(Fo + Ox0, o + Sug;z* + 6z) for all
Sug € L2;(0,T;R™), where

déxy = (AQ5X() + Bybug + FQSZ)dl‘, (8)
dsz= ((A—BR 'B"P+F)5z+ Gdxo)dt, )
8x0(0) = 8z(0) = (10)

¢

We may simply call iy an equilibrium solution. We have
the relation

d(Xo+ 0xp) = (A()()E() + 6x0) + Bo(itg + Sup) + Fo(Z" + SZ))dt

+ DodWj. 1D
It should be noted that Definition 1 does not claim that
Jo(Fo, 0, z*) < Jo(x0,u0,2%), Yug € L% (0,T;R™),
where (xo,up) satisfies (5) with z = z*.

A. Some Heuristics on the Control Formulation

In order to enable an approximation to the strategy selec-
tion of the major player in the original game, the optimization
of (xg,up) in (5) should be anticipative with respect to z.
Specifically, there is an implicit dependence of z on uy. When
up changes to uy+ Ouy, it causes a state variation dxg which
in turn generates a state variation dx; for a minor player.
Subsequently, a large number of minor players contribute
to a variation 6z for the mean field. This responsive nature
of the mean field does not appear in [19], [20] where the
dynamics of each minor player do not contain xg.

In order to specify 0z as appearing in Definition 1, we
describe the following replicating argument using N minor
players. Suppose the minor player has a fixed control u; =
—R'BT(Px; — v;), where P is defined in (7) and V; is
not affected by ug. The state of the major player is xg
corresponding to uy. We have

dx; =((A—BR'B"P)x; + BR™'B"v; + Fx™) ++ Gxg)dt
+ DdW;.
Now we include a variation 6xy due to dug to obtain

d(xi+ 0x;) = ((A - BRilBTP) (xi +0x;) + BRilBTV,'

N
+ (1/N)F Y (xi+ 8x;) + G(xo + 8x0))dt + DdW;.  (12)
i=1
Hence déx™) = (A —
When N — oo, we replace SxW

BR™ lBTP + F)8xMdt 4 Géxodt.
) by 8z and obtain (9).
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B. The Limiting LOG Control Problems

1) Optimal Control Problem 1 (P1): Following the same
reasoning as in [19], [20], we introduce a process of the form

20 = A0+ HOXO) + [ gl (3)

where fi € C([0,T],R"), f» € C([0,T],R™") and g €
C(A,R™™) where A={(t,5)[0<s<r<T}.
Now Problem (P1) is stated as: find an equilibrium solu-
tion (%o, ifp) with respect to Z for (5)-(6).
2) Optimal Control Problem 2 (P2): Minimize the cost
~ T
Ji = E/O {|xi —‘P(xi,Z)‘ZQ—i—uiTRui}dt (14)
subject to the system dynamics

dx; = (Ax;+ Bui+ FZ+ GX)dt + DdW;,
dxy = (AoXo + Boig + Foz)dt + DodWy,

!
20 = A1)+ fo01x0(0) + [ g(e.5)aW(s).

where (%,ip) is determined from (P1) as the equilibrium
solution with respect to Z.

IV. THE SOLUTION OF PROBLEM (P1)

Suppose (Xo, ip) is an equilibrium solution with respect to

Z for Problem (P1). Let dug € L?7 (0,T;R™) be a perturbation

of i1y, Xo+ Oxp the trajectory corresponding to the control

ug = i+ Oug. The variations of %y, Z are determined by (8)-
(10). The first and second order variations of the cost are
8Jo

2
T
52— E /0 (1830 — HoB2]" Qo[8x0 — Hod2] + 51} Roduo) dr.

T
E,/O [[SXQ - H05Z]TQQ [0 — Hoz — Mo] + 8M(J;ROIZQ:| dt

Since §%Jy > 0 for all Suy satisfying E [j |Suo|>dt > 0,
for (Xo,iip) to be an equilibrium solution to Problem (P1), a
sufficient and necessary condition is 8Jy = 0 for all Suy.

Lemma 2: Assume (%o, po, Pz, q0,q:) € L% (0,T;R3" x
R™Mm2 x R"™"2) js a solution of the forward-backward
stochastic differential equation (FBSDE)

dxy = [Ao)fo +B()Rlegpo + F()z] dt + DodWy,
dpo = [Qo(¥o — HoZ — o) — Ay po — G p:|dt + qodWo,
dp. = | —Hg Qo(%o — Hoz—10) — Fy po
—(AT = PBR'BT + F")p.|dt + q.dW,,
%0(0) = x0(0), po(T) =0, p-(T) = 0. as)

Then the pair (%o,ip) € L% (0,T;R"™), where (1) =
Ry "Bl po(t), is a solution to Problem (P1). O
A. Riccati Equations and State Feedback Control
Assume that Py(t), P.(t) are R"*"-valued deterministic
functions satisfying the system of ODEs of Riccati type
Py+ PyAg — POBQRaIBgPO +AgPQ + Qo+ GTPZ =0,
P.+P.Ay— P,BoR, 'BYPy+ (AT — PBR™'B” + FT)P,
+F{Py—HIQy =0,
Py(T)=P,(T)=0.
(16)

)

To analyze (15), write pg = —PoXo + Vo, p; = —PXxo+ Vv,
where the two processes Vy, V. are to be determined with
the terminal conditions vo(T) = v,(T) = 0. Note that we can
write iip = —R, 1B0T (PyXo — Vo). By Tto’s formula, it can be
shown that the coupled equation system (15) is equivalent to
the FBSDE

d%o = [(Ag — BoR ' B{ P)%o + BoR ' B{ o + Foz] dt + DodWp,
dvo =[(PoBoRy ‘B — Al)vo — GT v, + (PoFy — QoHo)Z
— QoMo dt + (go+ PoDo)dW, (7
dv,=[— (A" —PBR 'B" + F")v,+ (P.BoR, 'B} — Fj )vo
+ (Hg QoHo — P.Fy)Z+ Hg Qono] dt
+ (g: + P:Do)dWy,
%0(0) =x0(0), vo(T) = v(T)=0.
Theorem 3: If there is a unique solution to (16), the
FBSDE (15) has a unique solution. ]

To proceed, we will find a representation of X determined
by (17) in the form

(18)

1) = fi 1 () + F200(0)+ [ g3, (1.90dWo(s), (19)

where fz, 1 € C([0,T],R"), fg,2 € C([0,T],R"™"), and gz, €
C(A,R"™"™) are to be determined.
To solve the equations (17) and (18), denote

v — o] it = AY — PyBoR, ' B} G’

%7 v % R — P.BoR,'BY AT —PBR™'BT +FT |’

Fo = PoFo— QoHo Qo= -0 o, = PoDo +qo
H{ QoHo — P-Fy |’ Hg Qo] "™ [ PDo+q: ]

Denote §y, = Foz+ Qono. Then by (13),
Goc(t) = S () + Fi,20%0(0) + [ 5, (0.5)Wo(s),

where f, 1(1) = Fofi(t) + Qoo i 2(1) = Fofa(0),
8¢, (t,5) =Fog(t,s) and

dvy, = (COZ - Mgz(t)VOz)dt + UodWp.

Let ®g,(z,s) be the solution of the following system

{

Then by [19, Lemma A.1 (ii)],

dq)Oz(ta s) = MOz(t)q)Oz(tvs)dta

20
D, (s,5) =1, t>0, s>0. (20)

V(1) = et ()4 B2 (050(0)+ [ g, (1:5)aWos),
21

where

T

vaz,l(t)Z/l DG, (s1,1) {Fofl(sl)JrQono}dSl, (22)
T

vaZ,z(f):/t g (s1,1)Fofa(s1)dsi, (23)

T
gVOZ(tus):/t @ (s1,1)Fog(si1,s)dsi . (24)
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We continue to solve the first equation in (17). Let &y(¢) =
BoRy'Bvo(t) + Foz(t). Denote 1= [I 0] € R"™?". Then
Vo = Ivg,. Therefore, by (13) and (21)-(24),

1
(1) = f501 1)+ Sy 2(0300) + [ 5,(1.5)Was),
where f, ;(t) = BoRy 'Bi1fv, j(t) + Fofj(t), j=1,2, and
8¢, (t,8) = BORalBgHgVOZ (t,8)+ Fog(t,s).
Denote Ag = Ag— BoR'B} P). We have
dxo(t) = (o(r) + Ao (1)%o

Let ®y(¢,s) be the solution of the following system

{dCID()(t,s) = Ao(r)Dy(t,s)dr,

(¢))dt + DodWy(t).

25
Dy(s,s) =1, t>0,s>0. (2)

Therefore, by [19, Lemma A.1 (i)] we obtain (19), where

/(I)() t Sl)f;’:O (Sl)dsl

:/0/ Do(t,s1)BoRy ' B{IDY (52, 51)
st

fxol

x (Fo(s2)f1(s2) +Qono) dsads +/Ol Do(t,51)Fof1(s1)dsy
=:[Lo,1f1](1), (26)
fgo,z(l‘) = @0(1‘,0)4‘/0 q’o(fasl)fgo,z(sl)dsl

t T
= [ [ @olt.50)BoR; B 105, (52,51 Fo(s2)fo(s2)dsdsy
51

+ [ @lt50)Fofa(o1)ds1 + (.0
=: [To2/](t),
g (t,5) =/ D (1,51)8¢,(51,5)ds1 +Po(t,5)Do

27)

t T
= / / CIJ()(Z‘,Sl)BoRalBqu)gz(SQ,Sl)Fo(SQ)g(Sz,S)dSstl
N S1

1
+ / Do(t,51)Fog(s1,8)dsy +Po(t,s)Do
=: [Aog](t,s).

V. THE SOLUTION OF PROBLEM (P2)

(28)

Lemma 4: Suppose Problem (P1) has an equilibrium so-
lution with respect to Z. Then the following holds:
(1) There exists a unique optimal control to Problem (P2).
(ii)) The pair (X;,i;) is the optimal solution to Prob-
lem (P2) if and only if @(t) = R™'BTp;(t), where
(%: (1), pi(t),qi(t),ri(t)) is the solution of the FBSDE

d%; = (A%i+BR 'B" p; + F7+ GXo) dt + DdW;,

dp; = [Q()?, — Hiy— Hz— 17) —ATp,} dt + qidW; + ridWy,
%(0) =x;(0), pi(T)=0.

(29)

(iii) (29) has a unique solution (%;, p;, qi,ri)- O

Let P(t) > 0 be the solution of the Riccati equation
(7). Write p;(t) = —P(t)x;(t) + vi(t), where v;(r) will be
determined later satisfying the terminal condition v;(T) = 0.

Denote A(t) =A —BR'BTP(t). Similar to (17)-(18), the
coupled equation system (29) is equivalent to the FBSDE

d%; = (A%;+ BR™'BTv; + FZ+ Gx,) dt + DdW,,

dvi={—ATv;+ (PF — QH)z+ (PG — QH)%— On } dt
+(gi + PD)dW; + r;dWy,
)?,‘(O) = xi(O), V,‘(T) =0.
(30)
We will represent %;(¢) in the form
%i(t) =f5.1(t) + f5;,2(£)x0(0) + fz,.3(¢)xi (0)
+ /t g, (1, 5)dWo (5) + /t b (t.5)dWi(s), (1)
0 0

where f; 1 € C([0,T],R"), fz2,fx3 € C([0,T],R"*"), and
gxhy € C([0,T],R""2) are to be determined.

Let (1) = (P(1)F — QH)Z(t) + (P(1)G — QH)%o(t) —
Ai(t) = qi(t) + P(¢)D. Then by (19),

on,

G0) = S0+ fga(000)+ [ g (1. 9)dWo(s),
where

foat) =
Joa(t) =
8¢ (Z‘,S) =
By (30), we have

[Ci(t) — AT vi(0)]dt + ri(2)dWo () + Ai(2)dWi(t).
Let ®(z,s) be the solution of

d®(t,s) = A(r)D(t,s)dt,
D(s,s) =1, t,s > 0.

A

fi(t)+ [P(1)G — QH| fzy.1 (¢
(t)+ [P(t)G — QH| fz, 2 (¢
OH|g(t,s) +

[P(t)F — QH|
[P(t)F — QH|f>
[P(t)F —

) - Qna
)7
[P(t)G—QH}g;O(t,s).

dV,'(l‘) =

(32)
Then by [19, Lemma A.2 (ii)],

Vi) = ot () + F20x0(0)+ [ g (:5)aWos), 33)
where
Foale / 7 (51,1) [ (QA = Ps1)F) fi(51)
+ (QH — P(s)) )ffo,l(sl)thn}dsl, (34)

T A
fualt)= [ @ s1.0) [ (@B ~ P(s1)F) fa(s1)

+(QH = P(51)G) frg2(s) [ dsi,  (39)
aultss) = [ @7 (s1.0)[(QA P51 )F)gls1,9
+(QH —P(s1)G)gsy(s1.9)[ds1. (36)

Next, let & (t) = BR'BTv,(t) + FZ(t). Then by (13) and

(33), &i(t) = fe, 1 (1) + f5,2(1)x0(0) + Jy gz, (1,5)dWo(s) with
fe () =BRT'BT fy, j(0)+ Ffi(0), j=1,2,  (37)
gg(t,s) = BR'BT g, (1,s) + Fg(t,s). (38)
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We have dx;(t) = (&(t) + A(t)%(t))dt + DdW(t). Therefore
from [19, Lemma A.2 (i)], we obtain (31), where

fx, / CD 1,81 f;’: 1(S1)dS1

:/ d)(t,sl)BR’lBT/ &7 (52,51)
0 S1

{(Qﬁ—P(Sz)F)fl (52)+(QH—P(SZ)G)fxo,l(Sz)+Qn}d52dsl erators [, [», and A on C([0,1],R"),

+/tq> (t,51)F fi(s1)dsy =: [T f1](1), (39)

fx“ / CD t,81 f;’: z(sl)dsl
:/0 c1>(z,s1)BR*BT/Sl &7 (57,51) %
[(QI:I — P(Sz)F)fz (Sz) =+ (QH — P(Sz)G)fxo’z(Sz)} dsads
+ [ @s0)F plsi)ds = 10), 40)
5(0.5) = [ @(t1)gg (s1.5)d
' * T
:/ c1>(t,s1)BRleT/ @7 (57,51) %
[(QI:I — P(s2)F)g(s2,5) + (QH — P(52)G) gz, (sz,s)} dsyds
—l—.[fb(t,sl)Fg(sl,s)dsl =: [Ag](t,s), 41)

and furthermore, fz, 3(t) = ®(z,0), hg(t,s5) = P(,5)D.

VI. THE CONSISTENCY CONDITION

Lemma 5: We have
(i) T’y is a mapping from C([0,T],R") to C([0,T],R").
(i) T, is @ mapping from C([0,T],R"*") to C([0,T],R™*").
(iii) A is a mapping from C(A,R"*"2) to C(A,R"*"™). [
Denote the product space

Cnce = C([0,T],R™) x C([0, T],R™") x C(A,R"™"2).

The definition below characterizes the consistency condi-
tion for the mean field approximation. When the controls ob-
tained in Section III-B are applied, the mean field replicated
by the closed loop in the population limit should coincide
with the one assumed at the beginning.

Definition 6: A triple (f1,f2,€) € Cncg is called a con-
sistent solution to the Nash certainty equivalence (NCE)
equation system if

fi@) =T f(),
g(t,s) = [Ag](z,s
%

Denote the linear operators [, [p2 and Ag on
C([0,1],R™), C([0,T],R™™) and C(A,R" "), respectively,
as follows:

B t T
[T(x.iJ”j](t):/O/T Po(1,51)BoRy ' BHID, (s2,51)
Js1

), o< @

t
X FQ(Sz)fj(Sz)dSstl + /0 <I>o(t,S1)F0fi(S1)dS1, j=12,

[Aog](l‘ s / / CD() t Sl)BoR IBO]ICI)OZ(SQ,SI)

X Fols2)gls2,5)dsadsi + [ Bolt,s1)Faglsr, )1,
N

which are obtained by retaining the linear term of the affine
operators I'g ; and Ag, respectively.

Corresponding to I'j, I'; and A, define the linear op-
C([0,T],R"™*") and
C(A,R™™), respectively, as follows:

£ // ®(1,51)BR BT (s55,51)x

x [ (@A = P(s2)F) fi(52) + (OH — P(s2)G) [Cu i (52) | dsadls

1
+/Oq’(f7S1)Ffj(Sl)dSu j=12,

Al = [ [ @8R B0 r251)

X [(QI:I — P(52)F)g(s2,5) 4+ (QH — P(52)G) [Aog] (sz,s)} dsyds

!
+/ D(t,s51)Fg(s1,8)ds.
N

Let C(]0,1],R"), C([0,T],R™") and C(A,R™"2) be en-
dowed with the usual sup-norms ||| so that they are
all Banach spaces. For f, € C([0,T],R"*"), we write f, =
[f2.15--5 fo), where fo; € C([0,T],R") for each i =1,...,n.
Then [szz](t) = [[f‘lfll](t),...,[f‘lfzﬂ](t)}. We have the
following result for the NCE equation system.

Theorem 7: 1f the norms of I'; and A satisfy || || < 1 and
|IA|| < 1, (42) has a unique solution (f1, f>,¢) € Cnce. O

VII. ASYMPTOTIC EQUILIBRIUM ANALYSIS

Throughout this section we assume that there exists a
solution (f1, f2,8) € Cncg to the NCE equation system (42).

Consider the system (1)-(2). Let the control laws of %)
and %, 1 <i <N, be given by

(1) = Ry 'BG (— Po(t)R0(t) + vo(1)),

(1) = R™'B" (= P(1)&:(1) + vi(1)),
where Vy(t), v;(¢) and v;(z) are determined by (17), (18) and
(29) corresponding to the solution (fi, f>,g) to (42). Their
explicit solutions are given by (21) and (33). After the control

laws (43)-(44) are applied, the dynamics of <7 and 7; may
be written in the form

dfy = (Ao;eo + BoRy ' B Pyvo + For®™) ) dt + DodW,,

(43)
(44)

di; = (Ax + BR'BT Py, + Fs™) 4 G)eo) dt + DdW;,

where 1 <i <N and V) = (1/N) XY, %:.
We now construct the 11m1t1ng equation system for the
N +1 players

dxo = (Aofo +BoR, 'B{ Pyvo + FOZ) dt + DodW,
dx; = (Axl- +BR'B'Pv,+ F7+ Gxo) dt + DdW;,

where 1 <i <N and the initial conditions are %;(0) = x;(0).
We have the error estimate of the mean field approximation.
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Proposition 8: Assume (A). We have

E/OT‘Z(I)—)E(N)(I)’Zdtz0(%),

r 1
E/ [|Z(t)—)€(N)(t)|2+ sup |)?j(t)—xj(t)‘2}dt:0(—),
0 0<j<N N
where #V) = (1/N)YY | % O

Consider the system of N+ 1 agents described by (1) and
(2). Let the class %y consist of all processes yw of the form

1
() = /0 lho(1,5)dWo(s), ..., (t,5)dWi (s)]”
where each h; is an R™2-valued bounded measurable
function on A.

For any j=0,...,N, the admissible control set %; of
agent .%7; consists of control «; as a time dependent function
linear in xg,x1,...,xy,yw for some yw € %y . The resulting
control of a player may not be purely in a feedback form
since the noise process may be used via yy; this more
general form of controls is necessary in order to include
the decentralized controls (43)-(44) that we have derived.
Since the control still uses the players’ states, (uo,u1,...,uyn)
is in a partial feedback form, and will be called a set of
partial feedback strategies. Note that %; is not restricted
to be decentralized. Given (ug,u1,...,un) € % X ... X U,
the closed-loop system has a unique strong solution. For
j=0,...,N, denote U_j= (uo,ul, ey Uj— 1, U4 1, ...,uN).

Definition 9: A set of controls u; € %;, 0 < j <N, for the
N+ 1 players is called an £-Nash equilibrium with respect to
the costs J;, 0 < j <N, where € >0, if forany j, 0 < j <N,
vsie'have J'j(uj,u,j) < Jj(u},u_;)+ €, when any alternative
u; is applied by player <7;. &

Theorem 10: Assume (A). Then the set of controls i,
0 < j <N, for the N+ 1 players is an €-Nash equilibrium,
ie., for 0 < j <N,

Ji(@j,a-j) —e < int Jj(uj,d-;) <Jj(d;,a-j),
u;jEU;

where 0 < € = O(1/v/N). O

VIII. CONCLUSION

This paper has extended the BSDE based approach in [18],
[19], [20] to treat responsive mean field in large population
stochastic dynamic games involving a major player. The key
step is the development of a procedure called anticipative
variational calculations for the control analysis of the major
player. The consistent mean field approximation reduces to
fixed point analysis of linear operators on function spaces.
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