
MATH 3705 Final Examination Solutions
April 2004

1. Lfe2t cos(3t)g =(a)

(a)
s¡ 2

(s¡ 2)2 + 9

(b)
s

(s¡ 2)2 + 9

(c)
s¡ 2
s2 + 9

(d)
e¡2s

s2 + 9

(e) None of the above.

2. Lft sin(2t)g =(d)

(a)
s

(s2 + 4)2

(b)
¡s

(s2 + 4)2

(c)
2

(s¡ 1)2 + 4

(d)
4s

(s2 + 4)2

(e) None of the above.

3. L¡1
½

3e¡2s

s2 + s¡ 2
¾
=(b)

(a) u(t¡ 2) [et ¡ e¡2t]
(b) u(t¡ 2) [et¡2 ¡ e¡2t+4]
(c) et¡2 ¡ e¡2(t¡2)

(d) u(t)et ¡ u(t¡ 2)et¡2

(e) None of the above.
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4. L¡1
½

s

s2 + 2s+ 10

¾
=(d)

(a) e¡t cos(3t)

(b) e¡t sin(3t)

(c) e¡t cos(3t)¡ e¡t sin(3t)

(d) e¡t[cos(3t)¡ 1
3
sin(3t)]

(e) None of the above.

5. The general solution of the di®erential equation 2x2y00 ¡ 5xy0 + 3y = 0, valid for x 6= 0, is
given by (a)

(a) c1jxj3 + c2jxj 12

(b) jxj3[c1 + c2 ln jxj]

(c) jxj3
∙
c1 cos

µ
1

2
ln jxj

¶
+ c2 sin

µ
1

2
ln jxj

¶¸
(d) c1jxj 12 + c2jxj3 ln jxj
(e) None of the above.

6. The general solution of the di®erential equation x2y00 + 2xy0 +
1

4
y = 0, valid for x 6= 0, is given

by (d)

(a) jxj¡1
"
c1 cos

Ãp
3

2
ln jxj

!
+ c2 sin

Ãp
3

2
ln jxj

!#

(b) c1jxj¡1 + c2jxj
p
3
2

(c) c1jxj¡ 1
2 + c2jxj¡ 1

2

(d) jxj¡1
2 (c1 + c2 ln jxj)

(e) None of the above.
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7. The general solution of the di®erential equation x2y00 + xy0 + (7x2 ¡ 4)y = 0, valid for x > 0,
is given by (c)

(a) c1J2(
p
7x) + c2J¡2(

p
7x)

(b) c1Jp7(2x) + c2J¡p7(2x)

(c) c1J2(
p
7x) + c2Y2(

p
7x)

(d) c1Jp7(2x) + c2Yp7(2x)

(e) None of the above.

8. Let f(x) =

½
1; 0 ∙ x < 1
2; 1 ∙ x ∙ 2

¾
on [0; 2]. At x = 79, the Fourier sine series of f converges to

(d)

(a) 2

(b) 3
2

(c) 0

(d) ¡3
2

(e) None of the above.

9. The di®erential equation y00 ¡ 2y0 + xy + ¸y = 0, when placed in the Sturm-Liouville form
(py0)0 ¡ qy + ¸ry = 0, has the weight function r(x) = (c)

(a) ¡xe¡2x

(b) xe¡2x

(c) e¡2x

(d) x

(e) None of the above.
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10. Given the Bessel identity 1
®
d
dx
[xºJº(®x)] = x

ºJº¡1(®x); º > 0; ® 6= 0;
R 3
0
x4J1(2x) dx = (a)

(a)
1

2
[81J2(6)¡ 27J3(6)]

(b) 81J2(6)¡ 27J3(6)
(c) 27J3(6)¡ 81J2(6)

(d)
243

5
J2(6)

(e) None of the above.

11. Ffe¡2ix¡jx+3jg =(c)

(a)
2e¡3i¸

1 + (¸¡ 2)2

(b)
2e¡3i(¸¡2)

1 + ¸2

(c)
2e¡3i(¸¡2)

1 + (¸¡ 2)2

(d)
2e¡3i¸

1 + (¸+ 2)2

(e) None of the above.

12. Ffxe¡3x2g =(b)

(a)

p
¼

3
¸e¡

¸2

12

(b)
i
p
¼

6
p
3
¸e¡

¸2

12

(c)

p
¼

3
e¡3¸

2

(d)
1

2¼
¸e¡3¸

2

(e) None of the above.
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13. F¡1
½

e2i¸

1 + (¸+ 3)2

¾
=(d)

(a)
1

2
e3ix¡jx¡2j

(b)
1

2
e3i(x¡2)¡jxj

(c)
1

2
e3i(x+2)¡jx+2j

(d)
1

2
e3i(x¡2)¡jx¡2j

(e) None of the above.

14. F¡1f¸e¡j¸jg =(b)

(a)
2ix

¼(1 + x2)2

(b)
¡2ix

¼(1 + x2)2

(c)
x

¼(1 + x2)

(d)
¡x

¼(1 + x2)

(e) None of the above.

15. Employ the Laplace transform to solve the initial-value problem
y00 ¡ 4y0 + 13y = ±(t¡ 3); y(0) = 1; y0(0) = 5.
Solution:
s2Y (s)¡ sy(0)¡ y0(0)¡ 4[sY (s)¡ y(0)] + 13Y (s) = e¡3s
) (s2 ¡ 4s+ 13)Y (s)¡ s¡ 1 = e¡3s
) Y (s) =

s+ 1

s2 ¡ 4s+ 13 +
e¡3s

s2 ¡ 4s+ 13 =
(s¡ 2) + 3
(s¡ 2)2 + 9 +

e¡3s

(s¡ 2)2 + 9
) y(t) = e2t cos(3t) + e2t sin(3t) +

1

3
u(t¡ 3)e2(t¡3) sin[3(t¡ 3)].
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16. Find one (non-zero) series solution y1 of the di®erential equation xy00 + 2xy0 + 2y = 0, valid
for x > 0 near x0 = 0. Express the solution as an elementary function.
Solution:

xp(x) = 2x; p0 = 0; x
2q(x) = 2x; q0 = 0 ) r2+(p0¡1)r+q0 = r2¡r = r(r¡1) = 0 ) r1 = 1

) y =
1X
n=0

anx
n+1; y0 =

1X
n=0

(n+ 1)anx
n; y00 =

1X
n=0

n(n+ 1)anx
n¡1

)
1X
n=0

n(n+ 1)anx
n +

1X
n=0

2(n+ 1)anx
n+1 +

1X
n=0

2anx
n+1 = 0

) (n+ 1)(n+ 2)an+1 + [2(n+ 1) + 2]an = 0; n ¸ 0; ) an+1 = ¡ 2an
n+ 1

; n ¸ 0:

n = 0 ) a1 = ¡2a0
1
; n = 1 ) a2 = ¡2a1

2
=
22a0
1 ¢ 2 ;

n = 2 ) a3 = ¡2a2
3
= ¡ 23a0

1 ¢ 2 ¢ 3 ; etc., so

an =
(¡1)n2na0

n!
; n ¸ 0; ) y =

1X
n=0

(¡1)n2na0
n!

xn+1 = a0x
1X
n=0

(¡2x)n
n!

= a0xe
¡2x:

17. Find the Fourier cosine series of f(x) =

½
x; 0 ∙ x < 1
0; 1 ∙ x ∙ 2

¾
on [0; 2].

Solution:

The series is
a0
2
+

1X
n=1

an cos
³n¼x
2

´
; with

a0 =
2

2

Z 2

0

f(x) dx =

Z 1

0

x dx =
1

2
; and for n ¸ 1;

an =
2

2

Z 2

0

f(x) cos
³n¼x
2

´
dx =

Z 1

0

x cos
³n¼x
2

´
dx

=
2

n¼
x sin

³n¼x
2

´ ¯̄̄̄1
0

¡ 2

n¼

Z 1

0

sin
³n¼x
2

´
dx

=
2

n¼
sin
³n¼
2

´
+

4

n2¼2
cos
³n¼x
2

´ ¯̄̄̄1
0

=
2

n¼
sin
³n¼
2

´
+

4

n2¼2

h
cos
³n¼
2

´
¡ 1
i

Thus, the cosine series of f is

1

4
+

1X
n=1

½
2

n¼
sin
³n¼
2

´
+

4

n2¼2

h
cos
³n¼
2

´
¡ 1
i¾
cos
³n¼x
2

´
:
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18. The solution of the heat equation uxx =
1
®2
ut; 0 < x < L, which satis¯es the boundary

conditions ux(0; t) = ux(L; t) = 0, has the form

u(x; t) =
a0
2
+

1X
n=1

an cos
³n¼x
L

´
e¡

®2n2¼2

L2
t:

Find the solution of uxx =
1
9
ut; 0 < x < ¼, which satis¯es the boundary conditions

ux(0; t) = ux(¼; t) = 0 and the initial condition u(x; 0) = 3 cos(2x) ¡ 2 cos(5x). Write down
the complete solution u(x; t).
Solution:

® = 3; L = ¼ ) u(x; t) =
a0
2
+

1X
n=1

an cos(nx)e
¡9n2t:

3 cos(2x)¡ 2 cos(5x) = u(x; 0) = a0
2
+

1X
n=1

an cos(nx) ) a2 = 3; a5 = ¡2; an = 0 otherwise:

Thus, u(x; t) = 3 cos(2x)e¡36t ¡ 2 cos(5x)e¡225t:
19. The solution of Laplace's equation urr +

1
r
ur +

1
r2
uµµ = 0 inside the circle r = a has the form

u(r; µ) =
a0
2
+

1X
n=1

rn[an cos(nµ) + bn sin(nµ)]:

Find the solution of Laplace's equation inside the circle r = 2, which satis¯es the boundary
condition u(2; µ) = 2 + sin(2µ)¡ cos(µ). Write down the complete solution u(r; µ).
Solution:

2 + sin(2µ)¡ cos(µ) = u(2; µ) = a0
2
+

1X
n=1

2n[an cos(nµ) + bn sin(nµ)]

) a0
2
= 2; 2a1 = ¡1; 22b2 = 1; an = bn = 0 otherwise. Thus,

a0 = 4; a1 = ¡1
2
; b2 =

1

4
) u(r; µ) = 2¡ 1

2
r cos(µ) +

1

4
r2 sin(2µ):



8

20. Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem
y00 + ¸y = 0; y(0) = 0; y0(1) = 0.
Solution:

y = erx ) r2 + ¸ = 0 ) r = §p¡¸:
¸ = ¡¹2 < 0 ) r = §¹ ) y = Ae¹x +Be¡¹x; y(0) = 0 ) A+B = 0

) y = A
¡
e¹x ¡ e¡¹x¢ ; y0 = A¹ ¡e¹x + e¡¹x¢ ; y0(1) = 0 ) A¹

¡
e¹ + e¡¹

¢
= 0

) A = 0 ) B = 0 ) y ´ 0:
¸ = 0 ) y = Ax+B; y(0) = 0 ) B = 0 ) y = Ax; y0 = A; y0(1) = 0 ) A = 0 ) y ´ 0:

¸ = ¹2 > 0 ) y = A cos(¹x) +B sin(¹x); y(0) = 0 ) A = 0 ) y = B sin(¹x);

y0 = B¹ cos(¹x); y0(1) = 0 ) B¹ cos(¹) = 0 ) ¹n = (2n+ 1)
¼

2
; n ¸ 0

) ¸n =
(2n+ 1)2¼2

4
; yn = Bn sin

∙
(2n+ 1)¼x

2

¸
; n ¸ 0:


