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(e) None of the above.
2. L{tsin(2t)} =(d)
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(a) e *cos(3t)
(b) e 'sin(3t)

(c) e 'cos(3t) — e *sin(3t)
(d) e *[cos(3t) — %sin(i%t)]

(e) None of the above.

5. The general solution of the differential equation 2x2%y” — 5zy’ + 3y = 0, valid for z # 0, is
given by (a)

(a) eilzl®+cola|2

(b) |z[*[er + c2In |z]
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(c) |z|? [cl cos (Eln|xl> + co8in <§1n]:c|)}

(d) clz]z + colaf* In |z
(e) None of the above.
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6. The general solution of the differential equation 2%y + 2xy’ + = 0, valid for z # 0, is given

by (d)

(a) |z|™ [01 Cos <§ln|x|> + ¢y sin (?ln@])]

y
(b) clz| ™t + eolz] T
(c) clz| ™2 + eola| 2
() |z["2(c1 + cx1nz])

(e) None of the above.



7. The general solution of the differential equation z%y” + xy’ + (72? — 4)y = 0, valid for z > 0,
is given by (c)

(a) Cljg(\/?l’) + CQJ_Q(ﬁx)
(b) Cljﬁ(QiL') + CQJ_\/?(2£L’)
(¢) ab(VTx) + Yo (VT x)

(d) eaid 7(22) + Y #(22)

(e) None of the above.

8. Let f(x) = ;: (1) E i 2 ; } on [0,2]. At x = 79, the Fourier sine series of f converges to
(@) -
(a) 2
(b) 3
(c) 0
(d) -3

(e) None of the above.

9. The differential equation y” — 2y’ 4+ zy + Ay = 0, when placed in the Sturm-Liouville form
(py") — qy + Ary = 0, has the weight function r(z) = (c)
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b) ze
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e) None of the above.



10. Given the Bessel identity 2-L [27J,(az)] = 2" J,_1(az), v >0, a # 0, f03 z*J1(2z) dz = (a)

(a) %[81J2(6) — 275(6)]

(b) 81J5(6) — 27J5(6)
(C) 27J3(6) — 81J2(6)
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(e) None of the above.
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(e) None of the above.
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(e) None of the above.



e2i)\
(a) 163ix—|x—2|

1 ..
(b) 5637,(:16—2)—\:Ac|

1 3i(z+2)—|z+2|
(c) 5e
1

(d) 5631'(:&72)7\1572|

(e) None of the above.

14. F Y e M} =(b)
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(e) None of the above.

15. Employ the Laplace transform to solve the initial-value problem
y' — 4y + 13y =0(t —3), y(0) =1, ¢'(0) = 5.
Solution:
$?Y (s) = sy(0) — y/'(0) — 4[sY (s) — y(0)] + 13Y (s) = e7*
= (82 —4s+13)Y(s) —s—1= 2_35 ,
s+1 e (s—2)+3 e
= Y(s) = 52—4s+13+52—4s—|—13 C(5—2)249  (5—2)2+9

1
= y(t) = e* cos(3t) + e* sin(3t) + gu(t — 3)eXt¥ sin[3(t — 3)].




16. Find one (non-zero) series solution y; of the differential equation zy” + 2xy’ + 2y = 0, valid
for x > 0 near xq = 0. Express the solution as an elementary function.
Solution:

zp(z) =2z, po = 0, 2°q(x) =22, o =0 = r*+(po—1)r+q@=7r"~r=7r(r-1)=0 = r, =1

= y= Zan:c"H Z n+1)a,z", ¢ = Zn(n + Dayz" ™t
n=0 n=0 n=0
= n(n+ 1)a,z" + Z 2(n + 1)ayz"t + Z 2a,2" " =0
n=0 n=0 n=0
2ay,
= (n+)(n+2)ap1 +2n+1)+2]a, =0, n >0, = a1 =— j—l’ n > 0.
n
2a 2a 2°a
n=0 = alz—TO, n=1 = (12:—71:1—0,
2 23
n=2 = agz—%:—ﬁa?g, etc., so
_ (=1)"2"ag e ED"2rag o s (P22,
a"—T’nZO’jy_nZ:OTx —aol'nzzo ol = apgre .
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17. Find the Fourier cosine series of f(z) = { g’ (1) - i 2 ; } on [0, 2].

Solution:

L nmx )
The series is ) + Z ., COS (T) , with

1
1
f dm—/xdm—i,andforn>1
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/f cos )d:r—/o xcos(T)d:p
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:—xsm<—> - — sm(—)daz
nmw 2 o N /o 2

= 2 sin (mr>+ 1 Ccos (mr:c) 1
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Thus, the cosine series of f is

1 > 2 . /nw 4 nm nmnx
12 e (5) + e oo () ~1] feos (5F7).
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The solution of the heat equation u,, = %ut, 0 < = < L, which satisfies the boundary
conditions u,(0,t) = u,(L,t) = 0, has the form

2.2 2

Qo > nmx _afnint,
t) = — + a,, COS (—)e Lz,
RS 3

Find the solution of u,, = %ut, 0 < x < m, which satisfies the boundary conditions

uz(0,t) = u,(m,t) = 0 and the initial condition u(z,0) = 3 cos(2z) — 2 cos(bz). Write down
the complete solution u(z,t).

Solution:

2
a=3, L= = u(z,t) 30 Zancosnm’ —In7t

3cos(2z) — 2cos(bz) = u(x,0) = % + Z a, cos(nr) = ay =3, a5 = —2, a, = 0 otherwise.

n=1

Thus, u(x,t) = 3cos(2z)e 2% — 2 cos(5z)e 2.

The solution of Laplace’s equation u,, + %ur + T%u@(; = 0 inside the circle r = a has the form

o0

+ Z " [ay, cos(nd) + by, sin(nd)].

Find the solution of Laplace’s equation inside the circle » = 2, which satisfies the boundary
condition u(2,0) = 2 + sin(260) — cos(d). Write down the complete solution u(r, ).
Solution:

2 +sin(26) — cos(0) = u(2,0) = % + Z 2"[a,, cos(nB) + by, sin(nf)]

n=1
Qo

= 5 = 2, 2a; = —1, 2°b, = 1, a, = b, = 0 otherwise. Thus,

1 1 1 1
ap =4, a; = ~3 by = yiind u(r,0) =2 — 57 cos(6) + ZTQ sin(26).



20. Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem
y'+ Xy =0, y(0) =0, y(1) = 0.
Solution:
y=e% = P4+ A=0 = r=+vV-N\
A=—p?<0 = r==4p = y=Ae" +Be ", y(0)=0 = A+B=0
= y=A (e’”” — e””) Ly = Ap (e’”” + e*’”) LY (1)=0 = A (e" + e*") =0
= A=0= B=0 = y=0.
A=0=y=A2+B,y(0)=0 = B=0= y=Ar, ¢y =4, y(1)=0= A=0 = y=0.
A=pu?>>0 = y= Acos(uz)+ Bsin(uzr), y(0) =0 = A=0 = y= Bsin(uz),
y' = Bucos(uz), y'(1) =0 = Bpucos(p) =0 = p, = (2n+ 1)%, n>0

(2n +1)*72

= A\, =
4

, Yn = By sin {—(271 il Dm} , n>0.
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