MATH 3705 Final Examination Solutions
April 2003

1. L{t*e*} = (d)

6
(s +2)3

Ge 25

(a)

(b)

(d) (S _ 2)4
(e) None of the above.
2. L{e 3t cos(4t)} = (b)
s
@) T3
(b) __s+3
(s+3)2+16
6_38
©) =716
86738
(d) s?2 + 16
(e) None of the above.
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e) None of the above.



(a) tsin(3t)
(b) —tsin(3t)

(0) %tsin(?)t)

() —%tsin(?)t)

(e) None of the above.

5. The general solution of 4z2y” — 8zy’ + 9y = 0, valid for x # 0, is given by (d)

(a) cxlal? + eof ]

(b) || [cl cos (? ln|zL’]> + cosin (?hl ]:L’|>]

(c) erla] + cofr[ V22
(A) alz*?+ ol In ||
(e) None of the above.

6. The general solution of z%y” + xy’ + (52% — 9)y = 0 near zy = 0, valid for x > 0, is given by

(b)

(a) c1Js(V5z) 4 coJ_3(V/5x)
(b) 1J5(V5x) + c2Ys(V5x)
(¢) ads(32) + cad_ s5(3z)
(d) e1J 5(3z) + oY 5(31)

(e) None of the above.

7. At x =999, the Fourier sine series of f(x) =z on [0, 1] converges to (c)

(a) 1
(b) -1
(c) O
(d) 3
(

e) None of the above.



8. The differential equation 4x2%y” — 8zy’ + 9\y = 0, when placed in the Sturm-Liouville form
(py") — qy + Ary = 0, has the weight function r(z) given by (d)

d) —
(d) 4
(e) None of the above.
9. f{e3ix_|x_2l} = (a)
962i(\+3)
(a) —F~ ==
14+ (A +3)
92i(A-3)
®) o a3e
1+(A—3)
9e—2i(\+3)
©) —A =
1+ (A+3)
9e—2i(A-3)
&) T3
14+ (A—3)
(e) None of the above.

10. F{(z —3)e @} = (d)

(@) DT e

(d) %Aem%

(e) None of the above.

11. F'{ e ™} = (d)



~.
N

(d) —mxe’%

(e) None of the above.

12. F He M} = (a)

(e) None of the above.

13. Solve the initial-value problem ¢"” +1vy' —2y =0(t —2), y(0) =1, ¥'(0) = —2.
Solution:
$2Y (s) — sy(0) — 1'(0) + [sY () — y(0)] — 2¥ (s) = e~

= (2+s5-2)Y(s)—s+1l=¢2
s—1 e s 1 e 28
= Y(s) = =
(5) 82—|—S—2+82+S—2 s+2+(s—|—2)(s—1)
1 A B 1 1
= = A=—-, B=—
(s+2)(s—1) st2 s-1 3’ 3
1

R REL

1
= yt) =+ gu(t —-2) [et’z — e’Z(t’z)}.

14. Consider the differential equation xy” —y = 0, z > 0. For one (non-zero) series solution y;
about zy = 0,

(a) find the coeflicient recursion relation,

(b) solve the recursion relation.
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16.

Solution:
(a) p(z) =0, g(z) = =%, ap(z) =0, 2%q(z) = —2 = py=qo=0 = r(r—1)+por+q =

r(r—1)=0 = r; =1, ry = 0. One solution is y = >_ a,z"™, so

n=0
y = Z (n + 1)anxn7 y' = Z n(n + 1)%%7@—17 and zy" —y =0 =
n=0 n=0
S nn+Daa™ — > apz™™t =0 = (n+1)(n+2)any —a, =0,
n=0 n=0
Qn
R — , n>0
T+ )(n+2)

Qo aq ao
byn=0 = =—n=1 = = =
(b) n a1a21.2,na0 @2 =573 1.22@?7

= 2 :> = p— t . n - b] 2 0‘

" B3 T T2 T 1) "

<z<
Let f(z) = (1)’ (1) - i - ; } Find the full Fourier series of f on [0, 2].
Solution: -

The series is % + 21 [ay, cos (nmz) + by, sin (nz)], with

1 [? ! 1
b, = I/O f(z)sin (n7rx) de = /0 sin (nmx) do = ——cos (nmx) |(1)
1
=—[1—=(=1)" >1
[~ (1], n21,

1 [? ! 1
a, = —/ f(x) cos (nmz) dr = / cos (nmz) de = — sin (n7x) ‘(1) =0, n>1,
1/ 0 nmw

1 2 1
ag = I/ f(z)dx = / dx = 1. Thus, the series is
0 0

+ Z niw [1— (=1)"]sin(nrz).

N —

1

The solution of the wave equation u,, = Zuy, 0 < < L, satisfying the boundary conditions
c

u(0,t) = u(L,t) = 0, has the form

u(z,t) = Zsin (?) [an cos (mlrjct) + by, sin (mlrjct)] :

n=1

Find the solution of u,, = uy, 0 < x < m, which also satisfies the initial conditions

u(z,0) =0, u(z,0) = z(7 — x).
Solution:

L=m¢=1 = u(z,t)= il sin(nz)[an, cos(nt) + by, sin(nt)].

u(z,0) =0 = > apsin(nz) =0 = a, =0, n>1.
n=1

u(z,0) =x(r —z) = z(r—z)= > nb,sin(nz) =

n=1



17.

18.

nb, = 2 /ﬂ(wx — 2%) sin(nz)dzx
— _iﬂ(w; — %) cos(naz)| + 2 /ﬂ(w — 2z) cos(nz)dx
nm nr Jo
= ng (m — 2x) sin(nx ‘0 + n% Oﬂsin(nx)da:
_ —n%rcos(nxﬂg _ %[1 _ (=1)"]. Thus,
; % 1 — (=1)"]sin(nz) sin(nt) = %2 ﬁ sin[(2k + 1)x] sin[(2k + 1)¢].

The bounded solution of Laplace’s equation wu,., + %ur + T%’U,@g = 0 outside the circle r =a
has the form

= — + Z?‘ lan, cos(nb) + b, sin(nfd)].

Find the bounded solution of Laplace’s equation outside the circle r = 1, subject to the
boundary condition u(1,6) =1 — cos(20) + sin 6.

Solution:
1 — cos(26) +sin(f) = u(1,0) = % + Z [a,, cos(n@) + b, sin(nh)]
n=1
Qo

— =1, a, =—1, by =1, and a,, = b,, = 0 otherwise. Thus,
u(r,0) =1 —r—2cos(20) + r~!sin().

Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem

v+ Ay =0, ¥(0)=0, y(1) =0.

Solution:

A=—p?<0 = y= Ae' + Be " y = Aue!” — Bue ™, y'(0)=0 = (A—Bu=0 =
B=A = y=A""+e "), yl)=0 = A(*+e*) =0 = A=0 = B=0 =
y = 0. Thus, there are no eigenvalues A < 0.

A=0=>y=Az+B,y =4, y(0)=0= A=0=y=B,y(1)=0= B=0= y=0.
Thus, A = 0 is not an eigenvalue.

A=p?>>0 = y= Acos(uzr) + Bsin(ur), vy = —Apsin(ux) + Bucos(uz), y'(0) =0 =
B=0 = y=Acos(uz), y(1) =0 = Acos(u) =0 = pu=p,=2n+ l)g, n >0,

s  (2n+1)%*x?

so the eigenvalues are A\, = u, = — 1 n > 0, with the corresponding eigenfunctions

2 1
Yn = Ap cos(u,z) = A, cos lM]



