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ON THE WARING PROBLEM WITH
MULTIVARIATE DICKSON POLYNOMIALS

Alina Ostafe, David Thomson, and Arne Winterhof

ABSTRACT. We extend recent results of Gomez and Winterhof,
and Ostafe and Shparlinski on the Waring problem with univari-
ate Dickson polynomials in a finite field to the multivariate case.
We give some sufficient conditions for the existence of the Waring
number for multivariate Dickson polynomials, that is, the smallest
number g of summands needed to express any element of the finite
field as sum of g values of the Dickson polynomial. Moreover, we
prove strong bounds on the Waring number using a reduction to
the case of fewer variables and an approach based on recent ad-
vances in arithmetic combinatorics due to Glibichuk and Rudnev.

1. Introduction

For a finite field F, of ¢ elements and a parameter a € F,, the
values of the multivariate Dickson polynomials of the first kind, denoted
Déz)(xl, ooy Tg,a), © = 1,...,k, where e is any positive integer, are
defined by the functional equations

7 _ e e
DD (xy, ...z, a) = si(us, . .. Jpyr), X1y, € Fy,
where z; = s;(ug,...,uxs1), S; is the ith symmetric function in the
indeterminates uq, ..., uxy; and

Uy« U1 = @,
see [11, Chapter 2.4].
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Equivalently, w1, ..., ugs1 are the zeros of the polynomial
r(Z) = r(Z,z1,...,x0)

k+1
= ZM' w2 (D Z 4 () e = [](Z2 - w)
i=1
in the indeterminate Z and uf, ..., uf,, are the zeros of

re(Z) = r(Z,x1,..., 28, 0)
78— DW (. ap,a) 28 4 -

+(_1)kD£k)([L‘1’ ey Tpy a)Z + (_1)k+1ae
k+1

| ()]

i=1
In particular, if the polynomial r(Z) is irreducible, then the roots are
the conjugates u; = uqH, 1 =1,...,k+ 1, with a defining element «
of Fyr+1 = Fg(u), and the condition that

uud - .- uqk — u(qurl_l)/(q_l) = q.
In general, the u; are in an extension field F; of F, with 1 < j <k if
a=0,and 1 <j<k+1ifa#0,respectively. Put ¢ =lem{2,... k}
ifa=0and ¢ =1lcm{2,...,k+ 1} if a # 0. Then we have
(1)  DD(xy,...,24,0) = Dgf)(:cl, .., Tp,a) ife= fmodg’ — 1.

In this paper we will consider the Waring problem with the first
multivariate Dickson polynomials which have the values

1 e e
Dé )(5617 C Ty @) = UL Uy, T = Si(u e ),

that is, the question of the existence and estimation of the smallest
positive integer g = g,(e, k, ) such that the equation

(2) Dél)(.ﬂfl,l, ey X1k (Z) + - —{—Dgl) (.Tg,l, vy Xg ks a) =C, Tij € Fq,

is solvable for any ¢ € F,. We call g,(e, k,q) the Waring number of

D and put g.(e, k,q) = oo if such g does not exist.
By (1) we have

ga(€,k,q) = gaesa(d, k,q), where d = ged(e, gt — 1).

More precisely, D,(z1,. .., 7x, a) and Dg(x1, . .., x5, a®?) have the same
: d d
value sets since on the one hand u{+---+uj,, = (ui/ )4+ (uZil)d
and uf/?- - uf/Y, = a®/?, and on the other hand we have d = ez + ¢'~'y
for some integers z and v, u?l_l = 1, and thus uf + -+ + ugH =

(ug)e + -+ (uf ;)¢ with uf - uf,, = a®/? = a. Since we focus on
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the case a = 1 (but present the results for an arbitrary a whenever it
is possible), we may assume from now on that

(3) el¢g"—1, e<qg" —1.

Note that for e = ¢* — 1 the value set of D contains only the element
k + 1 and only g(k + 1) is representable with exactly g summands. In
this case, g.(¢°* — 1,k,q) = oo.

We note that the Waring number associated to the shifted Dickson
polynomial with values

DW(zy,... xp,0) +d

for some d € F, is equal to g,(e, k, q). Indeed, if (2) has a solution for
any ¢ € F, and fixed g, then so does

Dél)(mm, ey Ty ) -+D£1)(x971, ceZgk,a)tdg =7, wx; €F,,

where ¢ = ¢+ dg.
The existence of g,(e, k, q) is guaranteed when ¢ = p is a prime by
the Cauchy-Davenport inequality

|A+ B| > min{|A| + |B| — 1,p} forany A,BCF,

with B the value set of D" and A = A, the set of sums of j values of

DY Since the value set of D contains at least two elements by (3),
we have either |A; 1| > |4;] or A;11 =T,.

For ¢ = p™ with a prime p and m > 1, the existence was charac-
terized for a = 0 and £ = 1 in [1] and for « = £ = 1 in [10]. By [1,
Theorem G| we have

-1
a 1J(eforallt|mwitht7ém,

go(e,1,q) < oo if and only if

or equivalently the eth powers generate IF, over I, and do not fall into
a proper subfield.

LEMMA 1. [10, Theorem 2.1] Let ¢ = p™ for a prime p and let m =
280y, where k is a nonnegative integer and {y is odd. Then gi(e, 1,q) <
oo if and only if at least one of the following two conditions is satisfied.

—1
1. qt 1J(ef0rallt|mwitht7ém, pm/Q—lJ(eikaL
p_
—1
and (2qp——|—1)*6 if€0> 1.
1 1
(2(]++ 1)_{6, qt—:_l fe forallt|m, t <m, m/t odd.
» P p
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We note that there is a typo in [10, Theorem 2.1] where the expression
reads ¢ + 1 instead of ¢ — 1 in the last line of 1. Moreover, there is
a small gap in the proof which is filled in Theorem 10 of this paper,
namely that g,(e, k,q) < oo if the value set of D contains a basis of
F,.

In the univariate case for a = 0 we have D.(X, a) = X*¢, which cor-
responds to the classical Waring problem in finite fields where recently
quite substantial progress has been achieved, see [3, 4, 5, 6, 15]. A
survey of earlier results can also be found in [14].

However, recently it has become apparent that the methods of arith-
metic combinatorics provide a very powerful tool for the Waring prob-
lem and lead to results which are not accessible by other methods,
see [4, 5]. In particular, we have, by [4, Corollary 7],

go(e,1,q) <8 if e < g2

In a recent work, Ostafe and Shparlinski [13] used a result of Glibichuk
and Rudnev [9] to show that, in the univariate case for a # 0, the
following inequality holds:

LEMMA 2.
gale;1,9) <16
holds for
1. any a € F; and ged(e,q — 1) < 273/2(q — 2)1/2;
2. a that is a square in F and ged(e,q + 1) < 273/2(q — 2)/2,

Throughout this paper we use the following notation. Let m be

a positive integer, let p be a prime and let ¢ = p™. The values
Uy, ..., U1 are in the algebraic closure of F, (precisely, w, ..., uk41
are in the splitting field of the polynomial (7)), and
(4) T = si(Un, . Uk Uk, Uk+1:a(’u1"'uk)71,

Yi = Si(vi,.. U V1), Vg = (V1-- 'Uk)il-

Furthermore, for any 5 € N we denote by

Nmy(u) = wuf - - uf ' = o'e

the FF,; norm over I, and by
Trj(u) = u+uf + - +u?
the Fy; trace over IF,.
In this paper we study the existence problem for ¢ (e, k, q), and get
bounds on g,(e, k, ¢) by reducing the case of k > 2 variables to the case
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of fewer variables. We also use the same techniques of additive combi-
natorics as in [13] to prove bounds on g,(e, k, q) and extend the range
of nontrivial results. Our results become stronger with increasing k.

2. Preparations

Results on the value set. We consider the set

E = {Dél)(xl,...,xk,l) C Uisq :u‘{i, i=0,...,k,
k1l . "
Nmk+l(u1) = ugq 1)/((] 1) _= 1’ ul 6 Fqk+1} s

where the z; are defined by (4).
A simple remark is that £ C [F,. Indeed, we have
(5) Dél)(xlv coey Ty 1) = Ui-{—Uiq—‘—- . __|_u§qk71 ‘I'U(iqk = Trkﬂ(uf) c ]Fq-
LEMMA 3. Let £ be defined as above. Then,
k1 _
ye> -
ddo(q — 1)
where d = ¢"~' + (¢" — 1)/(¢ — 1) and do = ged(e, (¢**' = 1)/(¢ — 1)).
PRrOOF. To estimate #&, we notice that
DO (ay,. . wp 1) = uf + us? 4 gt 0D/

has degree d = ¢* ' + (¢* — 1)/(¢ — 1) as a rational function in ws.

Moreover, u$ takes any value at most dy = ged(e, (¢** —1)/(q — 1))

times. Hence, D takes any value at most ddy times. Since there

are (¢*** — 1)/(q — 1) different u; with Nmy1(u;) = 1, the result
follows. O

Moreover, the value sets of different Dickson polynomials can coin-
cide.

LEMMA 4. If ab™! is a (k + 1)th power in F,, the value sets of

Dél)(Xl, ooy Xg,a) and Dgl)(Xl, ooy, Xg, b) are the same and thus we
have

ga(e, k,q) = gole, k, q).
PRroOF. If ab™! = ¢**!, we have
DM (w1, ap,a) = u§ 4o Ful,,
= (¢ )+ 4 (T rug)”)
= De(y1,---, Yk, b)

for some y1,...,y, € F, since c* Dy g = ¢ * g = b O
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Reduction from k variables to fewer variables.

THEOREM 5. For 1 < ko < k put lg, =lem(2,...,ky+1) if a #0,
lgy = lem(2, ..., ko) if a =0 and ey, = ged(e, qzko - 1). Then we hcwe

e.bg) < | et

g1 (ekov ko, Q) : k41
ga<€7k7Q>:gl(e>kaq)§ ’VL(k—i‘l)/(ko—i-l)J—‘ zfa:b

for some b € F,, and otherwise

gl(eko, ko, Q)
s < ey |

Proor. We start with the case a = 0, where

DO (zy, ... 2, 0) = uf 4 -+ - 4 uf.

Since ky < k, we consider only those values with u; = 0 for i =
kolk/ko] +1,...,k + 1 and see that go(e, k,q) is not larger than the
smallest g such that

glk/ko] > gole, ko, q) = go(ery, ko,q) with 1 < ko <k,

which implies the first result.

By Lemma 4 we have g,(e, k,q) = gi(e, k,q) if a = b**! for some
beF,.

For a = 1, we have Dél)(xl,...,xk,a) = uf + -+ + ug,, with
up -+ - ugy; = 1. We consider only those u; with

U(ko+1)i+1 ** * Uko+1)itho+1 = 1

for i = 0,...,[(k+1)/(ko + D] and ugggsn)|rs1)/(hot)41 = - =
Upr1 = 1. Hence g1(e, k,q) is not larger than the smallest g Wlth
gl(k+1)/(ko + 1)J > gl(eko, ko, q) and the second result follows.

The third result follows if we take ur,; = a, split the remaining
u; in groups of ky + 1 elements with product 1 and put the remaining

Setting kg = 1 in Theorem 5, together with the first condition of
Lemma 2, gives the following consequence.

COROLLARY 6. Suppose a € F; and ged(e,q — 1) < 273/2(q — 2)1/?
or ged(e,q + 1) < 273/2(q — 2)Y/2. Then,

16 ; +1
gale, kb, q) < {mw if a = b k> 1,
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and

Gale, k,q) < [%W if a # bFT k> 2.

Set products and sums. We recall the following result of A. Gli-
bichuk and M. Rudnev [9, Theorem 6].

LEMMA 7. For any two sets A,B CTF,, with #A#B > 2q we have

8
{Zajbj : ajE.A, bjEB,j:L...,8}:IFq.
j=1

We will need the following extension of the Cauchy-Davenport in-
equality.

LEMMA 8. [12] Let B be a finite non-empty subset of an Abelian
group G. Then the following conditions are equivalent:
1. For every finite non-empty subset A of G, | A+B| > min(|.A|+
|B] — 1,|GI).
2. For every finite subgroup H of G, |H + B| > min(|H| + |B| —
L|Gl).

LEMMA 9. For ¢ = p™, let B be a basis of F, over F,. For any
subgroup H of Fy, |H + B| > min(|H| + |B| — 1,q).

PrROOF. We may restrict ourselves to the case {0} # H # F,. Put
|H| = p/ with 1 < j < m. Then at least m — j elements of B are not
in H and H + B contains at least m — j + 1 different cosets H + b with
b € B. Hence,

[H+B] = (m—j+1)p =p +(m—j)+p -1
> P Am—j+j—1=H+[B] -1,
which completes the proof. O

3. Existence of g;(e, k,q)
In this section we give conditions on the existence of g, (e, k, q).

THEOREM 10. Forkyo=1,...,k+1 put by, =lem(2,..., ko+1) and
ex, = ged(e, o —1). We have gi(e, k,q) < oo if either e; # ¢*> —1 and
one of the two conditions of Lemma 1 with ey instead of e is satisfied
or there exists 2 < kg < k + 1 such that ey, # g0 — 1 and

ko

-1
qt . teed(e(lq —1),¢* — 1) for all t | kom with t < kym.
p —
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PrOOF. By Theorem 5 we have g;(e, k, q) < 00 if g1(ex,, ko, q) < 00
for some 1 < kg < k + 1. Taking ky = 1, the first part of the theorem
follows directly from Lemma 1. For the second part it is enough to
consider the case kg = k + 1. Let u; = uqﬁl, g=12,...,k+ 1, where
Fyee1 = Fg(u). This corresponds to the case that r(Z) is irreducible.
We have Nmy,yq(u) = (@ =D/(a=1) — 1 that is, u is a (¢ — 1)th power
of an element of Fr+1. Now, we get De(xy,...,2x,1) = Trppq(u®).
Note that the eth powers u® of elements in F x+1 of norm 1 are exactly
the (¢ — 1)eth powers in F 1 and generate F r+1 over F), if and only if

k+1
g =1 .
e teed(e(q—1),¢"™ —1) for all t | (k+1)m with ¢t < (k+1)m.
Under this condition, there is a basis {uf, ..., u{; ), } of Fge+1 over F,
with Nmyq(u1) = - = Nmyyq (q1ym) = 1. Hence,

{Trps1(u) :i=1,....(k+1)m}

must contain a basis B of F, over I, since the trace is linear and
surjective, and the existence follows by Lemmas 8 and 9. U

4. Estimates for g,(e, k,q)

We prove the following estimates which follow from Theorem 5 and
the same argument as in [13, Theorem 1] using Lemma 7. We also
improve Corollary 6 in some cases.

THEOREM 11. Let 1 < ko < k be munimal such that
ged (e, (6" = 1) /(¢ - 1)) <

If a is a (k + 1)th power in [}, then
8(ko + 1) w
L(k+1)/(ko + 1))

1/2

3
Wk

gale k,q) < [

and otherwise if k > ko + 1,

gale, Ky q) < [M] .

LK/ (ko +1)]

PRrROOF. If a = b*!, by Theorem 5 we may assume a = 1.
By Lemma 3 we see that

ged(e, (¢ —1)/(g— 1)) < 2

3
8v2"
implies

#g > 21/2q1/2
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since i
1/2 o 9-1/2 gt —1

ok (2¢F0 — gro~t — 1)g'/*’
Thus, by Lemma 7 applied with the sets A = B = £, we see that for
any ¢ € IF, there are uj, v; € Fro1 with Nmyyqq(u;) = Nmyyqq(v;) =1,
j=1,...,8 such that

8
Z Tr(u§)Tr(v5) = c,
j=1

by (5). Since

z‘
Trko-i-l( Trko-i-l § Trko—i-l

again by (5), we get
gi(e, ko, q) < 8(ko +1)

if ged(e, (¢t —1)/(¢g—1)) < %ql/z. Theorem 5 completes the proof.
Note that we get the strongest bound if ky is minimal. 0

5. Final remarks

We remark that, using [8, Theorem 6], [13, Theorem 2| and The-
orem 5, one can obtain easily a generalisation of [13, Theorem 2] for
multivariate Dickson polynomials Dél), which we do not present here.

We note, however, if ged(e,q — 1) < 0.75¢%3, from [13] we get

92160
ek < |

For a = 0 a similar result as [13, Theorem 2] immediately follows
from the character sum bound of Chang and Bourgain. More precisely,
from [3, Theorem 1] it follows that for any ¢ > 0, if ¢ < ¢'™° and
go(e, 1, q) exists, there is a constant c(g) such that go(e, k, q) < c(e).

Furthermore, for a = 0 we easily get

8ko
e o) < ||
if
ged(e, g — 1) < ¢*/?
for some 1 < kg < k.
Moreover, we mention that

Dék)(xl, oty a) = (uta) 4 -+ (u,;ila)e = Dél)(yl, Yk a¥)
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for some ¥, ...,y and thus the corresponding value sets and Waring
numbers are the same.

Finally, we mention that for very large e better results than ours
can be obtained using the Cauchy-Davenport theorem. For very small
e and k character sums are superior. See [2, 7, 10] for more details in
the case k = 1.
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