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Abstract

A (d,n,r,t)-hypercube is an n X n X - - - X n (d-times) array on n” symbols such that
when fixing ¢ coordinates of the hypercube (and running across the remaining d — ¢
coordinates) each symbol is repeated n? 7"t times. We introduce a new parameter,
r, representing the class of the hypercube. When r = 1, this provides the usual
definition of a hypercube and when d = 2 and r = ¢ = 1 these hypercubes are Latin
squares. If d > 2r, then the notion of orthogonality is also inherited from the usual
definition of hypercubes. This work deals with constructions of class r hypercubes and
presents bounds on the number of mutually orthogonal class r hypercubes. We also
give constructions of sets of mutually orthogonal hypercubes when n is a prime power.

1 Introduction

Before defining and studying sets of orthogonal hypercubes of class r, we briefly review some
standard definitions and notions involving sets of orthogonal hypercubes without specified
class number. Under the later terminology, the standard definition of hypercube corresponds
to hypercubes of class 1.

Definition 1.1. Let d,n,t be integers, with d > 0 and n > 0. A (d,n,t)-hypercube of
dimension d, order n and type t is ann X n X --- X n (d times) array on n distinct symbols
such that in every co-dimension-t-subarray (that is, fix t coordinates of the array and allow
the remaining d —t coordinates to vary) each of the n symbols appears exactly n®™+Y) times.

Moreover, two such hypercubes are said to be orthogonal if when superimposed each of
the n? possible distinct pairs occurs exactly n?=2 times.

Finally, a set H of such hypercubes is mutually orthogonal if any two distinct hypercubes
in H are orthogonal.
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We use the term co-dimension-t-subarray (or simply t-subarray) to emphasize that ¢
coordinates are fixed and that the remaining d — ¢ coordinates vary. In the case of a square
(which of course has dimension d = 2), a 1-subarray is just a row or column while if d = 3,
a l-subarray is a plane (containing n? cells) parallel to two of the coordinate axes while a
2-subarray is a line (containing n cells) parallel to an axis. When d = 2 and ¢ = 1 the
definition of a hypercube reduces to the well studied case of a Latin square.

An upper bound on the maximal number of orthogonal hypercubes with various types
appears in [5, Theorem 3.2]. We note that the maximum number of orthogonal hypercubes
of dimension d, order n and type 1 is upper bounded by (n¢ —1)/(n—1) —d and when n = q
is a prime power, this bound can be achieved using linear polynomials with coefficients in
the finite field containing ¢ elements.

This paper extends the usual definition of hypercubes by considering the alphabet size to
be a power of the order. We call this power the class of a hypercube. The original definition
of a hypercube corresponds to class 1 hypercubes.

The structure of the paper is as follows. In Section 2 we present the definition of hy-
percubes of class r and give some bounds on the existence of such cubes. We then provide
constructions of such hypercubes based on other combinatorial objects and a finite field con-
struction. In Section 3 we study sets of orthogonal hypercubes when n is a prime power and
when d = 2r. We conclude the paper with some open problems in Section 4.

2 Hypercubes of class r

We examine hypercubes and sets of orthogonal hypercubes in which we increase the number
of symbols beyond the order of the hypercube. More specifically, we consider a type of
hypercube introduced by Kishen [4] where the number of symbols in the hypercube is a
positive integer power of the order of the hypercube. We begin by providing some bounds on
these hypercubes. We also provide a definition of orthogonality for such hypercubes as well
as a method for constructing individual hypercubes and orthogonal sets in certain cases.

Definition 2.1. Let d,n,r,t be integers, with d > 0,n > 0,7 >0 and 0 <t < d—r. A
(d,n,r,t)-hypercube of dimension d, order n, class r and type ¢t is an n X n X --- x n (d
times) array on n” distinct symbols such that in every co-dimension-t-subarray (that is, fix
t coordinates of the array and allow the remaining d —t coordinates to vary) each of the n"
distinct symbols appears exactly n®*=" times.

Moreover, if d > 2r, two such hypercubes are said to be orthogonal if when superimposed
each of the n®" possible distinct pairs occurs exzactly n®=2" times.

Finally, a set H of such hypercubes is mutually orthogonal if any two distinct hypercubes
i H are orthogonal.

In [4], Kishen used the term “order” rather than class. In this work, we reserve the
term “order” to denote the size of the array and we use the term class in place of Kishen’s
definition of “order”. Figure 1 provides an example of a hypercube of dimension 3, order 3,
class 2 and type 0.
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Figure 1: A hypercube of dimension 3, order 3, class 2 and type 0.

We note that a d-dimensional hypercube of order n and class r = 1 is simply a hypercube
of dimension d and order n, and a d = 2 dimensional hypercube of class » = 1 and type
t = 1 is simply a Latin square of order n. Furthermore, the definition for orthogonality for
class r hypercubes generalizes the standard definition of orthogonality for hypercubes.

2.1 Bounds

While there always exists a hypercube of order n for any dimension d > 2, the following
lemma shows that this is not the case for hypercubes of class 7.

Lemma 2.2. Let r > 2. If d > (n —1)""' +r, then there does not exist a (d,n,r,d —r)-
hypercube.

Proof. Suppose we have a d-dimensional hypercube of order n, class r and type d — r.
Consider the symbols which occur in the coordinate axes .1, %,yo,...,24, that is, for
j=r+1,r+2 ..., d, the symbols occurring when z; = 0 for all 7 # j and allow z; to vary.
First note that they share a common point at the origin. Now, notice that the remaining n—1
symbols in each of these coordinate axes must be distinct; otherwise any (d — r)-subarray
containing two of these coordinate axes would not contain all n” symbols.

Next, consider any of these coordinate axes, say x,, 1, and notice that it is contained in the

r different (d — r)-subarrays with fixed coordinates z; = x,49 = x,43 = -+ - = x4 = 0 for each
1 with 1 <4 <r. Thus, the symbols in the x, 1 coordinate axis cannot be the same as those
in any of the (d — r 4+ 1)-subarrays with fixed coordinates x; = z, 11 = 00 =+ =24=0

for each ¢ with 1 < ¢ < r. Considering the entries in the sub-hypercube with coordinates
not meeting the origin, this leaves (n — 1)" distinct symbols to choose from. We can use the

same argument on each coordinate axis x,yo, X, 13,...,2q. Since the n — 1 symbols in each
of these d — r coordinate axes must also be distinct from each other as well, we must have
that (d —r)(n—1) < (n—1)". Hence d < (n —1)""! +r. O

We establish a general upper bound on the size of a set of mutually orthogonal hypercubes
as a function of dimension, order, class and type. We begin by setting up a matrix formulation
of hypercubes which is used in the proof of the bound. Let H be a hypercube of dimension
d, order n, type t, and class r. Define a n? x n” matrix

NH = (nxl,xz,...,xd,s)a

where
1 if symbol s occurs in position H(x1, 2o, ..., Zq),
nx17x27"'7'xd75 =

0 otherwise.



If Hy, Hs, ... Hy are mutually orthogonal, let
M = (Nu,Nu, -+ Huy )
We have the following lemma.

Lemma 2.3. Leti,j € {1,2,...,N}. Then

NT N, - {nZQIn ifi=j,
i ! n-- rJnT ’I,fZ ?é ja

where I, is the t X t identity matriz and J; = (1)x-

The proof is immediate from the definitions of the Ny. We now give a bound on the
maximum number of class r hypercubes.

Theorem 2.4. The mazimum number of mutually orthogonal hypercubes of dimension d,
order n, type t and class r 1s bounded above by

s (o= Q== (o)

Proof. Let Hy, Hy, ... Hy be mutually orthogonal hypercubes, M = (Ng, Ng, - -- Hp,, ), and
Hy,, 1 <i<n, as defined above. If all elements but one are known in some co-dimension-k-
subarray (k < t), then the remaining element is determined because all of the hypercubes are
of type t and any co-dimension-k-subarray is a disjoint union of co-dimension-t-subarrays;
thus, each symbol appears precisely n? %= times. The position of each such remaining
element corresponds to a row of M.

For any fixed set of k£ coordinates we consider the position of the H; determined by
setting the remaining d — k coordinates to n. The element in this position in each hypercube
is determined by the entries in the other positions of the co-dimension-k-subarray and thus
depends on the set of k£ coordinates chosen and their values. To avoid multiple counting as
we vary the size and selection of k coordinates, we only consider setting the fixed coordinates
to values that are not n. Thus we determine that for any value of k, there are (Z)(n —1)*
rows of M that are dependent on the remaining rows.

Summing over k gives at least

dependent rows. Thus



We have

ndf’"]nr ndfz’"JnT ce ndiQrJnr nTInr Jnr te Jnr
. ndeTJnr ndfr]nr nderJnr o JnT nTInr JnT
MM = ) . ) =n . . ) ,
nd_QTJnr s nd_’r]—nr Jnr ce nT[nr

and from [9] we have that its eigenvalues are Nn?" n?=" 0 with multiplicities 1, N(n" —
1), N — 1 respectively. Thus

¢
N(n"—1)+1=Nn"— N +1 = rank(M" M) = rank(M Z()n—l
k=1

and we have

Ngnrl_l <nd—1— (Cf)(n—l)— <Z>(n—1)2—---— (i)(n—l)t). O

When r =t = 1 the bound reduces to the well-known result [1, Section IV.22.5] on the
maximum number N of hypercubes: N < (n? —1)/(n — 1) —d. We have the following
corollary when the hypercube has the largest possible type d — r.

Corollary 2.5. The mazimum number of mutually orthogonal hypercubes of dimension d,
order n, type d —r and class r is bounded above by

Zz:d—r—i—l (Z) (n— 1>k.

n"—1

The bound in Theorem 2.4 is n¢~" + O(n?"~!) for any type; the type only affects the
lower-order terms.

2.2 Constructions

We can relate certain classes of hypercubes to other well-known combinatorial objects, such
as orthogonal arrays.

Definition 2.6. [1, Definition III1.6.1] An orthogonal array with parameter X\, strength t,
degree k and s levels, denoted OA\(t,k,s), is a k X N array, with N = \s', with entries
from a set of s > 2 symbols, having the property that in every t x N submatriz, every t x 1
column vector appears \ times.

We show later how to construct hypercubes of order n, dimension d, and class » when
n is a prime power. However if n is not a prime power, the following provides a simple
construction of dimension k, class k — d hypercubes using orthogonality of strength d. We
first give the definition of d-strength orthogonality, following [3].
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Definition 2.7. A set H of hypercubes of dimension d > 2 is mutually strongly d-orthogonal
if, upon superposition of corresponding (d—j)-subarrays (that is, fix any d—j coordinates and
allow the remaining j coordinates to vary) of any j hypercubes in H with 1 < j < min(d, [H|),
each j-tuple appears exactly once. This is equivalent to the existence of an OA;(d,d+|H|,n).

The following lemma generalizes two constructions, one appearing in [3] and the other
appearing in [8].

Lemma 2.8. If there exists an OA1(d, k,n) then there exists a (k,n,k — d,d)-hypercube.

Proof. Let A be an OA;(d, k,n) with symbols in Z,, (any group of size n will do). All indices
of size n are also taken from Z,. We index the rows by the d-tuples of elements from Z,
taken from the first d columns of A, and construct a k-dimensional hypercube, H, of order
n and class k — d,

H((jz‘)ong, (Cl)0§l<k;—d>
= H(jo,J1, -+ Jd=1,C0s - - -, Ch—d—1) = (A((Ji)o<i<d, d + 1) + ) o<i<k—a-

We now show that this hypercube has type d. Suppose that d coordinates of H are fixed;
without loss of generality they are j;, 0 < ¢ < m, and ¢;, 0 <1 < d—m, where 0 < m < d
and m > 2d— k. In the subarray defined by these fixed coordinates and permitting all others
to vary, if

H((ji)0§i<m7 (ji>m§i<da (Cl>0§l<dfm7 (Cl)dfm§l<kfd)
= H((ji)0§i<m7 (j;)m§i<da (CZ)0§l<d—ma (Cg)d—m§l<k:—d)>

then,

A((Ji)o<icm, (Gi)m<ica, d + 1) = A((Ji)o<icm, (Ji)m<ica, d +1), 0<1<d—m, (1)

and

A((ji)OSKmv (ji)m§i<d7 d+ l) +q
= A((j)o<icms ((meicasd+1) + ¢, d—m<l<k—d. (2)

When [ ranges from 0 to d —m — 1, d + [ varies from d to 2d —m — 1. Hence, Equation (1)
specifies a d-tuple in A in columns 0,...,m—1and d,...,2d—m—1. A d-tuple in any set of
d columns of A can only appear in precisely one row, and thus j; = j! for m < i < d. These
equalities permit cancellations in Equation (2) which yield that ¢; = ¢ ford—m <1 < k—d.
Thus no symbols repeat in the given subarray. O

Orthogonal hypercubes exist only if d > 2r. In this case, we present the following
construction of (d, n,r,r)-hypercubes which relies heavily on linear algebra over finite fields.



Lemma 2.9. Let n be a power of a prime, let d,r be positive integers with d > 2r and let
qg=n". Consider F, as a vector space over F,, and define c; € Fy, j =1,2,...,d, such that
any r of them form a linearly independent set in F,. The hypercube constructed from the
polynomial crxy + coTo + - - - + cqxq 1S a hypercube of dimension d, order n, class r and type
r.

Proof. We must show that each of the n” elements of F, occurs in each co-dimension-r-
subarray exactly n??" times. Consider now any r-subarray, and without loss of generality
let x4 i1, %Tg—rio,...,2q be fixed coordinates. Then, this subarray is generated by the
polynomial ¢;z1 + cowg + -+ + cq—yT4—r. To show that every value of F, appears exactly
n?=?" times we solve the equation ¢;z1+coTo+- - +CogpTgy = A\, A € F,. Since F, is a simple
extension of F,,, we assume that F, = [F,,(«), where « is a root of an irreducible polynomial
of degree r over F,,. Denote ¢; =Y/ a; ;0" P and A=Y a; o' with a;;,a; 5 € F,.
We have the following matrix equation by equating coefficients of a:

a1 Qir2 -+ QAid—r X Q1

Q21 Q22 - Q2d—r X2 a2 )

Qr1  Qr2 - Qrd—r Ldg—r Ay \
By hypothesis, any r coefficients of x1, zs, ..., x4 are linearly independent and so, the above
matrix has rank . Thus, the solution set of the above equation has dimension d—2r, proving
the claim. ]

We can draw comparisons to hypercubes constructed using Lemma 2.9 directly from the
matrices. In particular, any r x d matrix over a finite field IF,, with the property that any
r columns are linearly independent yields a (d,n,r, 1)-hypercube. If d > (t 4+ 1)r, a trivial
extension of the above lemma gives that any r x d matrix with the property that any tr
columns are linearly independent yields a (d, n, r, t)-hypercube.

We remark that matrices satisfying Lemma 2.9 are studied in coding theory, see [7].

Remark 2.10. Let H be an r x d matriz over F, such that any r columns are linearly
independent and some r + 1 columns are linearly dependent. Consider H as a parity-check
matriz of a linear code over Fy. Such a code has minimum distance r + 1 and the number of
codewords is q@". When d = 2r such a code reaches the Singleton bound [7], and H is the
parity check matriz of ¢ maximum-distance separable (MDS) code.

Corollary 2.11. Let q be a prime power. The number of (2r,q,r,r)-hypercubes is at least
the number of linear MDS codes over Iy of length 2r and rank r.

In addition, we have the following result from [2, 3.

Theorem 2.12. Let fi(x1,x9,...,2,) = anT1+a;pxo+- - +aiqxq,i = 1,...,7, be polynomials
over F,. The corresponding hypercubes are mutually strongly d-orthogonal hypercubes of
dimension d, order q and class 1 if and only if every square submatriz of (a;;) is non-singular.



Corollary 2.13. Suppose H is a set of r mutually strongly 2r-orthogonal hypercubes con-
structed from Theorem 2.12. Then, the resulting matriz defines a (2r,q,r,r)-hypercube.

In Section 3, we use Lemma 2.9 with d = 2r to construct sets of orthogonal hypercubes.

3 Sets of orthogonal hypercubes of dimension 2r

In this section, we consider only hypercubes of dimension 27, order n, class r and type r.
We give a bound on the number of mutually orthogonal hypercubes of this form, which
significantly improves the bound in Theorem 2.4. We then construct sets of such orthogonal
hypercubes when r is a prime power and r < n.

Theorem 3.1. There at most (n — 1)" mutually orthogonal (2r,n,r,r)-hypercubes.

Proof. First, permute the symbols of each hypercube so that the r-subarray with fixed

coordinates z,,1 = T,40 = --+ = X9, = 0 is identical for each hypercube. Now, consider
the symbol in the entry xo, = 1, 1 = 29 = --- = x9,_1 = 0. This entry is contained
in the r subarrays with fixed coordinates x; = x,4 1 = T,,0 = -+ = 9.1 = 0 for each i
with 1 < ¢ < r. Thus we cannot take any entry in the subarrays with fixed coordinates
Ti = Tpy1 = Tpyg = -+ = T, = 0 for each i with 1 < i < r. This leaves us with (n — 1)"
choices for the symbol in entry x,, = 1, vy = 29 = --+ = 29,1 = 0. Furthermore, each
hypercube must have a distinct symbol in this entry since all ordered pairs (7,7), 1 <1i < n",
occur in the square z,41 = 49 = -+ = X9, = 0. Therefore we have at most (n — 1)"
mutually orthogonal hypercubes. O

Remark 3.2. Theorem 3.1, combined with Lemma 2.2 requires that r =1 or n > 3.

We observe that Theorem 3.1 is a generalization of the well-known bound for mutually
orthogonal Latin squares.

Corollary 3.3. There are at most n — 1 mutually orthogonal Latin squares of order n.

Corollary 3.4. Let n > 3. There are at most (n — 1)* mutually orthogonal (4,n,2,2)-
hypercubes.

Maximal sets of mutually orthogonal hypercubes are called complete. For most prime
power orders n, we can construct complete sets of (n — 1) mutually orthogonal (4, n, 2, 2)-
hypercubes using multivariate permutation polynomials over the finite field of order n. First,
we show how to construct two orthogonal (2r,n,r, r)-hypercubes when n is a prime power.

Theorem 3.5. Let n be a power of a prime, let r be a positive integer and let ¢ = n'.
Denote as Fy the extension of F,, obtained by adjoining a root o of an irreducible polynomial



of degree r over F,, that is, F, = F,(c). Let

1
pr(@1, Ta, ., Tar) = E o~ x5+ E g Q; j— pa 93] and

J=r+1 =1
1
P21, T2, ..., Top) = E :O‘J Tj+ § : § :a,a P& Ly
j=r+1 i=1

with p1 # py and a; 5, a;, € F}, for any i,j,s,t =1,2,... 7.
Define the matrices A and A’ by

/ ! /

a1 Gi2 - Qip Ay Qo -+ G,
! ! /
Q21 Q22 -+ Qgp Qgq Qoo Qg

) ) El ! ) k] ’T

A= ] and A" = ] ,

! / /

ri Gra2 - Qpp Aryp Qro "0 Gy

and suppose that A, A" and A— A’ are nonsingular. Then the hypercubes generated by p; and
pe are orthogonal (2r,n,r,r)-hypercubes.

Proof. By Lemma 2.9 the polynomials p; and p, form hypercubes of dimension 2r, order n
and class r. What remains is to show that these hypercubes are orthogonal.

Let p1 = >0, fier b and pp = 377, fjira?™!. Then, from p; and p, we have the
following system of equations:

fi T1
I | Al |22
L A :

f27" Loy

By showing that fi, fs,..., fo, form an orthogonal system, we show that these two polyno-
mials construct orthogonal hypercubes.

It is known [6, Corollary 7.39] that fi, fa,..., for form an orthogonal system if and only
if P =cifi+cafo+ -+ cofor is a permutation polynomial for all (ci,co, ..., co.) € F?
with (e1,¢9,...,¢2.) # (0,0,...,0). Substituting gives

T r I 2r
P = Z (Cj + CjJrr) T + Z (Z C;Qi j + Z ciag_m) Ljqr- (3)
j=1 j=1 i=1

i=r+1

Since P is a linear polynomial in x1, zs, . . ., To,, we have that P is a permutation polynomial
if and only if P # 0. Suppose, by way of contradiction, that P is not a permutation
polynomial, that is, that P = 0. Equating coefficients of z1,zs,..., 2, gives ¢; = —¢j4r,
j=1,2,...,r. Substituting these relations into the second term of Equation (3) gives

T

Zci(aivj—a;’j) =0,j=12,...,r

=1



Since (cy, ¢, ..., o) # (0,0,...,0) we know that one of ¢, ¢y, ..., ¢, are nonzero. Thus, we
have a non-trivial zero-solution from the columns of A — A’, contradicting the assumption
that A — A’ is non-singular. m

When r = 2 we find a complete set of mutually orthogonal hypercubes of dimension 4,
order n and class 2.

Corollary 3.6. Let n be an odd prime power. Then there exists a complete set of (n — 1)?
mutually orthogonal hypercubes of dimension 4, order n and class 2.

Proof. Denote as IF,, the finite field with n elements and let F, = IF,,(«), where « is a root
of an irreducible quadratic polynomial over F,,.

Let w be a non-square element of I, and for any a, b € I}, define the polynomial p(, ;) =
r1 4+ axs + (a+ba)xs + (b+ awa)zs. We show that any two of these polynomials p(ap), Dzy),
with (a,b) # (z,y) form mutually orthogonal hypercubes.

Let
A= la b] and A" = {x y].
aw Yy Tw
Clearly A is non-singular since if det(A) = 0, then w = (b/a)?, contradicting the choice of w.
Similarly, A’ is non-singular. Suppose now that A — A’ is singular, that is, det(A — A") = 0.
Then (a — z)*w — (b—y)? = 0. If a = z then b = y, contradicting (a, b) # (x,y); in the same
way if b = y then a — z.
Now consider a # x and b # y. We have

W = s
a—x

contradicting that w is not a square. Hence, the matrix A — A’ is non-singular and the
conditions for Theorem 3.5 are satisfied. O

Corollary 3.7. Let n = 22 k € N. Then there exists a complete set of (n — 1) mutually
orthogonal hypercubes of dimension 4, order n, and class 2.

Proof. Since 3 divides n — 1 = 2?* — 1, we have non-cube elements in [F,,; primitive elements,
for example. Let w # 0 be a non-cube element of F,,, that is w # 73 for any r € F,,. Now,
for every a € Fi and b € F%, let pap) = 21 + ()22 + (a + ba)zs + (b* + a*wa)xy. We show
that any two of these polynomials p(ap), P(zy) With (a,b) # (z,y) form mutually orthogonal

hypercubes. Let
_|la D PR
A= {bz azw} and A" = [y2 wzw] .

Clearly A is non-singular since if det(A) = 0, then w = (b/a)?, contradicting the choice of w.
Similarly, A’ is non-singular. Suppose now that det(A — A’) = 0. Then (a — z)3w = (b—1y)3.
If a = z, then b = y, contradicting that (a,b) # (z,y). If a # x, then

(b_y)3
W = 5
a—x
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contradicting the choice of w. Hence, the matrix A — A’ is non-singular and the conditions
for Theorem 3.5 are satisfied. 0

Unfortunately, the approach of Corollary 3.6 and Corollary 3.7 cannot be applied to solve
all of the possible n = 2?**! cases at once. A new method is required in this case.

We now give sets of orthogonal hypercubes for » > 2. These sets are unable to meet the
bound in Theorem 3.1. We obtain sets of n — 1 mutually orthogonal hypercubes when n is
a prime power and r < n using the following application of Theorem 3.5.

Theorem 3.8. Let n be a prime power. For any integer r < n, there exists a set of n — 1
mutually orthogonal (2r,n,r,r)-hypercubes.

Proof. Let a be a primitive element of F,, and let A be the r x r Vandermonde matrix with

defining row (o, a?,...,a"). Since r < n, each entry of (o, a?,...,a") is distinct, and so A
is non-singular. Now define A; = o/ A, for any j = 1,...,n — 2. Each A; is non-singular
since A is non-singular, and the difference of any two distinct matrices in {A, Ay,..., 4, 2}

is also non-singular. Therefore, the hypercubes defined using the matrices {A, Ay,..., A, 2}
in Theorem 3.5 are mutually orthogonal. O

When n is a prime power, using the method of Corollary 3.6 to find sets of orthogonal
hypercubes of class r = 3 and using results about solutions of diagonal equations over finite
fields [6, Theorem 6.33], one can marginally improve the bound of n — 1 mutually orthogonal
hypercubes to n + C, where C is a small positive constant. In general, the method of
Corollary 3.6 cannot be used to construct sets of orthogonal hypercubes approaching the
bound in Theorem 3.1 when r > 2. For higher class, a new method is needed.

4 Conclusions and problems

In this paper, we extend the usual definition of hypercubes by introducing a new parameter,
the class r of a hypercube, which increases the alphabet size of the hypercube. We give
necessary conditions on r for the existence of such hypercubes and present bounds and
constructions of sets of mutually orthogonal hypercubes.

When d = 2r, an upper bound on the number of mutually orthogonal hypercubes is
(n — 1)". We give a construction of (n — 1)? mutually orthogonal hypercubes when r = 2
when n is a prime power.

Some open problems follow.

1. Construct a complete set of mutually orthogonal (4,n,2,2)-hypercubes when n =
22k+1_

2. Is the (n — 1)" bound in Theorem 3.1 tight when r > 27 If so, construct a complete

set of mutually orthogonal (2r,n,r,r)-hypercubes of class r > 2. If not, determine a
tight upper bound and construct such a complete set.

11



3. Find constructions (other than standard Kronecker product constructions) of sets of

mutually orthogonal hypercubes when n is not a prime power. Such constructions will
require a new method not based on finite fields.
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