LINEAR TRANSFORMATIONS

A transformation ( or mapping) T is
linear if:

) T(x+vy) =T(x) +T(y) for all z, y
in the domain of T

i) T(cx) = cT'(x) for all x and all
scalars c.

Every matrix transformation is a lin-

ear transformation.



Example: Let T:R? — R3 be given

o(3)=, ¢

Show that T is a linear transforma-
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tion.
Solution:
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By i) and ii) T is a linear transforma-

tion.

Remark 1: Conditions for a linear
transformation can be written as only

one equation:

T(cx + dy) = cT'(z) + dT(y)

for all z,y € R™, and for all scalars c
and d.

Remark 2: For any linear transfor-

mation 7',

T(0) = T(0x) = 0T () = O.



Example: Let
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Compute Au, Av, A(u-

Solution:
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Indeed, A is a linear transformation
from R3 to R3. It is denoted by
T(X)=AX
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Example: Let A= | -1 0 |. Let T
21

be the linear transformation from R2
to R3 defined by T(X) = AX.

a) Find the image of u = {;] under
1.

b) Find a vector X in R? such that
e

T(X) = | —3
L 4 -

C) Is there another vector Y #= X such

v
that T(Y) = | =3 |.
4

d)Is W = 1| in the range of T7?




Solution:
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b) We need to
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find a vector

X = lm] such that
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Corresponding augmented matrix:

1 2|—1]
—1 0|3

2 1| 4|

Ry = Ry + R1
Rs' = Rz — 2R,




e 2175 | R =/2)Ro
0 -3| 6 R3' = (1/3)R3
1 2/ —1°

~|0 1 —2|R3'=R3+R>
0 -1 2
1 2[—1]

~|0 1/ -2
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Then, o = —2 and
x1 = —1—2x0 = —-1—-2(—2) = 3, thus

)-[2]



Cc) No, since the system

1 2] 1]
—1 0 Ll =1]-3
2 1| L"2 4 |

has a unique solution.

d) We need to check

r([z])=20[2] |
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1 0l 1 RQ::RQ‘I'Rl
> 1]|-2 ] Ry = R3 — 2Ry
1 2| 1]
~|10 2| 2|RY=(1/2)R5
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R3' = R3+ 3R>
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which is inconsistent. So,
-

W = 1
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IS not in the range of T..



Example: Let T:R? — R? be given

)]

Show that T is not a linear transfor-
mation.

Solution:

J=r([5)=124




Example: Let T:R? — R? be given

)=l

Find T'(w), T'(v), and T'(u+v), where

o=[2] o= [2)

Solution:

d




T rotates u, v,u + v 90° countercloc-
wise. So, T is a rotation transforma-

tion.

we con rewrte 7([]) = 71 a
:Seala)t;!iH? g
i

is called the standard matrix of the

linear transformation 7.
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The transformation T : R?2 —s RZ?

given by T(X) = AX is called a shear

Example: Let A = {

transformation.

oo 13113 (2]
(2] -[23] (2]

2 1 2 2

0 01 0



Definition: Let T : R — R™ be a

linear transformation.

1) If for each vector b in R™ there is
at least one vector X in R"™ such
that T(X) = b, then T is said to

be onto R™.

2) If each vector b in R™ is the image
of at most one vector X in R",

then 7' is said to be one-to-one.



Example: Let T": R — R™ be a

linear transformation such that

l _
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T1|0 = 2 :
\L1])  t7-
a) Find the values of n and m.
e
b) Find the image of | 1 | under T.
O

c) Find the standard matrix of T.
d) Is T onto?

e) Is T one-to-one?



Solution: a) n =3, m = 2.

i)




C) A=

1 2 3
2 4 6|
Let us do part b) in a different way:

- f _[123] f _[4
0 246_0_ 8

d) To be onto AX = b must have a

solution for each b € RZ?.
1 2 3
2 4 6

A does not have a pivot position in-

1 2 3
O 0O

each row. So, AX = b does not have
a solution for at least one b in R2. T
IS not onto.

In other words: The columns of A do

not span RZ.



e) AX = 0 has infinitely many solu-
tions. So, T is not one-to-one.

In other words: Columns of A are lin-
early dependent.

Theorem: Let T : R® — R™ be a
linear transformation, and let A be
the standard matrix of T..

1) T is one-to-one <= T'(X) = 0 has
only the trivial solution.

<— Columns of A are linearly inde-
pendent.

<= Each column has a pivot.

2) T is onto «<— Columns of A span
R™.

<= Each row has a pivot.



Example: T : R3 — R% given by

0l 1+ Tp — X3
T | x> = R :
( Ty ) ro + T3
-7 r1 — T

1) Find the standard matrix A of the
linear transformation T.
Ii) Is T one-to-one?

lii) Is T onto?

1
Solution: i) T( 0 ) —
0
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Standard matrix of T is

1 1 -1
1 -1 O
A= O 1 1
1 -1 0
i)
1 1 —1]
1 -1 O RQ/:RQ—R]_
0 1 1| RY/Y=Rs—Rq
1 -1 0]
1 1 -1
O -2 1
~ 0 1 1 R> +—— R3
0 -2 1




Rs' = R4 — R3
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Since each column has a pivot po-
sition, the columns of A are linearly

independent, and so 7' is one-to-one.



lii) Since each row of REF of A does
not have a pivot position, T is not
onto.

0
(For example, for the vector 8 in
_1_
P
R* there is no vector x = | z5 | in R3
| L3
] _ [ O |
L1 0
such that T'| | = =10 , 1.e,
| L3 | _1_
1 1 —1/0
1 -1 0|0
O 1 1|0
1 -1 0|1 ]

is inconsistent.)



Example: Let T : R3 — R3 be a

linear transformation.
1) Show that

EE
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01,

47

—1

3 -

—1

are linearly dependent.
Ii) Show that
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are linearly dependent.
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Solution: i)

ONON
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1 4 2
0 -1 —1 | R3’=R3—R;
1 3 1
1 4 2] (1 4 2
~|l0 -1 -1|~|011]|~
0 -1 —1 | 10 0 0O
Thus, we have
(1 4 2 (1 0 —2
O -1 -1|~]]01 1
1 3 1] 00 O
which gives that vectors are linearly
dependent, and
2 ] 1 4 ]
-1 | =-3|0|+4+| -1
1 | 1 3 |




i)

and so,

(e lle) (1)

which says that vectors are linearly

+ 2T

dependent.
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Exercise: Let T : R — R™ be a lin-
ear transformation and let {v1,vp,v3}

be a linearly dependent set in R"™. Show
that {T'(v1),T(vs),T(v3)} is linearly de-
pendent in R™.

Remark: If {vq,vp,v3} is linearly in-
dependent set, then {T'(v1),T(vp),T(v3)}
does not need to be linearly indepen-
dent.

For example, for the linear transfor-
mation T : R3 — R?

r||e|| =] Tt
| 3 |
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We know that the vectors

1] (0] [O]
ol,[1],]|0
0| |0] | 1]

are linearly independent, and the vec-
tors
(1] [2] [3]
271476

are linearly dependent.



