SYSTEMS OF LINEAR EQUATIONS

A system of linear equations (or a
linear System) is a collection of one
or more linear equations involving the

same set of variables, say x1,xz2,...Tn.

Example:

2x1 — 1o — 3x3 = —1
—2x1 + 225 + 53 = 3.

(z1,72,23) = (1,0,1) is a solution for

this system.

(z1,T2,723) = (2,—4,3) is also a solu-

tion for this system.

Verify: 2-1-0-3-1= -1 and
—-2-142-045-1=3,

Also, 2-2—-(-4)—-3-3 = —1 and
—2.242(-4)+5-3=3.

The set of all possible solutions is
called the solution set of the linear
system.

Two linear systems are called equiv-
alent if they have the same solution

set.

Geometrically, solution of two linear
equations in two variables is the in-

tersection of two lines.

Example: Give a geometric repre-
sentation of the following system of

equations.

li: =z4+y=3
lo: z—y=1

Solution: (2,1) is the intersection
point, and it is the only solution.
In this case, we say that there is a

unique solution.

Example: Give a geometric repre-
sentation of the following system of

equations.
li1: —ax+2y=1
lrb: x—2y=-3

Solution: Lines are parallel, no inter-
section. That is, there is no solution

of the given system.




Example: Give a geometric repre-
sentation of the following system of

equations.

li: 2z—y=1
Iy —4x 42y = -2

Solution: [1 and Il coincide. There

are infinitely many solutions.

(z,y) = (1,1) is a solution.
(z,y) = (2,3) is a solution.
(z,y) = (3,5) is a solution.

The general solution is
r=t, y=-1+4+2t, t < R.

A system of linear equations has ei-
ther

1) No solution, or

2) (Unique) Exactly one solution, or

3) Infinitely many solutions.

A system of linear equations is called
consistent if it has at least one so-
lution, and inconsistent if it has no

solution.

Example: Solve the following system

of linear equations.

r+2y=4
—x+3y+3z2=-2
y+2z2=0.

Solution: The augmented matrix for

this linear system is

1 20| 4
—1 3 3|—2|. Its sizeis 3 x 4.
0 110
1 20
—1 3 3| is the coefficient matrix.
0O 11

Its size is 3 x 3.

We start with the augmented matrix.

1 20| 4
-1 3 3|-2
110

/
Ro =Ro+ Ry




120 4 . Example: Determine whether the fol-
~[011] 0 |[Rb=Rr+(-1)R3 ) . .
_ lowing linear system has a solution.
001 -1
x4+ 2 z=3
1 20 4 . Tyt
~[011 0 |Ryo=Ry+(—1)R3 r—y+z=1 (*)
001/-1 2z —4y—2z=14
1 20| 4 | .
~!010|1 |Ri=R —-2)R . -
00 1 —1 1 1+ (-2)R2 Solution: Its augmented matrix is
-2 TP Ry=Ro 4 (DR
1 -1 11 7
b 2 —4 —2 4| B3=FR3+2R;
~|010]|1 (RREF) e T T
001|-1
. . 1 2 13
The system is consistent and has a ~lo -3 0l_2
unique solution (z,y,2) = (2,1, —1). O 0 0|10
Example:

In equation notation:

c+2y+2=3
O-z2—3y+0-2=-2
O-z4+0-y4+0-2=10

It gives 0 = 10, which is impossible.

So the system is inconsistent, i.e, the

system does not have any solutions.

r+2y—32=3
—2x—-5y+4z=5
—5x — 13y + 92z =18

Solution:

1 2 -3[37 .
2 -5 4 5 | =Rt 2R

/
-5 —13 9 18] fi3=FH3+ 5k

1 2 —-3|3]
/
~|0 -1 —2]|11 Ry, =(—-1)R>
0O -3 —6|33]
1 2 -3 3

o1 2| -11
0O -3 —-6] 33

~Y

R3 = R3 + 3R;




12 -3| 3
/
~|01 2 |-11| R} =Ry — 2R,
00 0] O
10 -7 25
~|01 2 |-11].
00 0 O

In equation form:

r—T7Tz=25
y+2z=-11

Set z = t, where t is any real number.
Then,

y=—11—2t and z = 25 + 7t.

So, the general solution is

T 254+ 7t 25 7
y|l=|-11-2t|=|-11 |+ | -2 |t,
z t 0 1

t € R. (Here, the general solution is

given in parametric vector form.)

The system has infinitely many solu-
tions, consistent.

We can write the system (*) in the

form
1 2 -3 T 3
-2 -5 4 y | = 5 (%)
-5 —-13 9 z 18
OR
1 2 -3 3
—2|+y| -5|+=2 4| = 5
-5 —13 9 18

Solving the linear system (*) is the
same as solving the matrix equation

(**), or vector equation (***),

Example: Find the value of the con-
stant k£ such that the following system
has

i) no solution,

ii) infinitely many solutions,

iii) unique solution.
r+2y—z=1

—2r—3y+2z2=-1
—5x—8y+5z=k

Solution:
1 2 -1|1 /
2 3 2| 1| BpFR2T2R

5 _8 5| k | R3=R3+5R;




12 -1 1 /

o1l ol 1 | Bi=Ri-2R;
02 0|5+k] fl3=Hs—2k
10 1] -1

~lo1 0] 1
00 0|3+k

i) If k = —3, there is no solution.

i) If Kk = —3, there are infinitely many
solutions,

iii) Thereis no k such that the system

has a unique solution.

Definition: If vy, v, v3,...,vp are vec-
torsin R", and ¢y, ¢o, c3, ..., cp are scalars,

then the vector z defined by
T = c1v1 + covp + c3v3 + -+ cpup

is called a linear combination of

v1, V2, V3, ..., Up Using weights cy, ¢, c3, ..., cp.

Definition: The set of all linear com-
binations of vy, v, v3, ..., vp is called the
span of v1,vp,v3,...,vp

and denoted by Span{vi, vp,v3,...,vp}.

Note: Every scalar multiple of vy (for

example) is in Span{vi,vo,v3,...,vp},

because

cvgp =cvy +0-v2+0-v3+ -+ 0-vp

The zero vector is always in
Span{vy, v, v3, ..., Up}.
The only vectors in Span{wvq} are mul-

tiples of vy.

Example: Determine if the vector

11
b= | -5 ] is a linear combination of
9
1 -2
the vectors a1 = |0 |, ap = | 3 ,
1] -2
_6_
az = |7
5
Solution:
1 [ =2 —6 11
z|0|4+y|3 42z |7 = | -5
1 | —2 5 9 ]
1 -2 —-611
0 3 7 |-5|Rs’=R3+(-1)R;

1 -2 59




1 -2 -6 11
O 3 7 |-5
O 0 11|-2

(REF)

~J

By Back-Substitution:

11z = —2 gives z = —2/11.
3y+ 7z = -5,

Jy=-5—-7z

= -5-7.(-2/11)

= -5+ (14/11). = y = —41/33
r—2y—6z2=11 —=— x = 1142y +62.
r =114 2(—41/33) +6(—2/11)

== 1 = 245/33.

Check:
1 -2 —6 11
245 —41 -2
— 10|+ —13 + — |7 = | -5
33 1 33 _o 11 5 9

2
Example: Determine if b = | —1
6
is a linear combination of the column
vectors of the matrix
1 0 5
A=|-21 —6|.
0O 2 8

Solution: b is a linear combination

of the columns of A if and only if the

equation
1 0 5 2

x| 2|4+y|l|+2z|—-6|=|-1 (%)
0 2 8 6

has a solution. We know that solv-

ing the equation (*) is the same as

solving the matrix equation

1 0 5 T 2
0O 2 8 z 6
So,
1 0 5|2
—2 1 —6|-1| R, =Ry +2R;
0O 2 8|6
1 05|2
/
~|101 43 R3 = R3 — 2Ry
02 8|6
1 052
~|01 43
0O 0O0|0

There are infinitely many solutions,
and so the vector b is a linear com-
bination of the column vectors of the

matrix A. The general solution is
z=t,y=3 —4t,x =2 —5t,t € R.

Choose t = 0. Then,

1 0 5 2
2| -2 |+3|1|4+0|-6|=]|-1
0 2 8 6
Choose t=1. Then,
1 0 5 2
3| -2|—-|1|4+]|-6|=]|-1
0 2 8 6




Example: For what value(s) of h is
h
y = | —3 | in the plane generated by
)
1 -2
v = O | and v = 1
-2 7
Solution:
1 -2 h
0 1 -3 |R3s'=R3+2R;
| -2 7 |-5
[1 —2| h
~|0 1] =3 |R3=R3+(—3)R,
|0 3 2h—5
1 -2 A ]
~|0 1 -3 ,
0 0 |2n+4

which is consistent if and only if
2h+4 = 0. So, if h= -2, then y is

in the plane generated by v{ and wvs.

Note: If h = —2, then —8v1—3vy = v,
that is,

1 —2 —2
—-8| 0|-3| 1|=]|-3
—2 7 -5

SOME TERMS THAT WE USE
pivot position: a position of a lead-
ing entry in an echelon form of a ma-
trix.

pivot: a non-zero number that is in
a pivot position.

pivot column: a column that con-
tains a pivot position.

basic variable: a variable that corre-
sponds to a pivot column.

free variable: a variable that is not
a basic variable, i.e, a variable that

corresponds to a non-pivot column.

Example: Solve the following two
systems of linear equations
20 + 4y — 62 =2
y+3z2=5
—3x—by+7z=-3

and

2c+ 4y —62=20
y+3z=4
—3x—5y+7z= -1,

i.e, solve the two matrix equations




2 0
AX — 5| and AX = 4 |, where We can combine these two augmented
-3 -1 matrices as follows:
2 4 _—6 2 4 —-6,2 O
A= 0 1 3 0 1 3|5 4
-3 -5 7 -3 -5 7 -3 -1
. . (2 4 —6|2 0
Solujuon. The a-ugmented matrix for 0 1 3 5 4 Rl’:(l/Q)Rl
the first system is -3 -5 7 |-3 ~-1
2 4 -6 2
01 35 1 2 -3/1 0
-3 -5 73 0 1 3 5 4 |Ry=R3+3R;
and the augmented matrix for the sec- | -3 5 7|3 -1
ond system is
> 4 —6|0 e e I R R ).
0 1 3|4 R3' = R3+ (—1)R»
3 -5 711 |01 —2|0 -1
10 —-9|-9 -8
~|01 3|5 4 |R3=(-1/5)R3 Example: solve the two matrix equa-
00 —5/-5 -5 4 -2
tions Ax = 1| and Ax = 51,
] ~1 3
é (])- _39 _59 _48 R1/:R1+9R3 where
~Y ;] B
00 1|1 1 |B2=Ra+(=3)ks 1 2 -1
) Bl A= 3 7 =2
-2 3 3
1 0001
~|01021 Solution:
00111 1 2 1[4 -2 10 0[-16 15
3 7 -2|1 5 |~|010 3 =2
—-23 3|-1 3 001 —-14 13
T 0
[y = | 2 | is the solution for the
z 1 The solution for the first system is
T 1 —-16
first system and |y | = | 1| is the r = 3 | and the solution for the
z 1 —14

solution for the second system.




15
second system is z = | —2
13

Theorem: The following statements
are equivalent for any m xn matrix A.
i) For each b in R™, the equation
Az = b has a solution.

ii) The columns of A span R™.

iii) A has a pivot position in every

row.

“The columns of A span R™ <« Any
vector in R™ can be written as a linear

combination of the columns of A.”




