DETERMINANTS

Recall that for a 2 x 2 matrix

determinant of A is det(A) = ad — be.
A is invertible & ad — bc #= O,
If det(A) #= 0, then

e d =b)
det(A) | —¢ a
. 1 2
For the matrix B = [2 4],

detB=1-4—-2.-2=0. Hence, B is

not invertible.



Definition: Let A = (a;;),
(1<i:1<n, 1<j53<n)beannxmn
matrix, and let A;; denote the subma-
trix formed by deleting the 2 th row
and 5 th column of A. Then,

det(A) = aj1det(Aq1) —ajpxdet(Aq2)
+---+ (_1)1+na1n det(Aln)

n L
— .Zl(—l) Ja,lj det(Alj).
]:



1 2 3
Example: If A=| -4 5 6|, what
7 —8 9
is det(A) =7
Solution: Allz[_g 8]
_ | -4 6] | -4 5]
A12_[ ve 9J,andA13_L 7 _8J.

det(A11) =5-9 —6-(—8) = 93;
det(A12) = (—4) -9 —-06-7=-78;
det(A13) = (—4) : (—8) — 7 -5 =-3.

det(A) = aq1det(Aq11) —ajrdet(Aq1o)
+ a13det(Az3)
=1-93—-2-(-78)+4+3-(—-3)
= 93 4 156 — 9 = 240.



And, also Ay = l_g g]

1 3]
7o)
det(A21) = 18 4+ 24 = 42;

AQQ = and A23 =

det(AQQ) =9 —-21 =-12;

det(Ar3) = —8 — 14 = —22.
Thus,

det(A)
= —apy det(Az1) + axxdet(Ax2)
— ap3z det(Az3)
= —(—4)(42) + 5(—12) — 6(—22)
= 168 — 60 4 132
= 240.



If Ais a 3x3 matrix, we can calculate
det(A) in the following way as well.
Let

1 2 3]
A=|—-4 56
7 -8 9|
1 23] 1 2
A=|-4 56| -4 5
7 -89| 7 -8
det(A)

=1.-5-942:-6-74+3-(—4)-(-8)
—(7-5-34+(=8)-6-14+9-(-4)-2)

— 45+ 84 4+ 96 — (105 — 48 — 72)

= 225 — (—15) = 240.



Example: If A =

N NP
|

o~ O
>~ W OO
w o oo

find det(A).

Solution: We can use cofactor expansion

along the first row.

det(A4) = 4(—1)1T1det(411)

—1 0 O
=4 6 3 O
—8 4 -3
(1N . ¢ 131413 O

= —4(-9) = 36



A square matrix is called upper triangular

If all the entries below the main diago-

nal are zero, and it is called lower triangular

If all the entries above the main di-
agonal are zero. A matrix is called

triangular if it is either upper triangu-

lar or lower triangular. The identity
matrix is both upper triangular and
lower triangular.

If Ais a triangular matrix, then det(A)
is the product of the entries on the
main diagonal of A.

So, for the above matrix A,

det(A) =4-(—1)-3-(—3) = 36.



Example: If A =

e Nl

ON =N
WL MO

_ O R K

what is det(A)?

Solution:

det(A) = ay1det(A11) —aipdet(Aqo)
+ ayzdet(A13) —aigdet(Ag).

1 41
det(All) =12 10
O 31

1 0 4 1

=(1-0)—2(4—-3)=1-2=—1.



241
det(A12)= —1 1 0
1 31
s ANy qy2+1]4 1
= (-] ]
(_1y2+2/2 1
b1 a2

=(4-3)+2-1)=1+1=2

We do not need to calculate det(A13)

since a1j3 = 0.



det(A14) = | —

== N
O N K
GV R A

1 4 21
2 1|+3|—1 2

=(1-8)4+34+1)=-7+15=38.

det(A) =ajiidet(Ai1) —aiodet(Aqr)
+ ayzdet(A13) —ajgdet(Aig)
= 1-(—1)—2-2—|—O-det(A13)—(—1)-8

=—-1-4+4+8=3.
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Properties of Determinants
Let A and B be two n x n square ma-
trices.
i) det(A) = det(A4?)
i) det(AB) = det(A) det(B)
iii) If A is invertible, then
1
det(A)
Proof of iii): If A is invertible, then
I =AA"1 and by ii)
det(I) = det(AA— D)
1 = det(A)det(A™ D),

det(A—1) =

1

which gives that det(A—1) =
. ( ) det(A)

11



Note: In general,
det(A 4+ B) #= det(A) + det(B) .

1 2
25

det(A) =5—-4 =1,
det(B) =9 -1 =8,
det(A) +det(B) =1+8 =09,

31].

Example: A = [ 1 3

=]

|4 3
A—I—B_[3 8],and

det(A+ B) = 32 — 9 = 23.
Thus,
det(A 4+ B) #= det(A) 4 det(B).
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The effect of row operations on

determinants

Let A be an n X n square matrix.

1) If B is the matrix that results when

two rows of A are interchanged, then
det(B) = — det(A).

Example:

A

a21
aji
a3zl

a11 a1o
a»1 anp
| a31 a3p

a2
a2
az2

ais
a3
a33

R +—

a23
ai3s
a33

B.

Then, det(B) = —det(A), i.e,

a1 a22 a23
ajlp ai2 a3z
azl1 a32 azs

ajl ai2 ai3
a1 az2 az3
a3zl a32 az3s

Ro
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Ii) If B is the matrix that results when
a single row of A is multiplied by a
scalar k, then det(B) = kdet(A).

Example:

a11 a12 ai13 |
If A= |a>1 anso an3 and

| @31 a32 a33s |

' ka1 ka1 kaiz |
B = a>1 a2 an3 |, then
a3zl az2 a33 |

det(B) = kdet(A), i.e,

kai11 ka1 kais a1l ai2 ai3
a1 a2 a»3 | =k|ap1 azy an3
a3z1 a3z as3 a3z] a3z a33

14




lii) If B is the matrix that results when
a multiple of one row is added to an-
other row, then det(B) = det(A).

Example:
a11 a12 @13 | |
A= |ap1 azp az3 | Ry =R1+EkR>
| a31 a3z as3z |
a11 + kaz1 a1o+ kasoy a3+ kaoss |
~ a1 apo an3
i azi azo a33
= B
Then, det(B) = det(A), i.e,
a11 + kaz1 ai1o+ kaso a1z + kaoz
a1 apo a3
azi azo a33

ajil ai2 ai3
a1 a22 a23
a3zl az2 a33

15



Remark: Let I,, be the n x n identity
matrix and E be an n X n elementary

matrix.

1) If F results from multiplying a row
of I, by k, then det(F) = k.

Ii) If E results from interchanging two
rows of I, then det(F) = —1.

lii) If E results from adding a multiple
of one row of I, to another row,
then det(F) = 1.

16
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Example: Evaluate det(A), where

1 2 —1 ]
A= 5 3 4.
20 1]
Solution:
1 2 —1 /
det(A)=| 5 3 4 Ry = FHp = Sh,
>0 1| B3=R3+2R;
1 2 —1
= |0 —7 O
0] 4 —1
14 (_q\l+1|—7 9
=1-(-1) 4 —1|
=7 — 36
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Example: If

what is det(A)?

Solution:

det(A)

19



7 1 3 r
1 5 _o .R?—-Bb——2R1
2 _1 2| li3=hR3+ I
71 3
—15 0 -8
9 0 b
(1 142| —15 -8
1-(—1) 9 5

—(—15-5—-9(—8))
— (=754 72)

=3
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Note: Column operations have the

same effect on determinants as row

operations.
a; b1 cq1

Example: If  a» by ¢ | = —3, find
az bz c3

a1 +b1 a1 —b1 c1
a>+ b> a>» — by co |.
a3z + b3z az — b3 c3

Solution:

a1 +by a3 —by c1| |
a2 +by ap —by co |Cy=Cr+ C
a3z +b3 a3z —b3 c3

a1 + b1 2a1 cq
=\|a>+ by 2ao c»o
a3z + b3 2a3 c3

21



a1+ b1 ai

=2|a>+ by ar ¢
a3z + b3z a3z c3

b1 a1 c1
=21|b> ar ¢
b3 a3z c3

a1 b1 c1
= —2\|a> by ¢
az b3z c3

= (-2) - (-3)

C1

Cl<—>02

C1=C1— Co

22



C
w |, and

y = |
det(A) = —6. Evaluate the determi-

nants of the following matrices.

[ a
Example: Let A = | u
xr

‘a b 2a+c |  3a 3b 3¢
D |lu v 2utw | i) | 4z 4y 4z
Ty 2x+=z | —u —v —w

i) 24 vi) A—1ATA

Solution: i)
a b 2a+4c /
u v 2u 4+ w C3 = C3—20
x Yy 2¢x+ z

a b c
u v w|=det(A) = -6

T Yy z

23



i)

3a 3b 3c
4 4y 4z
—u —vV —wW

=3| 4z 4y A4z

a b c
=(—-12)(-1)|u v w
r Yy z

= 12 (—6) = —72.

24



det(24) =2-2-2.det A
= 23det(A4) = 8(—6) = —48.

V)  det(4 1Al 4)

= (det A1) (det AT)(det A)

= Jot A(det A)(det A)

=~ (-6)(-6)

= —6
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CRAMER’S RULE

Let A be an invertible nxn matrix,

r = [z1,2>,...,zn]L. For any b in R™,
Ax = b has a unique solution, and the
entries of x are given by

. det Az(b)

r; = , 1 =1,2,...,n,
det A

where A;(b) is the matrix obtained
from A by replacing column ¢ by the

vector b.
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7 =2

Example: Let A = {3 1

3
=3

] and

. Solve Az = b.

Then A (b) = {‘;’ _ﬂ,AQ(b)z {; g’}

L1
L2

of Ax = b is

The solution x = [

given by

det A1(b) 5 1 3+ 10 1
w p— p— p— p—
1 det A 7 —2 746
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7 3
_detAQ(b) . 35

det A 13
_35-9_26_,
13 13
Thm:[m]:[l]
o 2
Check:

Ar =b 7

b

H
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Example: Use the Cramer’s rule to

solve
1+ 2x3 =06
Soultion: A =
6 O
A1(b) =30 4
8 —2
1 6
A>(b) = | —3 30
-1 8

WON WON

—3x1 + 4xo + 623 = 30
—x1 — 22> + 33 = 8.

29




1 0 6]
As(b) = | =3 4 30
-1 -2

1 O
detA =|-3 4
-1 -2

C3 = C3 — 201

wo N 00

1 0 O
=| -3 4 12
~1 -2 5

_(_1yitg| 412

2 5
— 20 + 24 = 44
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6 0 2 ,
detA1(b) =30 4 6| C;y=0C1—3C3
8 —2 3
O 0 2
= | 12 4 6
—1 —2 3
/43143 12 4
= (-1) 2 -1 -2
=2(—244+4) = -40
Thus
det Al(b)
L1 —
det A
. —40 o —10
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Similarly

and
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Example: Use Cramer’s rule to solve
for x without solving for y, z, and w.

—y+2z4+3w=1
x+2y—z+w=2

3z 4+ 3w =0
Yy + 8z =1
Solution:

0 —1 1 3°
1 2 —-11

A=145 o 3 3| and
0 1 8 0]

(1 —1 1 3

2 2 -1 1

A1(b) = 0O 0 33

'1 1 8 0]
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N — MmO
— — M 0

— (N O

O+ OO

A =

34



1 -1 1
2 2 -1
1 1 8
1 -1 -2 3
2 2 -21
— |0 0 03
1 1 80
1 -1 —
= (-1)3T4 3|2 2 —
1 1
1 —1 -2
=-3/0 4 2
0 2 10
= —3(-1)1*1t. 1|

3

1 /

5| C3=C3-Cq
0

2 /

S| Ro=Ro— 2R,
o | Ry = R3—R;

4 2

2 10

~3(40 — 4) = —108.
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_ |AL(b)| _ —108 _

So, x — = 6.
A —18
Similarly,
_|A2()] _ 30 _ -5
-~ ]Al —-18 3
_ | A3(b)] _ —6 _1
| Al —~18 3’
_|A4®)] _ 6 —1
w — 2 -

A 18 3
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