DIAGONALIZATION

Definition: An n xn matrix A is said
to be diagonalizable if A is similar to
a diagonal matrix D, i.e, If

A = PDP~1 for some invertible ma-

trix P and a diagonal matrix D.

A=PDP 1 — plap=D.



—1 0
that eigenvalues are A1 = 1 and
A> = 2, and corresponding

Example: For A = [ 2 ] we Know

eigenvectors are { _1 } and { _i }
respectively.

Find an invertible 2 x 2 matrix P, and
a diagonal matrix D such that

A= PDP 1

Solution: For the matrices

—1 -2 1 0
P = 1 1],and D_[OQI’
A= pPDpp1



Example: By using the result of the
previous example compute A%.

Solution:

A=PDP ! A* = (PDP L)%
A = (PP Y (PDP Y PDP Y)Y (PDPY)

= prD(P P D(PP)D(PtP)DP!

— PDIDIDIDP ! = PDDDDP 1

= pp*p—1
C[=1 =271 0]%[-1 =217
=1 1 1]|o 2 1 1

1 2114 0 1 2
1 1 0 24 || —
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Example: Let A=|0 —4 2
0 0 -2
Find an invertible matrix P and a di-
agonal matrix D such that A = PDP~ 1.

Solution: Since A is a triangular ma-

trix, eigenvalues of A are the entries
on the main diagonal, i.e, A\q{ = 1,
A> = —4, and A3 = —2.

Eigenvectors corresponding to A\ = 1.

A—MI=A—1

1-1 -1 0
=| 0 —4-1 2
0 0 -2-1
0 -1 0]
=|0 -5 2
0 0 -3




—t

o O

0 —1 O] 0 —1 0
~|0 O 2|~|0 01
0 0 -3 0 0 0]
o o
(A—INx=0<=z=|ax|=| O
| 23 O
T
=x1|0|,x1 € R.
_O_
Eigenspace for A1 = 1is £/ = Span
Eigenvectors corresponding to Ao = —4

A- Dol =A— (—4) = A+ 4l




1+ 4 —1 0]
=| 0 -444 2
0 0 —2+4
‘5 -1 0] [1 -1/5
=0 02|~1|0 0
0o 02| |o o
ey
(A4+4N)r=0<=ax=|ap | =
| 3
g
= (1/5)zo | 5 | = ¢
0

Eigenspace for Ao = —4 is F.» = Span«

=

o Ol




Eigenvectors corresponding to Az = —2

A—X3l =A—(=2)I = A+ 2I

(142 —1 O
= 0] —4 4+ 2 2
0 0 242
'3 -10] [1 -1/3 0O
=10 —22|~]0 1 —1].
0o oo0|] |0 0 O
z1 | [ (1/3)z3
(A+2)r=0<=ax= |20 | = 3
| L3 | ! L3

1 1
:(1/3)3}3 3|1 =t| 3 ,tGR.
3 3




Eigenspace for A3 = —2 is E3 = Span

wwe

Then,
1 0 O] 111
D=0 -4 O0|,and P=|0 5 3
0 0 -2 00 3
A=ppp!

'111][1 0 0][1 —1/5 —2/15]
053||0-4 0||0 1/5 —-1/5].
'003|]|0 0-2]]0 0 1/3]

Remark: We check whether

AP = PD instead of checking
A=pPDp 1




Theorem (Criterion for Diagonal-
ization): Let A be an n x n matrix
such that A has n distinct eigenvalues
A1, A2, ..., Ap With corresponding eigen-

vectors pq,po, ..., Pn.

Then A is diagonalizable and

P=[p1 p> ... pn]

and

Ay 00 --- 0]
0 \» 0 --- O

0 00 - Ap



warning: This theorem gives a suf-
ficient condition for a matrix to be
diagonalizable.

It is not necessary for an n X n matrix
to have n distinct eigenvalue to be
diagonalizable, as we will see in the
following example:

3 —2 0]
Example: A=| -2 30
O O 5

has only two distinct eigenvalues
A1 =5 and A\, = 1.

(IA = M| = —(A—5)2(A - 1).)
(33— =2 0

A-X=]| -2 3-Xx 0
0 0 5-X




Eigenvectors for A1 = 5:

(A—50x =0
2 2 0] [z
<~ | 2 20 T
0 00| |as
1 10][x]
<— [0 00 o | =
000]||z3
T —Z2
Lo | — L2 | — L2
| L3 | L3 |

eNeN®)

oOrkEe OO0O0O

So, for A{ = 5, we have two

. T hus,

(linearly independent) eigenvectors

P1 =

4

1

O -

and pp, =

0
0

_1_

= O O




Eigenvectors for A» = 1:

(A—11)z =0
2 -2 0] [®1
<— | =2 2 0 o
O 0 4] |=z3
(1 -1 O] | z1 |
<~ | 0 01 To
0 00| | z3]
1 | x5 | [ 1
xo | =|xo | =t |1
T3 O | O |

So, an eigenvector for Ao = 1 is

|
oNole

|
O OO

tER.

. T hus,



p3 = 1|1 |. Thus,

_O_
~1 0 1]
P = 1 01|, and D =
010)]
A=pPDp L

The eigenspace for \{ =5 is

[ _1 ] B O A
E1 =Spanq 1(,{0]7?.
\ O_ L 1 4/

The eigenspace for Ao =1 is
f 1 T )
E> =Span{| 1 |;.
L O -

o O O1

o 010
= O O




Note that ] )
([ —1 0 0]
Eq1UE> =Span 1{,/0(,|0
| O] 1 1

form a basis for R3.

Also note that for the matrices
—1 1 0|
PP=| 11 0], and D' =
O 0 1)

A=pPpp-1

O O Ol

oOrr O
o1 O O




Procedure to diagonalize an n x n
matrix:

1) Find the eigenvalues of A.

2) Find a basis for the eigenspace of
each eigenvalue.

3) Let B={p1,p2,...,pm} be the union
of all the bases in 2).

4) If m < n, then A is not diagonaliz-
able.

If m = n, then A is diagonalizable and

Dz(dij)lgign’
i<j<n

di; = A, dijzo if’i7+—j, and

P = [p1 po ... pnl,



where p; is an eigenvector correspond-

ing to eigenvalue \;.

, |0
Example: Is A = [O 0
able?

Solution: Since A is upper triangu-

] diagonaliz-

lar, the eigenvalues of A are
A1 =X>=A=0.

A— AN = A and

Ar =0 <=z =

al=ls)=

Eigenvectors are non-zero multiples
1

0]
independent eigenvectors, so A is not

of A does not have 2 linearly

diagonalizable.



1 O 3
Example: Let A = 1 -1 2
-1 1 -2
Is A diagonalizable?
Solution: Step 1:
1— ) 0 3
A — M| = 1 —1— A 2
—1 1 —2 — A
—1 — A 2 1 —1-—-A
=12 1 o AT3 1 |

= (1-NQ+NQ+N)—2(1—)) -3\

=(1-X)2+N)—-2-2)

A 222 A 22
=23 _2)2=_-)22(\+2)=0

= A1 =X =0, \z3 = —-2.



Step 2: Eigenvectors for A = 0:

1 0 3] 1 0 3]
A= 1 -1 2|~]0 -1 -1
-1 1 -2 0 1 1]
1 0 3
~ 011
0 0 0
1 - —3x3 |
Ar =0<=x=| a0 | = —x3
| L3 | ! L3
-3 -3
=x3| —1 | =¢t| —1
1 1 |
_3_
So, p1 = | —1 | is an eigenvector for
1

A1 = 0 and corresponding eigenspace
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IS spansy

—2:

Eigenvector for A3

M AN O
O —

M v

A—(=2)I=A+2I

1

011

000

O 1]

1

011

022

1T

0

1

1 0 1]
1 12

02

0 <=

(A4 2D)x




e
So, pp = | —1 | is an eigenvector for
1
A3 = —2 and corresponding eigenspace
4 _1 T )
IS Spanq | —1
\ L 1 d /

Step 3: B={p1,p2} =1

2

__3_
—1

\ L

1 -

1
—1

1 -

Step 4: B has only two elements, A
isa 3x3 matrix and 2 < 3. Thus A

IS not diagonalizable.




Example: Let A =

oo PO

o woo
R OON

N OO =

Find matrices, if possible, P and D
such that P~1AP = D is a diagonal
matrix.

Solution:

Step 1: The eigenvalues of A:

1—X O 0 2
| 0 4-X O 0

[A— M| = 0 O 3—)X 0O
2 0 0O 1-—2\

=(@4-)\)] 0 3-x 0
2




=@-NE-N| ;N2
=4 -NE@-N[(1-X?%-4]
= (4-2)B -\ -2)x-3)

=@ -ANB-MNA-3)(A+1)

= A—-4)A-3)(A=-3)(A+1)
=0<= \=—1,3,4.

Step 2: A basis for the eigenspace of
each eigenvalue:
A= —1:

A—(—DI=A+1T=

N O ON

O O 010
o hr~OO

N O ON
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_ 5893 Tooa 8
lOOO_mxwm _ %
OO O ! m
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8 S O
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A = —1 and corresponding eigenspace
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SO, po =

= O O

O

and p3 =

are two

O OH

linearly independent eigenvectors for

A = 3 and corresponding eigenspace

)

O 1
: O 0
IS Spany 1110
10 |1
A= 4

—3
0
A—4] = 0
2
10 0 -2/

N O 01
2 00 o

000

\

OwWow O00O0

OoOr OO

-
0
0
_3_
100 —2/3
001 0
000 —5/3
000

o




1 0 0 —2/3] 1 00 0
1001 0 |0010
O 0O 1 O0O01
000 O | 000 0
1 000]|]| x|
. O0O120 xo |
(A—41)z =0 <= 000 1|
00 0O0||zg
0 0
x| _ |1
=10l o
0 0 |
9
SO, pg = é IS an eigenvectors for
0

A = 4 and corresponding eigenspace

eoNeoNON®S




IS Span

oNoN e

Step 3:

B = {p17p27p37p4}
(T 1T 7171 T

O
0O
1

= O O M

oNoN NG

= O O

0

\ L - L - L - L A4/

Step 4: Since Ais4 x4 and B has 4

elements, A is diagonalizable.



A= PDP1 where

P = and D =

= O OH
OO+
oOmr OO
oNoN NG
@ eNoN
O WwOo
o woOo

Check: AP = PD

Note: Also, A = PDP~1 for the ma-

trices
010 —1 (4 00
/100 O 1030
P=1001 o]3P=1749 3
010 1 1000

Check: AP = PD

O OO

=R O OO




Example: Diagonalize if possible:

(2 -3 1°
A=|1 -2 1].
1 -3 2

Solution: Step 1: Find Eigenvalues:

2\ -3 1
A—M|=| 1 -2-x 1
1 —3  2-2

cofactor expansion along with the first column

—2 A 1 -3 1
=(2-X) 2 -\ | =3 2-2)\
-3 1
| ]

=(2-M)(\-4+3)—[-3(2— 1)) + 3]

+(—3 42+ )



=(2-N-1)-CBrx-3)+ (-1
=(2-MNA-1)(A+1) —2(A—1)
=A-1)[2-2)\+1) 2]
=A=—1D(=X2+N)=-2(A-1)?=0
— A=0,1.

Step 2: Eigenvectors for A = O:

(2 —3 1] (1 0 —1 ]

A=|1 -2 1|~]01 -1

'l -3 2 00 O
x| X3 | (1
Ar=0< = ax=|axr | = |23 | =1t]| 1
z3] |73 1




oNoN®)

1
So, p1 = | 1| is an eigenvector for
1
A = 0 and corresponding eigenspace
('1'\
IS span¢ | 1
\_1_J
Eigenvector for A = 1:
1 -3 1] 1 -3 1
A—-T=|1 -3 1|~|0 00O
'l -3 1] 0 0O
(1 -3 1|2
(A—INNex=0<= |0 00 ||xp| =
0 00| |z3
21 |  3xo — 23 |
r=|Tp | = To
| T3 | I r3




3 —1

=xo| 1|+ z3 O

_O_ 1_
F 3] 1
So,ppb=1|1 andp3= 0
_O_ L 1_

are two linearly independent eigenvec-

tors for A =1 and corresponding

([ 3] [—11)
eigenspace is Spans | 1 |, O |;.
Lol L 1]




Step 3:

B = [p1,p2,p3] = |

\

g

1
1

Y

g
1
| O

Step 4: Since Ais3x3 and B has 3

)

11
0

elements, A is diagonalizable.

A= PDP 1 where

P=1[p1 p> p3]=

‘A1 0 O]
D = O X>» O

O O Az
Check: AP = PD
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