LINEAR INDEPENDENCE
(AND LINEAR DEPENDENCE)

Definition: A set of vectors {vq,vp,..., vt}
in R™ is said to be linearly indepen-
dent if the vector equation

r1v1 + oV + - + v = 0

has only the trivial solution,

l.e, x1 =xp =+ =z = 0.

The set {vq1,vp,...,v} in R"™ is said
to be linearly dependent if there exist
scalars cq1,co,...,cg, Not all zero, such
that

r1vV1 + oV + - -+ + v = O.



Example: Decide if the following set

of vectors is linearly independent.

{RIRI}

Solution: Since

st

the vectors are linearly dependent.
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Example: Decide if the vectors

1] [-3] [ O]
31, | =51, 5
-2 | 6] | -6

are linearly independent.

Solution: Consider the equation

1 [ —3 ] 0
1 3 |+xo| —5 |Fx3 5| =
-2 | 6 |  —6

eNoN®)

i.e, the system of equations

x1— 32+ 0x3 =20

3x1 — 5xo +5x3 =0
—2x1 + 625 — 623 = 0.




The augmented matrix:

:1)):2 28 Ry = Ry + (—3)R;
Ry = Rz + 2R
2 6 —6|0] 3 3 1
(1 -3 0|0
~|0 4 50
0 0 —6|0

Then we have,
:U3=O, $2=O, and $1=O,
which means that the vectors are

linearly independent.



Example: Decide if the vectors

are linearly independent.

4
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Solution: Consider the equation

C1

3
—1
1 + co

O -

.
—7

2 -

3| T¢e3
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7
—2

__6_
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The augmented matrix of the corre-




sponding system is

3 4 3[0]
-1 -7 7|0

1 3 —2/(0

0 2 —6/|0 |

Let us find an echelon form (REF) of

this matrix:

3 4 3
-1 —7 7
1 3 =2
O 2 -6

oNoNON®
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R1 +— R3
R, = R, + Ry
R3' = R3+ (—3)R;




1 3 —2|0]
N 0 -4 50| R/ =(1/2)R4
O -5 90| Ry<— Ry
0O 2 -60]
1 3 —-2/0
N O 1 -3 0| R3’=R3+5R>
O -5 9/0| Ry =Rq+4R>
0 -4 50|
1 3 —2/0] 1 3 —2/0]
01 —-3|0 01 —-3|0
O 0 —6|0 OO0 1|0
00 —7/0 00 0|0
Then we have, ¢c3 =0, ¢c» =0,
and cq; = 0, which means that the

vectors are linearly independent. OR



Since each column has a pivot posi-
tion, vectors are linearly independent.

Example: Decide if the vectors

1] [ 3] [-2] [0]
31,10, | —=7{, |1
-5 |-5] | 3| | T

are linearly independent.

Solution: Since the number of vec-
tors is more than the number of en-
tries in one vector, vectors are linearly
dependent.

In R3, the maximum number of lin-
early independent vectors is 3.



Example: Decide if the vectors

1
—1
O
1

are linearly dependent. If yes, express
one of the vectors as a linear combi-

R =L WO

nation of the other vectors.
Solution: Consider the equation

C1

1_
—1

0

1 -

+ ¢o

+ c3

+ ¢4

1 1 |
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Corresponding augmented matrix and
its (REF):

1 1 0 4/0]

-1 0 3 10| RY=Ro+ Ry
0 -2 1 10| R/=R4+(-1)R;
1 0 -1 30|
1 1 0 4|0
0 1 3 3|0| RyY=R3+ 2R,

~10 -2 1 1|0| R/ =Rs+ R>

0 -1 -1 —-1|0
11 0 4/|0]

013 3|0| Rs’=(1/7)R3

T 1007 7|0| Ri/=(1/2)Ry

002 20|




R4y’ = R4+ (—1)R3
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Since the fourth column is not a pivot
column, c4 is a free variable, and thus

the vectors are linearly dependent.



Say ¢4 = t, t € R. Since the first,
second, and third columns are pivot
columns, c1, co and c3 are basic vari-
ables. From the third row, we have
c3+c4 = 0 which gives c3 = —t. From
the second row, we have

co> + 3c3 + 3c4 = 0 which gives

¢co = —3c3 — 3¢cqg = —3(—t) — 3t = 0.
From the first row, we have

c1 + co + 4c4 = 0 which gives

c1 = —cp — 4cqg = —0 — 4t = —4¢.

If we choose t = 1, then we have:

1 1 ] 0 | 4
—1 0 3 —1
0 +0 ) 1 + 1
1 O | = 3
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Note that we can not express
1

0]
—2
0]
as a linear combination of the vectors

the vector

1 0 | 4 |
—1 3 —1
0|’ 1|’ 1
1 —1 3

Remark: A set § with two or more
vectors is linearly dependent <= at
least one of the vectors in S is ex-
pressible as a linear combination of

other vectors in S.



Example: Find the value(s) of h for
which the vectors

1] [ =21 [ —1]
31, —-4], 1
-3 | 1] | A
are linearly dependent.
Solution:
1 —2 —1/0 ]
B Ry =Ry + (—3)R;
3 -4 1|0 nal — Ba - 3R
-3 1 hj0]| BT 1

—
|
N
|
=

0
~|0 2 4 |0|R’=(1/2)Ry
0

0
~|0 1 2 |0|R3 =R3+5R5
0




1 -2 -1 |0]
~l0 1 2 |o].
0 074h 0

For h = —7 the given vectors are lin-

early dependent.

Note that if h € R and h = —7, then

the vectors are linearly independent.



Example: Find the value(s) of h for

which the vectors

17 [=3° 4
5|, 8|,] h
2| | 6| |-8]

are linearly dependent.

Solution:
1 =3 40) »/_p g,
-5 8 h|0| 2% 52 op

-2 6 —8|0| ¥ T8 1

‘1 -3 4 |0]
~ |0 =7 204+h|0|.
0 0 0 |0

For all h in R, vectors are linearly de-

pendent.



Remarks: (1) A set S with two or
more vectors is linearly independent
<= no vector in S is expressible as a
linear combination of other vectors in

S.

(2) Zero vector is linearly dependent.
Any set of vectors containing zero vec-
tor is linearly dependent.

(3) Any set {v1,v9,...,v} in R™is lin-
early dependent if &k > n.

(4) Columns of a matrix A are linearly
independent «<——AX = 0 has only the
trivial solution.



