Complex Eigenvalues

For a complex scalar A,

det(A — AI) = 0 if and only if there is
a non-zero vector x in C™ such that
Arz = Xx. We call A a (complex)
eigenvalue and = a (complex) eigen-
vector. The eigenspace of M\ is the
set of all solutions of the equation
(A— M)z =0.

If x is a complex vector in C", then
the vector =, whose entries are the
complex conjugates of the entries in
x, 1S called the complex conjugate of
x. Thus, if £ =Re =+ Im z, then

T =Re z—11Im z.



Let A be an nxn matrix whose entries

are real. Then
Axr = Az = Az,

If X is an eigenvalue of A with a cor-

responding eigenvector x in C", then

Ar = \r = AT = \Z.

That is \ is also an eigenvalue of A.
This shows that if A is a real matrix,
its complex eigenvalues occur in con-

jugate pairs.



Example: Let A = [_Cl) Cl)] Then
|A—>\I|:O
— 2
<— 1 _)\—A 4+1=0

<— A+i)(A—17) =0
<< A =1, Ap= —1.

Eigenvectors for A\1 = u:

(A—X\DX=0<= (A—i)X =0

— 1l0] . _ .

[—1 —iO] fip =
1 ilo] [1 40
~1 —i|0 0 0|0

Thus, o =t, xr1 = —t and
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—qt —1
Complex eigenspace corresponding to
A1 =i is E{ =Span { _17’”

A basis for Eq is {[_17“”

Eigenvectors for Ao = —u:

(A=X)X =0« (A+i)X =0

1 1|0
—1 2|0

] Ry = —iR;




Complex eigenspace corresponding to

A> = —1 IS B> =Span q f”

A basis for Eq is {[ ‘L

1 /
. —7 1
For the matrices P = [ 1 1] and
1 0 1
0O —2
_ o 01 — 1] |1 1
check.AP_[_1 O][ 1 1]_{2._7:]

and

—i1][4s o] 1 1
o= 1][4 2= [2 2]
detP = —i — i = —2i # 0.

P is invertible.



Example: Let A = { 1 =2 1

1 3
a) Find the eigenvalues of A, and a

basis for each eigenspace in C?.
b) Diagonalize A.
Solution:

A_/\Izll—,\ —2]7

13-\
det(A —AI) = (1 —M\)(3—=\)+2

=) —4X+5=0,




Eigenvectors for \{ = 2 + s:

(A—XMDX=0+= (A—(24)DX =0
ll—(Q—I—i) —2 1=l—1—i —2]

1 3—(241) 11—
—1—43 -2 |0
[ 1 1-4lo| e B2
1 1—4il0] ./ .
N 1 1—20
O 0 |0
T hus,
X:laf;l :l(_l—l_i)t}:tl_l_l_zl-
o t 1

Complex eigenspace corresponding to



A =244 is E;{ =Span {[_11_“:”.

A basis for Eq is {[_11+i]}.

Eigenvectors for Ao = 2 — 4.

(A-MDX=0+= (A—(2-)DX =0
{1—(2—2') —2 ]_[—14-@' —2]

1 3—(2+41) 1 144
144+ -2 10
[ 1 1_|_Z.O]R1<—>R2
1 14+il0] |
N[—l-l—i —+2201R2:R2+(1_’)Rl
1 144|0
~“1o o0 |0
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x=| t

_ l(—l—z’)t
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Complex eigenspace corresponding to

A =2 —1iis E5 =Span {l_ll_z”'
: : —1 —2
A basis for E» is {[ 1 ”
1 1

For the matrices P = [ —1l+e —1-u ]

and D= | 2T° O | A= ppp-1.
@) 2 —1






1/2 —1/2
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that the entries of A approach zero

Example: Let A = [ ] Show

for large k.

Solution: If A can be diagonalized,
then A = PDP~1 for an invertible
matrix P and a diagonal matrix D.
Then A* = (PDP~1)k = ppkp-1
Dk = {/\If O]. So, if M|, |Aa| < 1,

0 M&
then D¥ — 0, and thus AfF — 0.
1 _
Al =2 A 11/2
1/2 35—\

—t et ot 2, 1
=GN+ = - A+ N+

1
=X -2+
T
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IV IE—
1,2 2 2 2
1+ )
A1 = 5
12, (== M F A
Ao = 5
— A diagonalizable.
1 1 1
M|l =A—F—=4=<1
|1| \4+4 5
1

Thus, A¥ —s 0 as k — .




0 3+ 4
3 — 4 O '
a) Find the eigenvalues of A, and a

Example: Let A = {

basis for each eigenspace in C?.
b) Diagonalize A.
Solution:

—A 3+ 4

A=MI=13 4

=22 — (34+4i)(3—4i) =X%—(9+ 16)
= \? — 25 =0,
Thus, A\ =5, A = —-b5.

Eigenvectors for A1 = 5:

—5 3444
3—4; -5

(A—5])X=O<:>{ 8]



—3—44
— 1 5 £ 0
3—4 -5 |0
—3—44¢
~ 1 5 “ 0
0] 0] 0]
Thus,
3443 -
¥ — T1 | _ 5zt _ 1, 3—|—4’L.
T2 t S 5
Complex eigenspace corresponding to
A1 =5 is E1 =Span { 3_2421}.
A basis for Eq is {[3_247’”.
Eigenvectors for A, = —5:
. 5 34+4: 0
(A—|—5I)X_O<:>[3_4Z. 5 O]




3441
— 1 5 t0
3—4: 5 |0
O O |0
Thus,
¥ — T | _ —3_247;75 — 1, —(3 + 44)
o t S 5 '

Complex eigenspace corresponding to

A = —5 is E> =Span {[_35_4,&]}.

A basis for E5 is {[_35_47’”.
Note that A has complex entries, eigen-
values of A are real, and correspond-

INg eigenvectors are complex.



For the matrices

| 3+41 -3 — 44
P_[ 5 5 1,and

_ |2 0 _ ~1
D_lo _5],A_PDP .
Check:
_|344i -3—-4i|[5 0O
pp=| 3% SIS O]

| 154 20¢ 154 201 |
— 25 —25

AP:[ 0 3—|—4z] 3+4i —3—44

3 — 4 O

| 15420¢ 15+ 20i |
- 25 —25 |-



: 0 1]
Example: Let A= |0 2 0O|.
O 0 1

a) Find the eigenvalues of A, and a
basis for each eigenspace.

b) If possible, diagonalize A.
Solution: Since A is a triangular ma-
trix, eigenvalues of A are the entries
on the main diagonal, i.e, A = z.

(0 0 1]
A—2 I =0 O 0| and so,
_OOO_
_wl_
| L3
'wl' 1 0
= |xzp | =21 | 0| F+xo| 1
0 O O




The eigenspace for A =1 is

E = Span

A basis for t
0

/T

1

0

_O_

1

_O_

T )

Eh

0
0

)

0

1
O

T )

.

he eigenspace E is

Since A is a 3 x 3 matrix and has

only two linearly independent eigen-

vectors, A is not diagonalizable.



(2 0 —4 |
Example: Let A= |01 O
2 0 =2
If possible, diagonalize A.
Solution:
2 — )\ 0 —4
A — M| = 0 11—\ 0
2 0 —2 — A\
2 A —4
=(1-X) o5y,

= (1- N[22 (-2-) +8]
= (1-0)(2+4)

= (1= M)A+ 2)(\—26) =0,

which gives A1 = 1, > = —214, A3 = 241.



Eigenvectors for A\1 = 1:

1 0 -4 1 0 —4
A—I=|00 0 |~]|0O0 1
2 0 -3 OO0 O
o
(A—-DNX =0<= X = |20 | = x5
| L3
Eigenvectors for Ao = —24:
2+ 24 0 —4
A+ 211 = O 1+ 24 O
2 O —2+ 2% |
1412 0 —2

[




14

(A-DX =0+= X =

[ 1 O —1+47]
~ |0 142 O
0 O O
[ x1 | 1 —7
xo | =x3| 0
| T3 | 1

Since A is a real matrix and A3z = \o,

an eigenvector for Az = 21 Is

Y =

ETE
0

1

O
1

4

For the matrices P =

and D =

1
0
0

0O O]

—21

0 2i

O

0 1—4 1434
1 0 0
0 1 1
A= PDP 1




