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Abstract

In algebraic geometry, a variety is a set of zeroes of a set of polynomial equations in
an arbitrary finite number of variables. The order reversing correspondence between
varieties and ideals establishes a bridge between the algebraic nature of polynomial
rings and the geometry of affine varieties. For algebraically closed fields, Hilbert’s
Nullstellensatz states that this order reversing correspondence restricts to a one-to-
one correspondence between varieties and radical ideals, between irreducible varieties

and prime ideals, and between points and maximal ideals.
In this work, we shall discuss affine varieties, the Zariski topology (the topology where

the closed sets are the affine varieties), coordinate rings, and morphisms between

varieties.
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Chapter 1

Rings and Ideals

We start with reviewing the definition and elementary properties of rings. After this
we will be examining ideals. Ideals are algebraic objects which were first defined
by Richard Dedekind in 1876. Later, the concept was expanded by David Hilbert.
After Hilbert, Emmy Noether pushed the limit and expanded our understanding of

ideals even further in her paper [3].

1.1 Rings

A commutative ring is an algebraic structure that satisfies the most commonly used
properties of the integers or the polynomials considered with the operations of addi-
tion and multiplication. It is remarkable how much can be understood without the

existence of multiplicative inverses.

Definition 1.1.1. A ring is a triplet (R, +,-) with properties

1. (R,+) is an abelian group (that is, (R,+) is closed, associative, it has a zero



element denoted by 0, every element x of R has an (additive) inverse which is

denoted by —x, for all x € R)
2. (R,-) is associative, that is

(@-b)-c=a-(b-c) for any a, b, ¢ in R.

“o»

Note: From now on will be dropped when multiplying.

3. Multiplication is distributive over addition:
a(b+c) = ab+ ac for any a, b, ¢ in R

(a+b)c = ac+ be for any a, b, ¢ in R.

If multiplication is commutative: ab = ba for any a,b in R, we say that R is a com-

mutative ring.

If there exists an element 1 € R such that a-1=1-a = a for any a in R. We say
that R is a ring with identity, It is not difficult to see that if R is a ring with

identity, then the identity is unique.

A Field is a commutative ring with identity, in which all non-zero elements have

multiplicative inverses.

We will consider only commutative rings.

Example 1.1.1. The set of all integers Z, under the usual addition and multiplica-

tion operations forms a commutative ring with identity.



Example 1.1.2. (R[X], +,-) the set of all polynomials with coefficients in R under
the usual addition and multiplication operations forms a commutative ring with iden-

tity.

Example 1.1.3. (R,,,,, +, ) the set of all n xn amtrices with coefficients in R under
the usual addition and multiplication operations forms a non commutative ring with

identity.

1.2 Ideals

Definition 1.2.1. Let R be a commutative ring. A subset I C R is said to be an

tdeal of R if I satisfies

1. If f,ge I, then f+g€ 1.

2. If fel and h € R, then hf € I.

Note 1.2.1. In a ring R, the set R itself forms an ideal of R. Also, the subset
containing only the additive identity Ogr forms an ideal. These two ideals are usually

referred to as the trivial ideals of R.

Example 1.2.2. The set

27 ={...,—4,-2,0,2,4,.. .}

is an ideal of 7, the ring of integers.



In fact ideals of Z are exactly of the form nZ = {nk | k € Z}, where n € Z. One
can consider ideals as a generalization of the notion of subgroups. Those who are
familiar with group theory may notice that in many ways ideals are analogous to

normal subgroups; for instance, both can be utilized to form quotients.

Let R be a ring, I an ideal of R. Define the equivalence relation ~ on R as
a ~b< a—>b € I. One can check this is indeed an equivalence relation and
its equivalence classes of (R, ~) would be of the form r+ I = {r+a|a € I}. This

leads us to following definition. We will denote by R/I := (R, ~).

In R/I we define:
L (r+D)+0"+1)=+r)+1
2. (r4+D)-(r+10)=(r")+1

Note that since the operations in the preceding definition are defined on classes, we
should make sure that the definition of operations is independent of choice of the
class representative which means the above introduced operations are well-defined.

More precisely we should show that if ry + 1 = s; 4+ [ and ry + I = s9 + [ then

L (m+D)+(re+1)=(s1+1)+ (s2+1)
2. (m+ 1) -(ro+1)=(s1+1) (sa+1)
1. (T1+7‘2>+[:(81+82)+1

2. (7“1-7”2)—|—[:(81'82)+[



which is easily achievable if we use the definition of the relation ~ given above and

the fact that [ is an ideal of R.

The above tells us that R/I is a ring, called the quotient ring of R modulo /.

Example 1.2.3. As a prototypical example of the integers, consider the quotient

ring %. Then, % = {[0],[1]}, and with the quotient ring operations, % forms a

ring. In fact % s a finite field of order 2.

Definition 1.2.2. A domain is a ring (assumed nonzero) in which ab=0 = a =

Oorb = 0. Commutative domains are called integral domains.
Example 1.2.4. All fields are integral domains.

Definition 1.2.3. Let R be a ring. An ideal I C R is prime if vy € I = x € I or

y el

Proposition 1.2.5. Let R be a ring and I C R be an ideal. Then,

I is prime <= ? 1s a domain.

Definition 1.2.4. Let R be a ring. An ideal generated by x1, ..., x, is defined as

n
(X1, .., xp) = {Zrimisi | 74, 8; € R}.

i=1



If R is commutative, then

Example 1.2.6. Any ideal of Z generated by a prime number p € Z, is a prime
vdeal. Indeed

If ab € (p) then 3k € Z such that ab = pk.

Since p | ab and p is prime, therefore p | a or p | b. Thus a = pk’ or b = pk”

respectively for some k', k" € 7.

Thus, a € (p) or b€ (p). It means I = (p) is a prime ideal.

The above example tells us that every ideal of Z generated by a prime number is a

prime ideal. In fact the notion of prime ideal is a natural generalization of prime

numbers.

Definition 1.2.5. A monomial in x1,--- ,x, is a product of the form
B

where all exponents oy, - -+ , o, are non-negative integers. The total degree of this



monomaial is the sum a1 + -+ + .

Definition 1.2.6. A polynomial [ in xq,--- ,x, with coefficients in R is a finite

linear combination of monomials. We can write a polynomial f in the form

f:ZaaXa ao € R

where the sum is over a finite number of n-tuples « = (aq,...,ap) and by X* we
mean x7* - x5* - xS, The set of all possible polynomials in xq,--- | x, with coeffi-
cients in R form a commutative ring denoted R [z, -+ , ] .

Definition 1.2.7. A principal ideal is an ideal I in a ring R that is generated by

a single element a of R through multiplication by every element of R.

Example 1.2.7. Let R = Clz|, the single variable complex polynomial ring. Then

(x — A\) is a prime ideal for all A € C.

Proof. Consider the polynomial R = Clz|. To prove that I = (z — A) is a prime

ideal of R, we prove that if f(x)g(x) € I, then either f(x) € I or g(z) € 1.

Now we have I = (x — \) = {(x — A)h(z) : h(z) € R}. Let f(x)g(x) € I, then by

definition

f(z)g(x) = (x — A)h(z) for some h(x) € R.

For x =\, f(A) - g(A) = (A= A)h(N) =0.



= f(A)=0or g(A\)=0.If f(A) =0,

then f(x) = (x — A\)hy(x) for some hy(z) € R = f(x) € 1.

If g(A\) =0, then g(z) = (x — A)ha(x) for some he(z) € R = g(x) € I.

Therefore, f(z)g(x) € I implies f(z) € I or g(z) € I,

so by the definition of prime ideal, I = (z — A) is a prime ideal of R = Clz].

]

Definition 1.2.8. An ideal 1 ; R in a ring R is mazimal if it is maxrimal among
the proper ideals of R with respect to inclusion, i.e., For any ideal J with I C J,
either J =1 or J = R.

Thus [ is maximal if and only if R/I is nonzero and has no proper nonzero ideals.

We can observe that [ is maximal if and only if R/I is a field.

Example 1.2.8. Let F' be a field. Then the only maximal ideal of F' is 0.

Proposition 1.2.9. Let A be a ring in which every element x satisfies x™ = x for

some n > 1 (depending on x). Then every prime ideal in A is maximal.

Proof. Let P be a prime ideal of A. Therefore A/P is an integral domain. Given
any non-zero x + P € A/P, there will be a suitable n € N— {1}, such that 2™ = x or

equivalently x(z"~! — 1) = 0 € P. Since P is prime and x + P is non-zero therefore

8



2" ! —1 € P. This implies that 2" '+ P=1+P. Sincen>1, 2" !+ P=1+P
we have (z + P)(2"?+ P) = 1+ P. Hence that x + P is invertible. Therefore, A/P

is a field and P is a maximal ideal.

]

Let R be a commutative ring with identity, and S C R a subset. We say that S is

multiplicative if

1. 81,SQES:>5182€S.

2.0¢8,1€8

We define the localization of R with respect to S and denoted Rg, as follows.

Its elements are formal expressions of the form ¢, a € R, s € 5, where ¢ = 22, if

and only if, there exist s € S, such that s(a;ss — ass;) = 0.

If we endow Rg with the usual operations of addition and multiplication of fractions,

0

then Rg is a ring. The unit in Rg is 1 , and the zero is T

1

Example 1.2.10. Ifa € R, let S = {a™ : n € N} . Then S is multiplicatively closed.
In this case localization of R with respect to S is denoted by R,, and is called the

localization of R at a.

Example 1.2.11. If P C R s a prime ideal, let S = R— P . Then S is multiplica-
tively closed. In this case localization of R with respect to S is denoted by Rp, and

is called the localization of R at P.



Definition 1.2.9. The spectrum of a commutative ring R, denoted by Spec(R), is
the set of all prime ideals of R. We also define maxSpec(A) to be the set of all

mazximal ideals of A.[4, page 84).

Definition 1.2.10. Given some algebraically closed field K, algebraic sets are the

subsets of K™ defined as common zeroes of S C Klxy, ..., z,).

If A is such an algebraic set, then we consider the commutative ring R consisting of

those polynomials of which A is the algebraic set.

The mazimal ideals of R correspond to the points of A, while the prime ideals of R
correspond to the varieties in A (varieties are irreducible algebraic sets). Therefore,

Spec(R) consists of the points and varieties in A.

1.3 Noetherian Rings

Definition 1.3.1. A ring R is Noetherian (or it is called a Noetherian ring) if for

all ascending chains of proper ideals-embedding, say:
LCLCI3C---

(For all j in the natural numbers, I; are all ideals of R.) there is a positive integer
n such that I,, = Iq1y; in other words, every ascending chain has a maximal el-

ement. This condition is sometimes called the A.C.C. (Ascending Chain Condition,).

Proposition 1.3.1. Suppose we have a ring R. Then, the following statements about

R are equivalent:

10



1. R s Noetherian.

2. Any nonempty set of ideals in R contains a maximal element.

Proof. 1 = 2) Suppose that we have a nonempty set of ideals M without a maximal
element. For each ideal I,, € M there exists an [,;1 € M such that [,, & [,41.
Therefore, one can construct a chain of ideals that is not stationary. But this con-

tradicts our assumption.

2 = 1) Applying the maximal condition to the set of ideals in our chain of ideals, 1

follows.

O

In a Noetherian ring all ideals are finitely generated. Indeed, suppose there is an
ideal I of R that is not finitely generated. For r; € I, 7 = 1,...,m by assumption
(ri,re, -+ ,rm) # I for every m € N. Hence, there is 7,11 € I such that r,, ., ¢
(ri,m9, -+ , 7). This would let us construct a chain of ideals (ry) C (ry,r) C ---

which never becomes stationary.

Note 1.3.2. Fvery ring R with unity element 1g is finitely generated as an ideal
over itself. So every ring is finitely generated as an ideal, while it could have an ideal

which is not finitely generated.

1.4 Hilbert’s Basis Theorem

Theorem 1.4.1. Hilbert’s Basis Theorem

11



If R is a Noetherian ring, then R[X]| is a Noetherian ring.

Proof. This is a proof due to Heidrun Sarges [11], who proves that if R[X] is not
Noetherian, then R is not Noetherian. Let I be an ideal of R[X] that is not finitely

generated (of course I will be a non-zero ideal).

Using the ideal I, we will construct a sequence of ideals in R inductively, which can

not become stationary. This contradicts the assumption of R being Noetherian.

Let f1 € I be a polynomial of the least degree (we note that such f; exists since the
set of degrees of polynomials in I is a subset of Ny = NU{0} and so it’s well-ordered

therefore it has a least element.)

Let £ > 1 and assume fj is chosen. Then let fi.; be a polynomial of least degree in

IN(fuy o fa)-

Let ar € R be the leading coefficient of f; and the non-negative integer d; be the
degree of fi, for k > 1. Consider the ideal J C R defined by J = (a; | £ € N). By

the choice of f; we have d; < dy < --- and

(a1) C (a1, a9) C (a1, a9,a3) C .... (1.1)

Since R is Noetherian, the chain equation 1.1 will come to be stationary. Therefore,

there is n € N such that

(a1, .oy @p) = (a1, coory Gpyq), fori > 1. (1.2)

12



Therefore J = (a; | i € N) = UZ.Zl(al,ag, cenya) = (a1, a9, ..., Q).

Now let Iy = (fi, fa,..., fn). Then, by the choice of f,.1, we have f, 1 ¢ Iy. Since

J={(a; |1 €N)=(ay,as,...,a,), 80 a1 € {a1,a9,...,a,).

Therefore, there are b; € R, i = 1,2,...,n such that:

Ap+1 = Z bl‘CLi (13)
i=1

Now let g = fryg — X&H=dp f) . — Xdn1=dnp £ = Then using the fact that I is

an ideal and fi,..., f,r1 € I we have g € [.
By the way we defined g and using equation 1.3, we have deg(g) < deg(fn+1)-

Since fn11 & Ip and f; € I; for i = 1,...n, we have g ¢ Iy which contradicts the
minimality of deg(f,+1)! (because f,11 € J\I is chosen in such a way that it has
the lowest degree but g € J\Iy and deg(g) < deg(f,+1) which is contradiction).

so the assumption of R[X] not being Noetherian is false.

]

An important geometric consequence of the Hilbert Basis Theorem is that every al-

gebraic set is the zero set of a finite set of polynomials.

Corollary 1.4.2. If R is Noetherian, then so is the polynomial ring R[xq,. .., x,].

Proof. Complete the proof by induction on n using Hilbert’s Basis Theorem.

13



Definition 1.4.1. An element u € R for which there exists v € R such that

uv = vu = 1 1s called a unit.

The set R* := {units of R} forms a group under multiplication.

We note that using Zorn’s lemma, on can show every non-unit element of a ring is

contained in a maximal ideal.

Definition 1.4.2. A ring R is said to be local if it has exactly one mazximal ideal

M.

Note 1.4.3. For a local ring the set of unit elements of R is equal to R* = R\ M.

A ring homomorphism is a generalization of group homomorphism, which is a func-

tion between two rings that respects the algebraic structure.

Definition 1.4.3. Let R and S be rings. A function f : R — S is a ring homo-

morphism if for all z,y € R
1 fle+y) = flz)+ f(y)
2. flxy) = f(x)f(y)
3. f(1gr) =1s

see [6,page 49].

14



Note 1.4.4. Using f(z+y) = f(x)+ f(y) for x =y = Og gives f(Or) = 0g. There-

fore, f(Or) = 0s automatically holds in all ring homomorphisms.

Let R be a ring. n € N is called the characteristic of R and it is denoted by
char(R), if n is the smallest positive integer such that na = a+---+a = 0 for all
—_——

n—many

a € R. If such n € N does not exist we say that the ring R has characteristic 0.

Example 1.4.5. Let R be a commutative ring with char(R) = 2. Define f : R — R

by f(x) =22, for allx € R. Then f is a ring homomorphism.

Proof. Let a,b € R. Remember that 2z = 0 for all z € R, since char(R) = 2. Then
fla+b) = (a+0b)?=a*+2ab+b* =a®>+1* = f(a) + f(b), and f(ab) = (ab)? =
a’v?* = f(a)f(b), so f respects addition and multiplication. Finally, f(1) = 12 =1

]

Proposition 1.4.6. There is no ring homomorphism C — R.

Proof. Suppose that there exists a ring homomorphism f: C — R.

Recall that, by definition of a ring homomorphism, we have f(1gz) = lg. Hence
f(=1¢) = —1g. Since f : C — R is a also group homomorphism between the
additive abelian groups of C and R. Let r = f(i) € R. Since i* = —1 in C and f is

a ring homomorphism, we have

~1l = f(~1c) = f(i*) = f(0)* =",

15



Thus r € R is a real number such that > = —1. This is a contradiction since for

every r € R we have r? > 0. Hence there is no ring homomorphism f : C — R.

16



Chapter 2

Algebraic Varieties

The goal of algebraic geometry is to study solutions of polynomial equations in sev-
eral variables over a fixed ground field. In this chapter we will exploring algebraic

varieties, their definitions and basic properties.

Varieties are the fundamental objects used in the study of algebraic geometry. A
variety is the set of common solutions of a set of polynomials. While a simple notion,

it is also very powerful.

Algebraic varieties are at the very center of algebraic geometry. Algebraic vari-
eties are the sets of solutions to a system of polynomial equations over the real or
complex numbers. For those familiar with the idea of an analytic manifold, the idea
of an algebraic variety is very similar, with the big difference being in that a variety

can have singular points, while a manifold cannot.

17



2.1 Afline Spaces

Definition 2.1.1. Let K be a field. An affine space of dimension n, K" is the set
of all n-tuples of elements in the field K. In particular, K' is called the affine line,
and K? is called the affine plane. The elements of K" are called points which we

denoted by capital leters.

Example 2.1.1. Consider the case K = R. Here we get the familiar space R™ from

calculus and linear algebra.

Let f € Klxy,xo, ..., x| where K is a field. If P = (ay,as,...,a,) € K", then, we
d@ﬁ'ﬂ@ f(P> - f(a17a27 "')an>‘

Definition 2.1.2. Let there be a subset V- C K". V 1is called an affine algebraic

set if there is a set S C K[xq,xo, ...x,] such that

V =2(S)={PeK": f(P)=0,Yf € S}.

In words, one could say an algebraic set is the zero locus of a set of polynomials.
Understanding it this way can be very helpful when speaking about algebraic sets
and their uses. This definition is very similar to the definition of algebraic varieties,
with good reason. An algebraic set is a “reducible” algebraic variety. The notion of
reducibility of varieties is intertwined with the idea of the “Zariski” topology, which
lets us say a variety is “irreducible” when it is not the union of two smaller closed

subsets in the topology.

18



Example 2.1.2. 1. For any a,b € K, {(a,b)} is an algebraic set in K* since

{(a,0)} = Z(x —a,y = ).

2. Any single point in K" is an algebraic set:

Proposition 2.1.3. 1. The union of two algebraic sets is an algebraic set.
2. The intersection of any family of algebraic sets is an algebraic set.

3. The empty set and the whole space are algebraic sets.

Proof. 1. Let Vi = Z(S)) and V, = Z(S,). If P € V4 U V4, | then either P € V] or
P eV,

Thus, P is a zero of every polynomial in S1-52 = {fg|f € S; and g € S»} and
ViUV C Z(S) - Ss).

Conversely, if P € Z(S;-S5s), and P ¢ Vj, then there exist an f € S; such that
f(P) # 0. Since for any g € S, (f - g)(P) = 0 we have that g(P) = 0, so that
PeV;.

2. If V; = Z(S;) is any family of algebraic sets, then (| V; = Z(US;)
Thus, (V; is also an algebraic set.

3. Finally, the empty set ) = Z(1), and the whole space K" = Z(0).
[l

The above proposition tells us that algebraic sets meet the conditions of the closed

sets of a topology in K". This topology is called the Zariski topology on K".

19



Definition 2.1.3. We say that a field K is algebraically closed if every non-

constant polynomial f € K[X]| has a root in K. i.e., there exists a € K such that

f(a) =0.

Example 2.1.4. Let us consider the affine line C*. Every ideal in C[x] is principal,

so every algebraic set is the set of zeros of a single polynomaial.

Since C is algebraically closed, every nonzero polynomial f(x) can be written f(x) =

clx—ay) - (x —ay,) with c,a4,...,a, € C.

Then Z(f) = {ai,...,a,}. Thus the algebraic sets in C' are the finite subsets, the
empty set and the whole space. Thus the Zariski topology on C! is the topology whose

open sets are the empty set, C' and the complements of finite subsets.

2.2 Affine Varieties

Definition 2.2.1. A nonempty subset Y of a topological space X is irreducible if
it cannot be expressed as the union Y =Y, UYs of two proper subsets, each one of

which is closed in'Y . The empty set is not considered to be irreducible.

Example 2.2.1. C! with its Zarisky topology is irreducible, because its only proper

closed subsets are finite.

Definition 2.2.2. Given any subset A C K" we define the ideal of A, I(A) in

20



Klzy, xa, ..., x,] by

I(A) ={f € K[z, ...,z,] : f(P)=0}

forall P € A.

Ideals I(A) satisfy the following properties:

(a) If Ay, Ay are subsets of K™ and A; C Ay, then I(As) C I(Ay).
(b) For any two subsets A;, Ay of K", we have [(A; U Ay) = I(A;) N1(As).

(c) If A is irreducible, then I(A) is prime. Indeed, if fg € I(A), then

AC Z(fg)=Z(f)U Z(g).

Thus

A=(ANZ(f)U(AN Z(g)),

both closed subsets of A. Since A is irreducible, we have either A = (ANZ(f)),

in which case A C Z(f), or A = (AN Z(g)), in which case A C Z(g). Hence
either f € I(A) or g € I(A).

The converse of (¢) is true too, and is a consequence of the Hilbert’s Nullstellensatz
(one of the most significant results of algebraic geometry, which translated from the

original German, means “Hilbert’s theorem of zeros.” that we state below.

Theorem 2.2.2. Hilbert’s Nullstellensatz: Let K be an algebraically closed field.

Then all mazimal ideals of the polynomial ring K|xy, ..., x,] are of the form

21



I(a) = (1 — a1, ..., x, — ay)

for some a = (ay, ..., a,) € K"

See Algebraic Geometry, Andreas Gathmann [9] for a proof of the Hilbert’s Nullstel-

lensatz.

Definition 2.2.3. An affine variety W is an irreducible closed subset of K.

More technically, an affine variety over some algebraically closed field K is the zero-

locus of a set of polynomials S in K[z, ..., z,].

In the affine n-space K™. This is the set of solutions to a polynomial in n variables
with coefficients defined in our field K that generates a prime ideal. This lets us

discuss shapes in space in a much more abstract sense.

Example 2.2.3. Here are some examples of affine varieties:

1. Affine n-space itself is an affine variety, since A™ = Z(0). Similarly, the empty

set ) = Z(1) is an affine variety.

2. Any single point in A™ is an affine variety: because we have (ci,...,¢,) =

Z(T1 — €1y ey Ty — Cp).

22



3. Every linear functional f on V, where V' is a n-dimensional vector space over
K, can be seen as an element of K[xy,- -+, x,], and we know that every subspace
W of V' of dimension m is the intersection of n-m kernels of linear functionals,
i.e., W ={P e V|fi(P) =0}, where f; are functionals on V and i=1,2,..,n-m.

Thus, all linear subspaces are affine varieties.

The idea of a subvariety is similar to the familiar idea of a subgroup.

Definition 2.2.4. A subvariety is a subset of a variety that is itself also a variety.

2.3 Projective Spaces

Definition 2.3.1. For any vector space V' of dimension n over a field K, the projec-
tive space of V is denoted by P(V') (sometimes the field K replaces V' or subscript
notation is used instead) which is the set of all 1-dimensional subspaces of V. For

details see [7,page 84]

We will say that the projective space P(V') has dimesion n-1. A projective space of
dimension 1 or 2 we will call a projective line or a projective plane respectively. If

V = K" we write P" instead of P(V).

Remark Observe that the projective n — 1-dimensional space can be written as

P* = {(ag, . ..,a,) c Krtt | a; € K not all a; = 0}/ ~,
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where the equivalence relation ~ is defined by

(ao,...,a,n)N (bo,...,bn),

if and only if there is A € K such that a; = A\b; for all . We write

P*"={(ap:...:a,)|a; €K},

and we call (ag : ... : a,) homogeneous coordinates of a point in P™.

Definition 2.3.2. An affine non-empty algebraic set X C K" is called a cone if
for all (ag,...,a,) € X and all A € K we have (Aag, ..., \a,) € X. If X CP" is a

projective algebraic set then

C(X)=A{(ag,...,an) € K" | (ag:...:a,) € X}U{0}

is a cone and it is called the cone over X [based on 9, page 39].

Example 2.3.1. If X is a hyperbola contained in the projective plane P (R3) iden-
tified with the plane Z = 1 which contains (0,0, 1) then the cone C(X) is the union
of all lines in R® which contain 0 and meet this hyperbola. This set is exactly what

we intuitively call a cone.

Homogenous polynomials are polynomials where all terms have the same degree.

Definition 2.3.3. An ideal I in a ring K[z, ..., z,] is said to be homogeneous if

for each f € I, the homogeneous components f; of f are in I as well.
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If f =5, fi € I CKlzy,29,...7,]) where f; are the homogeneous polynomials, then

we said that f; are the homogeneous components of f.

This property is not true in most ideals. For instance, let I = (y — 2?) C K[z, y].
The homogeneous components of f = y — 2 are f; = y and f, = —a%. Neither
of these polynomials is in I since neither is a multiple of y — 2. Hence, I is not a

homogeneous ideal.

Example 2.3.2. P(R?): one usually thinks of this by fixing a reference line, for
instance the line y = 1. Then P(R?) is every 1-dimensional subspace that intersects

the reference line plus the one line that is parallel to the reference line.

Equivalently, P(R?) = RU {oo}. Also we can see P(R?) as a semicircle centered in
(0,0) without one extreme point, because every 1-dimensional subspace that intersects

this semicircle in a point.

The above example shows that P(R?) can be identified with a subset of R%. In gen-

eral P(V') can be identified with a subset of V.

2.4 Projective Varieties

Definition 2.4.1. A subset X C P" is an algebraic subset of the projective space.
if X as subset of K" is the zero locus of a homogeneous ideal in I C K|z, ..., Z,],

and X 1s irreducible if X is algebraic and the corresponding ideal I is prime.
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Definition 2.4.2. A subset X C P" is a projective algebraic variety, if X is an

wrreducible algebraic subset of the projective space.

Take an algebraically closed field K, and define a projective n-space P over it. Then,
the projective variety is a subset of P" that is the zero-locus of some finite family

of homogenous polynomials.

Example 2.4.1. An important area of modern mathematical research deals largely
with objects called elliptic curves, which are non-singular plane curves of the form
y? = 23+ ax +b. While the image below is necessarily in affine space, the projective

curve corresponding to the curve in the graph below is an elliptic curve in P2.

Elliptic Curve y? = 23 + 17

10

Definition 2.4.3. A subset Y of a topological space Xis said to be locally closed

if it is the intersection of an open and a closed subset.
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The following result provides some equivalent definitions:

Proposition 2.4.2. The following are equivalent:
1. 'Y s locally closed in X .

2. Fach point in' Y has an open neighborhood U C X such that U NY is closed

in U (with the subspace topology).
3. Y is open in its closure Y (with the subspace topology).

Definition 2.4.4. A quasi-projective variety is a locally closed subset of projec-

tive n-space P".

As the name implies, a quasi-projective variety is almost a projective variety. A
quasi-projective variety is a locally closed subset of a projective variety. While we
said affine varieties might be the simplest, they are not the most general. This is
because affine varieties are quasi-projective, while there exist locally closed subsets

of projective varieties that are not affine, but are quasi-projective.

In classical algebraic geometry all varieties were quasi-projective. Due to Andre Weil

though, we now have a concrete definition of varieties that are not quasi-projective.

Example 2.4.3. 1. Fvery projective algebraic set X is a quasi-projective variety.

2. BEvery affine algebraic set X C K" = Uy is a quasi-projective variety.

X =XnNU.
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3. Every open subset of a quasi-projective variety is a quasi projective variety.

4. FEvery closed subset of a quasi-projective variety is a quasi-projective variety.

If X C K" and Y C K™ are closed subvarieties, then X x Y is a closed subvariety

of Kntm =K" x K™.

Proposition 2.4.4. A product X XY of irreducible varieties is irreducible.

Proof. Suppose that X x Y = Q1 U Q», with each @); a closed subset of X x Y.
For each x € X, the closed set x X Y is isomorphic to Y, and is therefore irreducible.

Since x XY = ((zxY)NQ1)U((x xY)NQ3) either z XY C Q or else 2 XY C Q.

The subset X7 C X consisting of those x € X with z X Y C @, is a closed sub-

set. We have X; = mer Xy, where X, is the collection of pointsz € X : x X y € Q.

Since X, x y = (X X y) N @1, X, and hence X; is closed.

Similarly define the closed subset X5,. Since X = X; U X, and X is irreducible, we
either have X = X; or X = X,5. But X = X, implies X x Y = @;, which proves
X x Y is irreducible. This proof is from [12,page 211].

O

Definition 2.4.5. Let R be a ring containing a subring A. An element b € R is
integral over A if it is root in a monic polynomial with coefficients in A. The set

of elements integral over A is a subring called the integral closure.
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Chapter 3

Zariski Topology

Here we will begin our discussion of a very important mathematical structure that
is very prevalent in algebraic geometry. Certain special cases of varieties and ideals
rely on ideas presented in this chapter, and thus did not appear earlier. Instead,
they will appear here, so make sure that there is a firm grasp of the ideas presented

in the two previous chapters.

3.1 Zariski Topology

Zariski topology took particular importance around 1950. It is named after Oscar
Zariski. The Zariski topology is especially good for studying polynomial equations in

algebraic geometry. It provides tools of topology for the study of algebraic varieties.

In the previous chapter we defined affine space K", and affine algebraic sets as those

for which there exists a set S C K[z, z9, - - , x,] such that

V =Z2(8)={PeK"|f(P)=0,Yf € S}.
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We see that K™ = Z(0) and the empty set ) = Z(1) are affine algabraic sets. Also we
show that, finite unions and arbitrary intersections of affine algebraic sets are affine

algebraic sets too.

Proposition 3.1.1. Let K! be a 1-dimensional vector space over K equipped with

the Zariski topology. Then the following hold:

1. The closed subsets of K are finite subsets and K* itself.
2. If f € K[zq, - ,x,], then f: K" — K is continuous.

Proof. 1. Of course K! = Z(0) and () = Z(1) are closed. A non-empty finite sub-
set {aq, -+, am} of K is the zero locus of the polynomial (z—ay) -« - (2 —ayy,),

so it is closed.

Conversely, if S is a subset of K[z] and I = (S) is the ideal generated by S in
Klx], then Z(S) = Z(I), its zero locus is the finite subset of K! consisting of

the zeros of f. Where f is the generator of I.

2. To show f is continuous, we must show that the inverse image of every closed

subset of K is closed. The inverse image of K is K", which is closed.

And f7(0) = 0 is closed. Since the only other closed subsets of K are the non-

empty finite subsets, it suffices to check that f~!(z) is closed for each z € K.

But f~!(z) is precisely the zero locus of f — f(x)
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3.2 Zariski Topology on Affine and Projective
spaces

Definition 3.2.1. The Zariski topology on Spec(R) is has closed sets defined by:

V(S)={I € Spec(R) : S C I}

where S is an ideal in R.

Example 3.2.1. Every point P = (ai,...,a,) in K" is closed. Because if f =
(r1 —ay, ..., — ay), then P = Z(f).

Definition 3.2.2. If S is a set of homogeneous polynomials in K[Xy, ..., X,], we
define its zero set Z(S) C P by
Z(S)={PeP" | f(P)=0,YfeS}.

If T is a homogeneous ideal of K[Xj, - - , X,,], we define its zero set Z(I) C P"~! to

be the zero set of the set of all homogeneous polynomials in I.

Lemma 3.2.1. Zariski’s Lemma: Let k be a field and k = Klzy,--- ,x,]. Then

every x; must be algebraic over K.

Proof. Suppose z; is not algebraic over K, but (zs, ..., x,) are algebraic over K[z].
Since each x; is algebraic over K[z there are polynomials f;(z1) (where j goes from

2 to n) such that each z; is integral over the domain (see definition 2.4.6).
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1 1
A = K[Q]ﬂ —fQ({L'l) PSP —fn(gj‘l)

Since k = Klzi][za, -+ ,x,]. Then k is integral over A. Thus, A is a field, which

means A = K[z;] which is impossible. This concludes the proof.[14]

]

Definition 3.2.3. The Zariski topology on P™ is the topology for which the closed

sets are the subsets of the form Z(I) for some homogeneous ideal I C Kz, - ,z,].

Definition 3.2.4. The Zariski topology of an algebraic variety is the topology whose

closed sets are the algebraic subsets of the variety.

3.3 Coordinate Rings

In algebraic geometry, our objects are varieties, and because varieties are defined by
polynomials, it will be appropriate to consider polynomial functions on them. Now
we will have further facts on varieties. A coordinate ring which is also called ring of
polynomial functions, is known as coordinate ring because it is defined on coordinate

functions.

Definition 3.3.1. Let K be an algebraically closed field. The coordinate ring of
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an affine variety V€ K" is defined by

K[V] = K[xlv Ly« ,.%,J/[(V),

where 1(V') is the ideal formed by the set of polynomials f(x1,--- ,x,) with coeffi-

cients in the field K which equal zero for all points in the variety V. [13,page 47]

Example 3.3.1. Consider a variety V. = {(x,y)|2? = y*} as a subset of the real

plane R2?.

The ring of real-valued polynomial functions defined on V' can be identified with the

quotient ring R[x,y],/(x? — y3), and this is the coordinate ring of V.

Proposition 3.3.2. Giwen an affine algebraic set V- C K"™. If V' 1is irreducible then

K(V) C Klzy,...,x,] is prime and K[V] is a domain.

Proof. Since K[V]| = K[zy,...,2,]/I(V), to prove primality, assume that V is
reducible. Then V = V; UV, for some V; & V. Then Z(V;) 2 Z(V) and
Z(V)=Z(W)NZ(Va).

If f, € Z(V;) = Z(V) for i = 1,2, then fifs € Z(V) = Z(V) is not prime.

That K [V] is a domain, it is a consequence that if R is a ring and [ is a prime ideal

of R, then R/I is a domain.
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Example 3.3.3. The variety Z(z? — y*) C R? is reducible, because it is the union

of Z(x +vy) and Z(x — y).

In relation to the quasi projective varieties views in chapter 2 we have:

Definition 3.3.2. The dimension of an irreducible quasi-projective variety V is the

transcendence degree of K(V') over K. [8,page 15]

Example 3.3.4. K3 D Z(zz,2y) = Z(z) U Z(y, 2) and so K[y, z] = K[z, vy, 2],/ ()

has transcendence degree 2 and K|x,y, 2|/ (y, z) = K[z| has transcendence degree 1.
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