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Sklyanin Algebra A is determined by (E, L, o) with
E elliptic curve
L € PicE
o € AutE

A~ k(x,y,z)
axy + byx + cz®> =0
ayz + bzy + cx* =0
azx + bxz + cy?> = 0
0" =14 Ais af.g. module over Z(A)

A is a sheaf of algebras over P?
Azumaya on P2 — E/(0).
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{Central simple k-algebras of rank n2} f=

i

{varieties X over k such that X := X X Spec k Spec? = P%_l} / =~

= H(k,PGL,) — Brk

PGL, k = AutP"~! = Aut k"*"

A s BSV(A)

BSV(A)(L) = {a, A — a L} C Gr(A, n)
BSV(A) = {44 —.4 k"} (Van den Bergh)

e BSV(k"™*m) =Ppr-1
o H=RORi dRj SRk
o BSV(H) = V(x> +y?>+22=0)C P2

v

Rationality of some generic P fibrations over pt




Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

Rationality of some generic P" fibrations over P!



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

Definition

k is a (g field if any form f of degree d < n variables has k
rational point in P 1.

Rationality of some generic P" fibrations over P!



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

k is a (g field if any form f of degree d < n variables has k
rational point in P71

Rationality of some generic P fibrations over pt



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

k is a (g field if any form f of degree d < n variables has k
rational point in P71

Chevalley k is finite = k is (3

Rationality of some generic P fibrations over pt



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

k is a (g field if any form f of degree d < n variables has k
rational point in P71

Chevalley k is finite = k is (3
Tsen k = k and C curve then k(C) is C;

Rationality of some generic P fibrations over pt



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

k is a (g field if any form f of degree d < n variables has k
rational point in P71

Chevalley k is finite = k is (3
Tsen k = k and C curve then k(C) is C;

R is not C; since X = V(x? + y? + z2 = 0) has no
real points.

Rationality of some generic P fibrations over pt



Corollary (of Main Theorem)

If k = k and char k = 0 then BSV(A) is rational over k.

k is a (g field if any form f of degree d < n variables has k
rational point in P71

Chevalley k is finite = k is (3
Tsen k = k and C curve then k(C) is C;

R is not C; since X = V(x? + y? + z2 = 0) has no
real points.

If kis C; then Brk =0
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Theorem (I)

T X — ]P’k and
k perfect C; field

°
o Geometric general fibre is P" i.e. Yn ~ [P

@ degSingm < 2 =s ie. at most 2 singular fibres
°

then X is rational over k.

v

RENEILS

e X not rational over IP’}( in general
@ Iskovskih (1970) proved the case n =1 and s <3

A\

Conjecture (Iskovskih)

If  is minimal and s > 3, n =1 then X is not rational

Conjecture (1)
If  is minimal and s > 2, n > 1 then X is not rational
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Definition (Maximal Order)

A is a maximal order in A, if

@ A is coherent sheaf of Ox algebras
e ACA,
o A® K(P!) ~ A,

@ maximal with respect to C

o [X] <+ [A,] division algebra in Brk(t)

@ Choose A C A, maximal order over ]P’i

@ Replace X with BSV(A)
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Theorem (Amitsur)
k(X) ~ k(BSV(A))(tl, ce td).

@ X is smooth

e X, DY, with 7,7 ~ Pl 5 Pk ~ 777 twisted linear subspace
@ s =2 since x =0 = X is rational and s # 1.

@ p € Singm then R = O;ﬁ,p ~ k[t]

A® R ~ k(n-cycle)" ~ k[x] x Z/Zn

A

Rationality of some generic P fibrations over pt



Interlude on Toric Varieties

Interlude on Toric Varieties
Varieties Lattice
X,0(H) convex lattice polytope
H°(O(H)) lattice points in polytope
P2, O(1) triangle
P2, 0(2) bigger triangle
toric subvarieties | faces
toric divisors facets
changing O(H) | sliding facets in and out
Blowing up Cutting off subvariety
Bl, P? trapezoid
P! x P! square
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Theorem (Artin,Hille,Bocklandt,l,...)
@ A = SpecR strictly hensel
e F=(0C FL C---F,=P") is a complete flag
o Xa = Blg P = BSV(n-cycle) =
toric quiver variety of wagon wheel

Picture

Puzzle

\

Y = BlF,G P]Pal (5) where

& is a vector bundle over P!

o F, G are complete flags in fibres over 0, o0

Proposition
X — P! is toric and F, G are toric invaraiant flags.
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There exists s : P! — X such that H(Nxs) = 0.

The section s is torus invariant.
There are only finitely many such sections.
The (Gal(k/k)s) in X, is twisted linear subspace

So Galois orbit of s is all torus invariant sections.

and Ny s ~ Ny, for all torus invariant sections s, s'.

Proposition

X has a Galois invariant section or X ~ Blg ¢(P" x P') with F, G
complementary flags.
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e X has Galois invariant divisors K and F = 7~1(p) for
p € PL
o Effective cone spanned by —K; = —K — 2F and F.

o X 15T Y where Y ~ (Pt)n+l

Theorem (Springer)

Any form of a homogenous space of a connected linear algebraic
group over perfect C1 field has a k rational point.
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e X has Galois invariant divisors K and F = 7~1(p) for
p € PL
o Effective cone spanned by —K; = —K — 2F and F.

o X 15T Y where Y ~ (Pt)n+l

Theorem (Springer)

Any form of a homogenous space of a connected linear algebraic
group over perfect C1 field has a k rational point.

H—nE,
o BI, Y "5 prtt
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Polytopes over the effective cone
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