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Introduction
IN this paper we present a new classification of the countable torsion-free
abelian groups. Since any abelian group 0 may be regarded as an extension
of a periodic group (namely the torsion part of G) by a torsion-free group,
and since there exists the well-known complete classification of the count-
able periodic abelian groups due to Ulm, it is clear that the classification
problem studied here is of great interest.

By a group we shall always mean an abelian group, and the additive
notation will be employed throughout. It is well known that all the
maximal linearly independent sets of elements of a given group are car-
dinally equivalent; the corresponding cardinal number is the rank of the
group. Derry (2) and Mal'cev (4) have studied the torsion-free groups of
finite rank only, and have given classifications of these groups in terms
of certain equivalence classes of systems of matrices with £>-adic elements.
Szekeres (5) attempted to abolish the finiteness restriction on rank; he
extracted certain invariants, but did not derive a complete classification.

By a basis of a torsion-free group 0 we mean any maximal linearly
independent subset of G. A subgroup generated by a basis of G will be
called a basal subgroup or described as basal in G. Thus U is a basal sub-
group of G if and only if (i) U is free abelian, and (ii) the factor group G/U
is periodic. Of prime importance for our theory is the concept of divisibility
of group elements. An element a; of a group G is said to be divisible in G
by an integer niix = ny for some element y of G\ nG denotes the subgroup
consisting of the elements divisible in G by n. The motivation for our
theory lies in the fact that a torsion-free group is completely determined
once we know the divisibility properties of the elements of one of its basal
subgroups. Thus arises the notion of a D-system, which is central in the
discussion. D-systems are certain systems of sequences of integral vector
modules (that is, additive groups of suitable ordered sets of integers) which
we associate with the countable torsion-free groups in a many-to-one
correspondence. An equivalence relation is set up between Z)-systems; the
corresponding equivalence classes, called D-types, are in a one-to-one
correspondence with the groups.

One of the most important concepts employed is that of a quotient, which
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enters both into the definition of 2)-systems and also into that of the
equivalence relation that separates them into Z>-types. The notion of a
quotient is new to the theory of abelian groups.

The first part of the paper deals with the general theory, and Part II with
the practical problems arising therefrom. In Part III the theory is applied
to yield a characterization of the countable free groups in terms of their
Z)-systems.

I
1. Auxiliary material

We denote by SF the set of all matrices (finite or infinite) over the rational
field having at most a finite number of non-zero elements in each row.
By a matrix we shall mean always a matrix in $F. A square matrix with an
inverse in 8? will be said to be regular. An integral matrix is one that has
only integral elements. If A = (ai:j) is such a matrix, having n columns,
and u = (ux, u2,...) is an ordered set of n elements of a group, then Au will
denote the ordered set (wlf w2,...) given by wi = ]T atiUj (i = 1, 2,...); in

j

other words, u is treated as a column matrix admitting left multiplication
by integral matrices only.

A one-rowed matrix c = (cx c2 ... c?: ...) will be called a vector with co-
ordinates ct-. The least common multiple of the denominators of the cit

when these are expressed in their lowest terms, is the denominator of c.
By a vector module we mean an additive group of vectors. If A is a matrix

the vector module generated by the rows of A will be denoted by (A).

(1.1) If A, B are matrices with equal numbers of columns, then (A) £ (B)
if and only if A = CB for some integral matrix C.
(1.2) Let A, B, C be matrices such that AC, BC exist. Then (A) c (B)
implies (AC) £ (BC).

These two propositions are almost immediate consequences of the
notation.

From this point onwards r will denote an arbitrary finite or countable
cardinal number. The module that consists of all the vectors with r co-
ordinates will be denoted by R, and the submodule formed by the integral
vectors of R by / .

Let i f be a submodule of J, and let P be an integral square" matrix of
order r. The set of integral vectors c such that cP 6 M is a submodule of J ;
for if aP, b P 6 M, then (a—b)P = aP—bP e M, We denote this sub-
module by M: P'and call it th&quotient oiM by P. If A is an integral matrix
with r columns and P is regular, then (A):P may be described as the
integral part of (AP-1), that is to say (AP-1) n J. If P is scalar, say ml,
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where / is the unit matrix, we write M :m for M:ml. For any sequence
M = (Mo, M1} M2,...) of submodules of J, M: P will have the obvious
meaning (MQ: P, Mx: P, M2\ P,...).

The following simple properties of quotients will be used in the sequel.
We suppose that M, N are submodules of J and that P, Q are integral square
matrices of order r.

(1.3) M^N implies M.P^N: P.

(1.4) M:P:Q = M.QP.

(1.5) If A is an integral matrix having r columns, and Q is regular, then

(AQ):PQ = (A):P.

For if cPQ E (AQ), then cP = cPQQ-1 e (AQQ-1) = {A); and the con-
verse is obvious.

Quotients of the form mJ: P, where m is an integer, are of special im-
portance in view of later applications, since all the quotients that we shall!
encounter will be reducible to this form. Clearly mJ: P is the set of all
integral solutions c = (c1c2 ...) of the system of linear congruences

cP = 0 (modm),

and is therefore calculable.

2. D-systems and torsion-free groups
Let G denote a torsion-free group of finite or countable rank r, and let

u = (uv u2,...) be an ordered basis of G, generating the basal subgroup U.
For each positive integer m, let/(m) denote the set of all integral vectors c
such that cu is divisible in G by m. f(m) is the image of U n mG under the
isomorphism (cu -» c) of U onto J, and hence f(m) is a submodule of J.
The function / denned by (ra ->-/(w)) completely describes the divisibility
properties in G of the elements of U, and will be called, appropriately, the
divisibility function of G with respect to u.

(1.6) UNIQUENESS THEOREM. The group G is completely determined by
the function f to within isomorphism.

Proof. Let x be an arbitrary element of G. Since u is a basis of G, we have
mx = cu for some positive integer m and some integral vector c in/(ra).
Consider the mapping 6 of G into R given by xd = m~1c, and let K denote
the image of G under 6. We shall show that K is a submodule of R and that
6 is an isomorphism of G onto K. We begin by proving a

(1.7) LEMMA. Let h, k be positive integers, a, b members of J, hx = au,
ky = bu, where x, y e G. Then x — y if and only if h~xa = fc^b.

Proof. We have (k2L—hb)u = kau—hbu = hk{x—y). Since G is
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torsion-free, x—y = 0 if and only if hk{x—y) = 0, that is if and only if
{ka—hb)u = 0. Now the set u is linearly independent; hence the latter
equation holds if and only if ka—hb = 0, or h~xa = k~xb. This proves
the lemma.

The mapping 6 is therefore one to one. Also we have, with the notation
of the lemma,

(x-y)d = {hk)-\ka-hb) = h^a-k^b = xd-yd;

and thus 6 is a homomorphism. Hence K is a submodule of B, and G is iso-
morphic to K. Finally, since by definition K is completely determined by
/, G also is completely determined to within isomorphism by/. This com-
pletes the proof of the Uniqueness Theorem.

Obviously/(I) = J, and f{m) ^f(n) if n divides m. We have also the
following

(1.8) THEOREM. For any finite set of positive integers n1} n2,..., nk, coprime
in pairs, f{n^ ^ % ) = / K ) n / K ) n ^ n / K )

Proof. Let n\ denote (?i17i2...wj/w.i (i = 1, 2,..., k). Then

«,w'2,...X) = 1,

and hence there exist integers slt s2,...,
 sk such that

sxn'1-\-sin'2-\-...-\-Sjcn'k= 1.

Now suppose that an element x of G is divisible in G by each n{. Then for
suitable elements yi of G we have

J 8tyt.
xz k J

i

Hence cu is divisible in G by nx?i2 ... nk if and only if cu is divisible by
each nt. This completes the proof.

It follows that/(m) is the intersection of all f(q), where q ranges over the
prime power factors of m, and thus/is completely determined by its values
at the prime powers and the conditional) = J. For each primes we have
a sequence

f(p°) = J ^f(p) =>f(p*) 2 ... 2/(*«) 3 ... .
The system of these sequences, one for each prime p, will be called the
divisibility system of G with respect to u. By the Uniqueness Theorem,
groups with a divisibility system in common are isomorphic.

It is natural now to attempt to characterize divisibility systems intrinsi-
cally, that is to say, in terms not involving the groups to which they belong.
Consider the sequence [f{pn)] for any fixed prime p, and suppose that
c ef(pn). Then cu e pnG, and hencepcu e pn+1G; therefore c ef(pn+1):p.
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But since 0 is torsion-free, this chain of reasoning is reversible, and thus

for every prime p. These relations together with the conditional) = / a r e
sufficient for the characterization of the divisibility systems, as will be
shown in the next theorem. First, we put the relations into a formal
definition:

If p is a prime and M = (Mo, Mlt M2,..., Mn,...) is an infinite sequence of
submodules of J, then M will be called a Dp-sequence if the following con-
ditions are satisfied:

(Dp) M0 = J; Mn+1:p = Mn (n = 0,1,2,...).

A system [M(p)]} containing precisely one D^-sequence

M(p) = (M0(p), M^p), M2(p),...)

for each prime p, will be called a D-system. The individual sequences M( p)
are the components of the .D-system.

We observe that the second part of {Dp) is expressible in the following
alternative form:

Every divisibility system is thus a Z)-system. In order to prove the
converse, we shall require the following simple properties of an arbitrary
jDjj-sequence M, where m, n denote arbitrary non-negative integers. A
simple induction argument yields the result:

(1-9) Mm+n:p™ = Mn,

and an immediate consequence of this is that

(1.10) p™Mnc:Mm+n.

Now suppose that h is an integer prime to p. Then sh+tpn = 1 for suitable
integers s, t. Hence if c e Mn: h, then c = shc-\-tpnc e Mn, since pnc e Mn

by (1.10). Therefore Mn:h c Mn. But it is obvious that Mn c Mn:h, and
therefore we have

(1.11) Mn:h = Mnii {h,p) = 1.

We shall now prove the following

(1.12) EXISTENCE THEOREM. Every D-system is a divisibility system of a
suitable group.

Proof. Let [M(p)] be any given D-system. We shall construct a sub-
module of R of which it is a divisibility system.

We denote by Lp, for each prime p, the set of all vectors of the form p~nc,
where n is a non-negative integer and c e Mn(p). If

and b e Mn(p),
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then^na and#mb are members of JM^+Jp), by (1.10), and hence

p~ma— p~nb = p-<~m+n\pna—pmb) e Lp.

Lp is therefore a submodule of R. Also since M0(p) = « / ) t / c Lp,
Let L = ]£ i/p, where j9 ranges over all the primes. J is a free submodule

p

of L, and for any vector c in R we have dc e J, where d is the denominator
of c; hence J is basal in L. Also, the rows of the unit matrix of order r form a
linearly independent set of generators of J; they therefore constitute a
basis of L. Consider the divisibility function g of L with respect to this
basis, ordered according to the order in which the vectors occur in the unit
matrix. g(pn) consists of the integral vectors oipnL. It is clear from the
definition of Lp that Mn{p) c pnL; hence it remains to show that

g(pn) s Mn(p).

Let L'p = ̂  Lq, where q ranges over all the primes other than p. Then we
a

have L = Lp-\-L'p. Now every element of L'p is expressible in the form
5~1b, where s is a positive integer prime to p and b e / . Hence if c e g(pn),
then we have c = pn{p~m^-\-s~xb), where s, b satisfy the conditions above
and a e Mm(p) for some non-negative integer m. Hence

gpmc _ spnSL-\-pm+nb e Mm+nip),

by (1.10), and therefore c £ Mm+n(p):s:pm = Mn(p), by (1.9) and (1.11).
It follows that g(pn) = Mn(p) for every primes and every non-negative

integer n, and the Existence Theorem is established.
A D-system which is a divisibility system of a group G will be said to

belong to G. Our main results above can thus be summarized in the state-
ment that any given Z)-system belongs to a unique abstract group.

3. The isomorphism problem
The divisibility system assigned to the group G in Section 2 depended on

the choice of the ordered basis u. Hence it is to be expected that distinct
2)-systems may belong to isomorphic groups. The theme of this section is
the determination of conditions under which this situation obtains.

As before, let G be a torsion-free group of rank r, and let

u = (^,^2,...,^,...)

be an ordered basis of G, generating the subgroup U. We shall first consider
a transition to a new ordered basis contained in U. Obviously such a basis
is expressible in the form Pu, where P is an integral square matrix of order r.
(1.13) LEMMA. P U is a basis of G if and only if P is regular.

Proof. Let x be an arbitrary element of G. Then mx = cu for some
positive integer m and some integral vector c. Now suppose that P is
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regular; then c = c P - 1 P = fc^aP, where k is the denominator of cP- 1

and a is integral. Hence kmx = aPu, and thus every element of G is linearly
dependent on the set Pu. Also Pu is linearly independent; for bPu = 0,
where b is an integral vector, implies b P = 0, and thus b = b P P - 1 = 0.
Therefore Pu is a basis of 0.

Suppose now that Pu is a basis. Then there exist positive integers tt

such that t{%i = b*Pu for each *, where the b* are suitable integral vectors.
Denoting by T the regular diagonal matrix whose ith diagonal element is
tit and denoting by B the matrix whose ith row is b*, for each i, we have
Tu = BPu, and hence T = BP, since u is linearly independent. P there-
fore possesses a left inverse T~XB in SF. Now if P has a non-zero left
annihilator in 3F', then there is an integral vector c ^ 0 such that cP = 0,
and hence cPu = 0. But the latter equation is inconsistent with the
linear independence of the basis Pu. Hence P is regular.

This completes the proof of the lemma.
Now i f / i s the divisibility function of G with respect to u, then

cPuepnG

if and only if cP e /(pn), in other words if and only if c 6 /(pn) : P . We have
therefore the following:

(1.14) LEMMA. / / [M(#)] is the divisibility system of G with respect to u,
then the divisibility system of G with respect to Pu, where P is regular, is

Thus for any regular integral matrix P of order r, [M( p): P] is a D-system
and belongs to G.

We shall now establish a connexion between the divisibility systems of G
with respect to arbitrary ordered bases with the aid of the next

(1.15) LEMMA. / / U, V are basal subgroups of G, then so is U n V.

Proof. U n V, a subgroup of the free group U, is free. Also for any
element x of G there exist positive integers m, n such that mx e U, nx e V,
and hence mnx e U n V. These results show that U n V is basal in G.

If u, v are ordered bases of G, and U, V denote the subgroups that they
generate, we can select a basis w of G in U n V, by the preceding lemma,
and by Lemma 1.13 we have Pu = w = Q\ for suitable regular matrices
P, Q. If [M(p)]} [N(#>)] are the divisibility systems of G with respect to
u, v, respectively, then by Lemma 1.14,

M(p):P = N(p):Q

for all primes p. This relation provides the key to the solution of the iso-
morphism problem. We shall say that the Z)-systems [M(p)], [N(^p)] are
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associated if, for all primes p, and for suitable regular integral matrices
P, Q, independent of p,

M(p):P = N(p):Q.
We now proceed to prove the

(1.16) ISOMORPHISM THEOREM. TWO D-systems [M(p)], [N(#)] belong to
isomorphic groups if and only if they are associated.

Proof. Suppose that the D-systems belong to 0, H, respectively. From
the manner in which D-systems are assigned to groups in our theory, it is
clear that isomorphic groups possess identical sets of D-systems. Hence if
G, H are isomorphic, then both the D-systems of the theorem belong to G,
and therefore they are associated.

Conversely, suppose that [M(^>)], [N(#>)] are associated by means of
P, Q. By Lemmas 1.13 and 1.14, [M(p): P] is a D-system belonging to G,
and [N(^): Q] is a D-system belonging to H. Thus G, H have a common
D-system, and are therefore isomorphic, by the Uniqueness Theorem.

It is now clear that the relation of association between D-systems is an
equivalence relation. The equivalence classes that it defines will be called
D-types. The set of D-systems belonging to a given group is a D-type;
every D-type corresponds to some group; and two groups are isomorphic
if and only if their D-types are the same. Here we have the complete
classification of the countable torsion-free groups.

Groups of finite rank. We shall now examine further the association
relation for the D-systems that belong to groups of finite rank, and we shall
show that the relation can be simplified considerably for such systems.

Let the D-systems [M(^>)], [N(p)] be associated by means of P, Q.
Since Q is of finite order, the elements of Q~x can all be expressed with a
common denominator, m say, and hence Q-1 = m~xT, where T is a regular
integral matrix. Hence TQ = ml, and we have

N(p):m = N(p): TQ = N(p): Q:T = M(p):P: T = M(p): TP

for each prime p, where TP is regular. Thus the association condition is
expressible in the form:

[N(p):m] = [M(p):P]

for some positive integer m and some regular integral matrix P.
The determination of [N(p):m] is simple because of (1.9) and (1.11).

If (m,p) = 1, then N(p):m = N(^>). If m is divisible by p, then let
m = phm', where (m'} p) = 1. We have

N(_p):m = TSl(p):m':ph = N(p):ph.

Now if (MQ, Mlt M%,...) is a D^-sequence, then Mn:p
h = Mn_h iin^-h, and

Mn:p
h = Mn:p

n:ph-n = J:ph~n = J if n < h. Hence N(p):ph can be
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obtained by adjoining to N(#>) an initial run of J's, h in number. For

example: {M0,MvM2,...):p* = (J, J, J ^ i ^ M , , . . . ) .

It follows that every Z)-system of the form [N(p):m] can be obtained
from [N(p)] by augmenting each of at most a finite number of the com-
ponents of [N(p)] (i.e. those components that correspond to the primes
that divide m) with an initial finite run of J's, and leaving all the remaining
components unaltered. Thus all the D systems associated with [M(̂ ))]
can be derived as follows:

(i) Obtain [M(p):P] for an arbitrary regular matrix P.
(ii) Delete at most a finite number of J's from the new system, leaving

at least one J in each component.
This concludes the special remarks for finite r.

II

Our next main task will be to evolve a method for constructing D-systems.
We observe that the components of a D-system are independent of one
another, and hence it is sufficient to study the Dp-sequences for a fixed
prime p. It is first necessary to obtain certain additional auxiliary results.

1. Auxiliary material
The length of a vector c = (c1c2...ci...)is defined to be 0 if c = 0 and k if

ck ^ 0 while ci = 0 for every i > k. A square matrix having only zeros
above its main diagonal while each diagonal element is non-zero will be
said to be triangular. For any vector module M and any positive integer k,
jf(fc) -vvill denote the submodule that consists of all the vectors in M whose
lengths do not exceed k—the fcth 'segment' of M. Obviously M is the union
of its segments. If A is a triangular matrix, then for each k, the first k rows
of J. generate the whole of (A)^.

We shall be concerned here with submodules M of J such that M contains
vectors of all lengths possible in J. (The members of any Dp-sequence M
have this property, since pnJ c Mn. It can be easily proved that the class
of modules with the property mentioned is the class of basal submodules
of J). Throughout the remainder of this section M will denote such a
module.

For each k, the kth. coordinates of the vectors in M(fc) clearly form a non-
trivial additive group of integers—an infinite cyclic group. Let

denote the positive generator of this group. Then we have the following
fii
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(2.1) THEOBEM. Let [a*] be any selection ofr vectors in M such that for each i,
the length of a* is i and the i-th coordinate of a* is mi or — rat-. Then [ai]
generates M.

Proof. The proof is by induction. Obviously a1 generates M(1). Now sup-
pose that a1, a2,..., an generate M{n\ and that c is any vector in M{n+lK
Then there exists an integer t such that the (n-\- l)th coordinate of c—tan+1

is 0, and thus c—fan+1 e if(n); hence c belongs to the vector module
generated by a1, a2,..., a7l+1. It follows that for each k, M^ is generated by
a1, a2,..., afc, and since M is the union of the J/(fc) the set [a*] generates M.

On arranging the vectors a* in order of increasing length we obtain a
triangular matrix A which represents M in the sense that M = (A); but A
is not uniquely defined, since we have in general an infinity of choices for
each a*. We shall discuss next a method for the selection of the a* which will
yield a unique result. A vector c = {cx c2...) in M of length k, say, will be
said to be reduced with respect to M if ck = mk and 0 < ci < mi

for each i < k.

(2.2) THEOREM. For each k, M contains one and only one vector of length k
that is reduced with respect to M.

Proof. There cannot be more than one such vector; for let us suppose that
a = (ax a2 ...) and b = (bx b2 ...) are both of length k and reduced with
respect to M, and let j be the length of a— b. If?' # 0, then a^—bj is a mul-
tiple of m .̂ But 0 ^ aj < ra7- and 0 ^ 6;- < m;; hence ai—bi = 0, and thus
the length of a—b is less than^'. From this contradiction it follows that

a - b = 0.

We shall now establish the existence of the vector of the theorem. Let
[a*] be a selection ofr vectors in M, such that for each i the length of a* is i
and the ith. coordinate of a* is m^ Clearly a1 satisfies the conditions of the
theorem for the case k = 1. If k > 1, and afc is not reduced with respect to
M, we can obtain a vector of length k that is reduced with respect to M by
means of the following transformations on afc: Add to afc a suitable multiple
of a*"1 to obtain a vector whose length is k, whose kth coordinate is mk, and
whose (k— l)th coordinate is non-negative and less than mk_x. If the new
vector is not reduced with respect to M, add to this vector a suitable
multiple of afc~2 to obtain a vector whose length is k, whose kth. coordinate
is mk, and whose (k— l)th, (k—2)th coordinates are non-negative and less
than mk_1, mk_2) respectively; and so on. By this procedure we obtain in a
finite number of steps a vector of length k reduced with respect to M.

This completes the proof of the theorem.
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The triangular matrix whose rows are the vectors reduced with respect
to M will be called the canonical representative of M.

p-elementary matrices. Of vital importance for the construction of Dp-
sequences in the next section are the canonical representatives of sub-
modules M of J such that pJ £ M (or equivalently M :p = J). Such
matrices will be said to be p-elementary, and we proceed to determine them
explicitly.

If p J £ M, then for each k, the vector (0 0 ... 0 p 0 ...) of length k belongs
to M, and hence mk divides p; hence mk = 1 or p. If mk = p, then clearly
the vector above is the vector of length k reduced with respect to M. Hence
the ^-elementary matrices E = (ei;) satisfy the following conditions:

(2.3) (i) E is integral and triangular;
(ii) eu = \ or p, for each i;

(iii) if eu = 1, then all the remaining elements of the ith. column are
zero;

(iv) if eu = p, then all the remaining elements of the ith row are zero;
(v) 0 < eit <pif eu = 1, efj = p (i > j).

It will now be shown that every matrix E that satisfies (2.3) is p-elemen-
tary. We define another triangular matrix E = (ei:j) as follows:

(2.4) THEOREM. EE = pi = EE.

Proof. Since E, E are triangular, so also is EE, and each diagonal element
of EE is equal to the product of the corresponding elements of E, E, and
hence is equal to p. Let us consider the elements below the main diagonal
of EE = (/y). These elements are given by the equations

Suppose that k ̂  i, k ̂ j. Then eikekj = 0; for if ekj ^ 0, then ekk — 1
and hence eik = — eik = 0. We have therefore

hi = *ij*ij+eii*ij = -^ii

Now if eii T£ 0, then eu = 1 and ej:j = p; hence p—e^e^ = 0. Thus
f.. = 0 if i > j . Hence EE = pi.

It follows that p~xE is the inverse of E, and therefore

EE = pEE-1 = pi.

This completes the proof.
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With the aid of the result above we can prove the following

(2.5) THEOREM. Any matrix E that satisfies the conditions (2.3) is p-
elementary.

Proof. pJ — (pi) = (EE) g (E). Since E is triangular, the first k rows
of E generate (E){k\ and hence mk((E)) = ekk for each k. It can now be
easily verified that the rows of E are reduced with respect to (E), and hence
the theorem is established.

Examples
I and pi are ^-elementary.
The ^-elementary matrices of order 2 are

0\, /I 0\, Ip 0\ (0^h<p), Ip 0
0̂ \) \0 p) \h l) \0 p

An example of order 3 is
Ip 0 0\ (0^h<p).

2. The construction of Dp-sequences
Throughout this section M will denote a Dp-sequence (Mo, Mx, M2,...).

Our first theorem, supported by the following lemma, shows that M can
be represented by a sequence of ̂ -elementary matrices.

(2.6) LEMMA. Let A be a given regular integral matrix of order r, and let
M be a given submodule of J such that M:p = (A). Then M = (EA) for
some unique p-elementary matrix E.

Proof. M ^ M:p = (A), and therefore M = [BA) for some integral
matrix B. Now (B):p = (BA):pA = M:p:A = (A): A = J. Con-
sequently, there is a ̂ -elementary matrix E such that (B) = (E), and we
have M = (BA) = (EA).

We now show that E is unique. Suppose that (FA) = (EA), where .F also
is j9-elementary. Then

(F) = (FA A-1) = (EAA-1) = (E),

and hence F — E.
This completes the proof of the lemma.

(2.7) THEOREM. Let M be a given Dp-sequence. Then there is a unique
sequence (Ex, E2,...) of p-elementary matrices such that

Mx = (Ex), Mn = (EnEn.x...Ex) (n = 2,3,...).

Proof. The proof is by induction on n. There is a unique ^-elementary
matrix Ex such that Mx = (Ex), since Mx:p = Mo = J. Let us assume the
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existence and the uniqueness of each of the first k members of the sequence
[J£J, and apply the lemma above with A = EkEk_x ...Ex and M = Mk+X.
Then the existence and uniqueness of Ek+1 follow, and the theorem is
established.

Those sequences of p-elementary matrices that determine ^-sequences
in the manner indicated in the last theorem will be said to be admissible.
Our task now is to characterize the admissible sequences.

If E, F are p-elementary matrices we say that F is adherent to E if
(FE):p = (E). A sequence of p-elementary matrices will be called a chain
if each member of the sequence after the first is adherent to its immediate
predecessor in the sequence. It will be shown that the class of admissible
sequences consists exclusively of the chains. We begin with an auxiliary
(2.8) LEMMA. Let A, E, F be square matrices of order r, where A is integral
and regular, E, F are p-elementary, and (EA):p = (A). Then

(FEA):p = (EA)

if and only if F is adherent to E.

Proof. If (FEA):p= (EA), then

(FE):p = (FEA)-.pA = (FEA):p:A = (EA):A = (E).

Conversely, suppose that F is adherent to E. We have (FEA) c (EA),
and therefore {FEA):p c (EA):p = (A); hence (FEA):p = (BA) for a
suitable matrix B. We have

(B) = (BA):A = (FEA):p:A = (FEA):A:p = (FE):p = (E).

Hence {BA) = {EA).
This completes the proof of the lemma.
We are now in a position to prove the following

(2.9) THEOREM: A sequence [En] = (Elt E2,...) of p-elementary matrices is
admissible if and only if it is a chain.

Proof. We write AQ = I, An = EnAn_x (n = 1, 2,...), Mn = (An)
(n — 0, 1, 2,...), and M = (Mo, Mx, M2,...). If M is a jDp-sequence, then on
applying the lemma with A = An_v E = En, F = En+1, we deduce that
En+1 is adherent to En (n = 1, 2,...).

Mo = J, and since Ex is ̂ -elementary we have Mx\p = J — Mo. If we
assume that [En] is a chain and that Mk+X:p = Mk, then on applying the
lemma with A = Ak, E = Ek+X, F — Ek+i, we have Mk+2:p = Mk+X.
Hence M is a D^-sequence, and the proof of the theorem is now complete.

It will be our next object to determine practical criteria for adherence.
With these criteria we shall have a method for the explicit construction
of all the Dp-sequences.
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We shall reason in terms of the linear algebra of J (modp), that is to say
the algebra of the elementary group J/p J treated as a linear space over the
Galois field GF(p) of the integers (modp). A set of vectors in J will be said
to be linearly dependent (modp) if for some finite subset c1, c2,..., we have
(7i1c1+w2

c2+---) EpJ f°r suitable integers nv n2,..., not all of which are
divisible by p; otherwise the set will be said to be linearly independent
(modp). For any submodule i f of J the dimension of the linear space
M (modp) or M/M n p J will be denoted by dim M.

A criterion for the linear independence (modp) of a subset S of J is
familiar from linear algebra. Let the vectors in S be ordered in any manner
to form a matrix C. If S consists of a finite number n of vectors, then S is
linearly independent (modp) if and only if C possesses at least one minor of
order n that is not divisible by p. If S is infinite, then S is linearly indepen-
dent (modp) if and only if each of its finite subsets has this property, and
it is sufficient to apply the test to the first m rows of C for every finite m.

The main diagonals of p -elementary matrices will play an important part
in the analysis that follows; hence we introduce the following notation for
any such matrix E = (eij):J

r(E) denotes the set of suffixes i such that
eu = 1, and pk(E) denotes the number of suffixes i < k in J(E) for each k.

The adherence criteria are contained in the next theorem, to which the
following notation applies: F is a p-elementary matrix and A = (a{j) any
integral triangular matrix, both of order r; FA = (by); a*, b* denote the
ith rows of A, FA, respectively.
(2.10) THEOREM. (FA):p = (A) if and >nly if one of the following con-
ditions holds:

(1) The set </(F) is empty, or equivalently F = pi.
(2) J(F) is not empty, and the set \hi; i e S(F)] is linearly independent

(modp).
Proof. (1) obviously implies (FA):p = (A). In the remainder of the

proof we shall assume that J(F) is not empty. Suppose that (2) does not
hold. Then there is a least suffix '̂ in J(F) such that the set

is linearly dependent (modp), and we have 2 n% b*+w,- b> = pc, where the
summation extends over all i such that j > i e <?(F), c = (cx c2 ...) is a
suitable integral vector, and the ni are suitable integers, where n$ ̂ = 0
(modp). On equating the jfth coordinates of the two sides of the equation
above we havepc,- = n^b^ = n^a^. Hence Cj is not a multiple of a^. But
since A is triangular the '̂th coordinate of every vector in (A) of length j
is a multiple of a^. Hence c<£ (A). On the other handpc e (FA), and hence
c e (FA):p. We conclude therefore that (FA):p ^ (A).
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Suppose now that (2) does hold, and that c is an arbitrary vector of length
k in (FA):p. Then pc = .s1b

1+s2b
2+...-}-s;fcb

fc f°r suitable integers sit

where sk ^ 0. On equating the fcth coordinates of the two sides of the latter
equation we have pck = skbkk. We shall consider separately the cases
(i) k $ S{F), and (ii) k e f(F).

Case (i). Here bkk = pakk, and hence ck = skakk.
Case (ii). We have bkk = akk; hence pck = skakk. Now

81b
1+82b*+...+skb

kepJ,

and b* = pa? epJ for each i that is not in <f{F); hence if sk 0 0 (mod^),
then the set [b*; i e J{F), i < k] is linearly dependent (modp), contrary
to the assumption that (2) holds. Therefore sk — 0 (mod^j), and hence ck

is a multiple of akk.
Thus, for each k, the ifcth coordinate of every vector of length k in (FA): p

is a multiple of akk. Now {pA) c= (FA), since {pi) c (F), and therefore
{A) c (FA):p; hence there is a vector in (FA):p, namely afc, whose length
is k and whose kth coordinate is akk. We conclude that, with the notation
of section 1, mk((FA):p) = \akk\ for each k, and hence by Theorem 2.1 we
have (FA):p == (A).

This completes the proof of the theorem.
Now FA is triangular, and hence the vectors b* (i < k) generate (FAfk).

Also, if i $ S(F), then b i = pa1 G p J. Hence the vectors b* (i e <f{F),
* ^ ^) generate (FAfk) (modp). But these vectors are pk{F) in number;
hence they form a linearly independent set (modp) if and only if

= Pk{F).

It follows that the conditions that (FA):p = (̂ 4) can be expressed in the
following form:

(2.10.1) Pk(F) = dim(FA)M for each k.

Let E, F be ̂ -elementary matrices of order r. If F is adherent to E; then
Pk(F) = dim{FE)W. Also Pk(E) = dim(jK)(fc> since {EI):p = (7). But
(î )̂(fc> c (jB)<*>, and hence we have dim(if7JS;)(fc) < dim(J^)(fc). Thus it
follows that the following conditions are necessary (though not sufficient)
for F to be adherent to E:

(2.10.2) Pk{F) < Pk{E) for each k.

These conditions involve only the main diagonals of the matrices. We
now give a set of sufficient (though not necessary) conditions for adherence
which also involve only diagonal elements:

(2.10.3) F = (ftj) is adherent to E = (e#) if eu = 1 for every suffix i in
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J{F)y or equivalently if/^ = p for each i such that eu = p. (In particular,
^-elementary matrices with identical main diagonals are mutually ad-
herent.)

For if eu = 1 for every i in J{F), then for each such i, the ith coordinate
of the ith row of FE is 1, and it is easy to deduce that the rows of FE that
correspond to the suffixes in J{F) form a linearly independent set (mod^»).

An interesting consequence of the necessary conditions (2.10.2) for
adherence is the following:

Let [En] be a chain. For each fixed k, the sequence [pk(En)] is a descending
sequence of non-negative integers, and hence pk{En+1) = pk{En) for all
sufficiently large n. It follows that for each fixed i, the ith. diagonal element
of En is constant for all sufficiently large n. Hence if r is finite we can assert
also that all the members of the chain from some point onwards have the
same disposition of l's and^'s on their main diagonals.

We shall conclude the present section with a number of illustrative
examples and a survey of the chains for the simplest cases r = l,r = 2.

Examples
pi is adherent to every ^-elementary matrix of order r. Every p-
elementary matrix of order r is adherent to / . pi is the only matrix
that is adherent to pi. I is adherent to no matrix other than / .

In the two examples that follow, the question of adherence cannot be
decided merely by the comparison of main diagonals, since in these examples
the conditions (2.10.2) are satisfied, but the stronger conditions (2.10.3)
do not hold.

(i) Ip 0\ is adherent to /I 0\ if and only if A ^ 0;
\h 1/ \0 pj

for (h p) is linearly independent (mod^?) if and only if that condition holds.

(ii) [p 0 0 0\ is adherent to /I 0 0
h 1 0 0 | | 0 p 0 0
0 0 p Ol l o n 1 0

\m 0 k 1/ \0 0 0 pJ

if and only if the set ,* 0 ^

(m kn k p)

is linearly independent (mod^)), that is if and only if h =£ 0, k ^ 0.
The following tables summarize the adherence situation for the cases

r = 1, r = 2. In each table the figure 1 or 0 stands at the intersection of the
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row marked F and the column marked E according as F is or is not adherent
to E.

/ •= 1.

1

p

1

1
1

p
0
1

r = 2. (The letters e, -qh denote the matrices

(0 < h < p),/I 0\, Ip 0\
\0 p [h l)

respectively.)

The chains

I
e

Vo
Vm
PI

for r = ]

I

1
1

1
1

1

are

e

0
1

0
1
1

as

(1

0
0
1
1
1

Vk

0
0
1
1
1

pi

0
0

0
0
1

follows:

, 1 1,1,

(k, in

...),

0).

(1,1,...,1,#,#,...),

where the number of l's in the last sequence is arbitrary.
For the case r =-2 each chain may be represented in the form

where Sx is a sequence of / ' s , S2 a sequence of e's, S3 a sequence of matrices
of the type -qh with arbitrary values of h, and #4 a sequence of pi's, subject
to the following conditions:

(i) precisely one 8t is infinite, and the subsequent /Ŝ  are all empty;
(ii) 7j0 is not the immediate successor of e.

3. Quotient transformations of Dp-sequences
In the cases r > 1 the determination of the D-systems associated with

a given D-system involves quotients by non-scalar matrices. It is there-
fore appropriate to discuss the nature of the calculations implicit in a
quotient transformation (M -» M: P) of a given D^-sequence

M = (M0>MvM2,...).

Let [En] be the corresponding chain, and let us write

Ao = I, An = EnAn_1,
5388.3.10
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so that Mn = (An) (TO = 0,1, 2,...). Let ^4* denote the product Ex E2... En.
Then, by Theorem 2.4,

AnA* = EnEn_1...E1E1E2...En = p-I,

and hence

Mn: P is therefore the set of integral solutions c of the system of linear

congruences cPA*n^0 (rnodp*).

The procedure described in Theorem 2.1 for the construction of a system
of generators for M can be applied to Mn: P as follows:

For each k, find a solution afc of the above system of congruences, such
that the length of afc is k and the kth. coordinate of afc is mk, where mk is
positive and as small as possible. Then the set [a*] generates Mn: P, and the
triangular matrix whose rows are the a* provides a representation oiMn\ P.

Example
Let An = lpn 0\, i.e. En = (p 0\ (n = 1,2,...),

\0 1/ \0 l)

Mn = (An), and P=la c\.
\b d)

Then clearly A* — /I 0 \, and hence
)

/I 0
\0 p"

cPA* = (Cl c2)(a c\fl 0
[b d)\0 p1

= (ac^bc^ pn(cc1-\-dc2)).

We have therefore to determine the solution module of the congruence

acx-\-bc2 = 0 (modpn)

for each n. This module is generated by (rax 0) and (s ra2), where these
are solutions of the congruence, and mlt m2 are positive and as small as
possible.

Let a = pha', b = pkb', where a', b' are prime to p. Then

pha'ml = 0 (mod^?n),

1 if n < h,
arid we have m1 =

1 [p"-h if
In considering the solution (s ra2) we have two cases:

(l) h < k. pha's+pkb'm2 = 0 (modpn);

hence pkm2 = 0 (mod(pn,ph)).
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If n < h, then (pn,ph) = pn, and hence ra2 = 1. If n > h, then

{pn,ph) = ph,
and again m2 = 1.

"For s we can take any solution of the congruence

pha's-\-pkb' = 0 (modpn);

for example, s = 0 if ra < k, and s = an_k if n > k, where an is the nth
convergent of the ^9-adic expansion of the rational number

(-pk-hb'la') = i-b/a).
(ii) h > k.
Reasoning as we began in (i), we have

'1 if n ^ k,

^ * ~~ i t 7i ^> h/»

We can take s to be 0 if n ^h. Ifn>h, then a's+b' == 0 (modpn-;'),
and hence a possible value for 5 is the (n—h)th convergent of the p-&dic
expansion of (—b'/a').

So far we have assumed that o ^ 0, J ^ 0. The cases a = 0 and 6 = 0
are easily dealt with.

(iii) a — 0.

Mp: P = (Bn), where Bn = /I 0\ or /I 0
\o lj \o pn

according as n < k or w > k, where 6 = £>fc6', (6',#) = 1.

(iv) 6 = 0.

Mn: P = (C7n), where Cn = /I 0\ or / p - *
\0 l/ \0 1̂

according &s n ^ h or n > h, where a = j9'la', (a', >̂) = 1.

I l l

FREE ABELIAN GROUPS

A source of interesting problems is the following question: What are
necessary and sufficient conditions that a D-system [M(p)] belongs to a
group that possesses some specified structural property X ? Examples are
the cases where X is the property of being a free group, or a completely
decomposable group (that is a direct sum of groups of rank 1). In this
section we shall answer the question in the former of these two cases.

It will be recalled that in the Existence Theorem (1.12) it was shown
that [M( p)] belongs to a submodule L — J Lp of R, where for each primes,
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Lp consists of all vectors of the form p~nc (c e Mn{p)). Our task then is to
determine conditions for L to be free.

The known result that every subgroup of a free group is free will be
assumed, and the following concept will be central in the discussion: A set
of vectors will be said to be bounded if there is a positive integer m such
that the denominators of all the vectors in the set divide m.

(3.1) LEMMA. A submodule M of B is free if and only if each segment M{k)
is bounded.

Proof. Consider any fixed segment M^k\ and suppose that M is free.
Then Mik) is free, and therefore M(k) has finite sets of generators, since
clearly its rank is finite. Choose a definite finite set of generators, and let all
the members of the set be expressed in the form d~xc (c e J), where d is the
least common multiple of their denominators. Then obviously every vector
in M{k) is of this form, and hence Mw is bounded.

Denote by kv k2,..., ki}... the non-zero lengths that occur in M, in ascend-
ing order of magnitude, and suppose now that for each i the denominators
of all the vectors in M(ki) divide some positive integer di. Consider the ̂  th
coordinates of all the vectors in Miki\ These coordinates clearly form a
non-trivial subgroup of the additive group generated by the number l/d^,
let ti be a generator of this subgroup, and let ai be a vector in M(ki) such that
the A t̂h coordinate of a* is tt. We shall show that the set [a*] is linearly
independent and generates M.

If there is a non-trivial relation

s1a
1+s2a

2+...+Sj& = 0,

where the si are integers, and we assume without loss of generality that
8j =£ 0, then by. considering the kj th coordinate of the left-hand side of the
above equation we have Sj = 0. This contradiction shows that the set [a*]
is linearly independent.

Let c be a vector in M. If c e M(fcl), then the fcjth coordinate of c is mtx

for some integer m; hence the length of c - m a 1 is less than kx, and thus
c - m a 1 = 0. Hence a1 generates M^kl). Now suppose that a1, a2,..., aj

generate M(ki\ and that c e M(ki+l). The A;J+1th coordinate of c is of the form
ntj+1, where n is an integer, and therefore c—na?+x e M(k)\ since the length
of that vector is less than ki+1. Hence c belongs to the module generated
by a1, a2,..., a?+1, and therefore these vectors generate M(ki+l). We have
thus shown by induction that M is generated by the a*; hence M has a
linearly independent set of generators, and is therefore free.

This completes the proof of the lemma.
We now return to L. It will be shown that the boundedness of
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depends on certain simple conditions on the Lp
k), where p ranges over all

the primes. These conditions will be derived from the next

(3.2) LEMMA.
p

Proof. It was shown in the proof of the Existence Theorem that

Jnp"L = Mn(p).

Hence if p~nb e L (b 6 J), then beMn(p), since hzpnL. Therefore
p~nh e Lp, and hence Lp contains all those vectors in L whose denominators
are powers of p.

Consider an arbitrary vector c in L{k). If c is not integral let its
denominator d be expressed as a product qx q2 ... of powers of distinct primes,
and let (Ijd) be expressed in the form ^ (f^/^), where the nt are integers.

i

Then we have c = £ (njq^dc. Each of these summands is a multiple of c,
i

and. hence belongs to V-k); also each summand has a prime power denomi-
nator, and therefore belongs to one of the Lp. From these results we con-
clude that L{k) £ ^ Lp

k). On the other hand it is obvious that
p

c Uk\

This proves the lemma.
Now if a vector module M is bounded, then obviously at most a jfinite

number of distinct prime powers occur as denominators of vectors in M.
Hence necessary conditions for Uk) to be bounded are the following:

(i) Lp
k) is bounded for every prime p;

• (ii) L(k) consists entirely of integral vectors for all primes p with at i aost a
finite number of exceptions.

We assert that these conditions are also sufficient. For suppose that
there is a finite set of primes px, p2,--; Ph> a n ( i non-negative integers
nx, w2,..., nh, such that the denominators of all the vectors in Lp

kJ divide
p2< (i = i5 2,..., h), and suppose also that Lp

k) £ J for all the remaining
primes p. Then clearly the denominator of every vector in J Lp

k) divides
p

Pi1PT---Pth' a n ( i hence U-® is bounded.
There now remains only the problem of expressing the conditions (i)

and (ii) above in terms of the modules Mn(p). In the next lemma we shall
consider an arbitrary but definite prime p, and we shall, for the sake of
convenience, write Mn for Mn(p).
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(3.3) LEMMA. Let h be an arbitrary non-negative integer. Then the following
propositions are equivalent:

(1) JUft^pJ.
(2) MtfU = pM<*> (n = h, A+ l , A+2,..).
(3) 5TAe denominators of all the vectors in L^ divide p h .

Proof. (2) obviously implies (1). If (1) holds, then since the sequence
[Mn] is descending, we have M{k)

+X c pj (n = h+1, A-j-2,...). But

by the conditions (Dp); hence J f ^ = pM™ (n = h, h+1,...). Thus (1)
and (2) are equivalent.

Now let us assume (2). Then by induction we have M™ = pn-hM^ if
n>h. Hence if c e Mjj0 {n > h), then we can write p~nc = ^ - / ( b , where b
is a suitable integral vector. Hence the denominator of every vector in
L^ divides p h .

Finally, if (3) holds, then the denominator of every vector of the form
p-{h+i)c (c e M%lx) divides p h , and hence cepJ. Thus M%lx £ pJ, and
therefore (3) implies (1).

This completes the proof of the lemma.
By considering in turn an arbitrary h and h = 0 we have:

(i) L™ is bounded if and only if M^l± = pM^ for all sufficiently large n.
(ii) Lf c J if and only if J f ^ = pjf<*> (n = 0, 1, 2,...).

The conditions for [M(^)] to belong to a free group can now be stated.

(3.4) THEOEEM. [M(£>)] belongs to a free group if and only if the following
conditions hold for each k:

(i) for each prime p , Mn+X{pfk) = pMn{p)(k) for all sufficiently large n;
(ii) for all primes p , with at most a finite number of exceptions,

Mn+x{p)M = pMn(p)W (n = 0,1, 2,...).

A more concise statement of the conditions above is that

for all pairs (p, n) with at most a finite number of exceptions.
Denoting by [En(p)] the chain corresponding to M(^>), we can express

the conditions in the following alternative form:
For each k, pk(En(p)) = 0 for all pairs (p, n) with at most a finite number

of exceptions.
We observe, finally, that if r is finite, then L coincides with one of its

segments, and hence the conditions can be simplified by the omission of all
references to k as follows:
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Mn+1(p) = pMn(p) for all but at most a finite number of pairs {p,ri),
or equivajently,

En( p) = pi for all but at most a finite number of pairs (p, n).

This paper is based on a thesis for the Ph.D. degree of the University of
London.

I wish to thank Professor K. A. Hirsch and the referee for their en-
couragement and advice.
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