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Basics

A semigroup S is called an inverse semigroup if for every element s € S
there is a unique element s* such that

ss's=s and s'ss" =s*
E(S) = set of idempotents, that is, elements e such that e? = e.

It is true that

@ ldempotents are self-inverse (e* = e)

o If e,f € E(S), then ef € E(S) and ef = fe

@ Every element of the forms s*s and ss* are idempotent
° (s*)*=s

o (st)* =t*s*

Charles Starling (UFSC) The Dynamics of Inverse Semigroups November 15, 2013



Examples:

@ G group, then for each g € G, g* = gil.

An inverse semigroup S is a group if and only if E(S) contains only
one element.
©Q Let X be a set. Let

Z(X) ={f | f is a bijection between two subsets of X}

Theorem: (Wagner-Preston) Every inverse semigroup is isomorphic to
a subinverse semigroup of Z(X) for some X.

Here, idempotents are identity functions on subsets of X.
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Example: Polycyclic monoids

Example: Polycyclic monoids

Let P, be the inverse semigroup generated by elements
S0,S1,...,51-1,0,1 such that

1 ifi=j
SiSj = - .
0 ifiz

We can always write elements of P, with stars on the right.
For example:
5051535351 Sy = 50515, S5

515155515355, = 0
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Example: Polycyclic monoids

A={0,1,...,n—1}

A* = (possibly empty) words in A

o€ A”

. * ok * ok
Let So := Sa;Sa; *** Say,, @nd note s; = Sajal """ San S
Let sp =1

_ * ok ok
SaSg = Sap and sys; = sp,
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Example: Polycyclic monoids

Pn = {sasj | o, € A"} U{0}

Savsy iy =57
(SCVSE)(S’VS:) = 5015:5/ if B =n~p
0 otherwise

E(Pn) = {sas} | a« € A*}
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Inverse semigroup actions

X — topological space
S — inverse semigroup

An action of S on X is a semigroup homomorphism
0:S — I(X)

such that

@ each 0 : Dg«s — Dss+ is continuous, with open domain

@ the union of all the domains coincides with X
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Inverse semigroup actions

Normally for group actions, we are given the space.

Each inverse semigroup has intrinsic spaces on which it naturally acts.
We construct these spaces from a natural order on E(S).

For e, f € E(S), say e < f if ef = e. (In Z(X), this is set inclusion).

A filter in E(S) is a nonempty set £ C E(S) such that
Q0¢¢
Q@Ilfecfande<f, thenf e
Q Ife,f €&, then ef €&.
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Inverse semigroup actions

¢ filter «— characteristic function ¢¢ € {0,1}£(5) (compact, Hausdorff).

Eo = {¢¢ | £ is a filter } — called the spectrum of S.
Eoo :={¢¢ | £ is an ultrafilter }
Et,ght := closure of E in Ey — called the tight spectrum of S.

S will act on these subspaces.

If s*s € £, then
sés* = {ses* | e € &}

is a filter containing ss*. If £ is ultra, then so is s{s™.
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Inverse semigroup actions

Define Dg«s C Eo to be
Dses = {¢e € By | s*s € ¢}
Then the map 6 : S — Z(Ep) defined by
Os : Dsxs — Dgsx

05(¢£) = ¢s£s*

is an action. It restricts to an action of Eijgpt.
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Example: Polycyclic monoids

P, = {sasg |, p € A*}U{0}

Says, if v =p5Y
(sas5)(5y5,) = SaSyg i B=75
0 otherwise

E(Pn) = {sas) | a € A*}
Suppose 5,55 < 5555 = sa5355s; = 5,55

= « starts with f.
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Example: Polycyclic monoids

If o € A"\ {0}, then &, = {ss; | a starts with 5} is a filter.

If a is an infinite word, then ., = {ssj | « starts with 3} is an ultrafilter.
Ey < {finite words} U {infinite words}

If o is finite, {£,} C Ep is clopen.

—~E_ =E,

Etight = AN with the usual product topology (cylinder sets).
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Example: Polycyclic monoids

The natural action of P, on Etight mimics the shift through partially
defined homeomorphisms.

For example,

So - Dsa‘so — Dsosg
If spsy is in an ultrafilter &,, a must start with the symbol 0.

so: AV — {0y € AV}
so(8) =08
In general,
saSp {87 € AN} 5 {ay € AN}
sasp(By) = ay
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Example: Polycyclic monoids

It's possible to associate an étale groupoid G(S, X, ) to an action 6 of an
inverse semigroup S on a space X.

Etale groupoid —» C*-algebra C*(S, X, 6) (Renault).
(Exel) C*(Py, Eiight, 0) = O,
C*(Pn, Eo,0) = T,
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