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Abstract

In this paper, we present sufficient conditions, under which the stationary prob-
ability vector of a QBD process with both infinite many levels and phases decays
geometrically, characterized by the convergence norm 7 and the 1/n-left-invariant
vector @ of the rate matrix R. We also present a method to compute n and x based
on spectral properties of the censored matrix of a matrix function constructed with
the repeating blocks of the transition matrix of the QBD process. What makes this
method attractive is its simplicity; finding 7 reduces to determining the zeros of a
polynomial. We demonstrate the application of our method through a few interesting
examples.
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1 Introduction

For two-dimensional models with both infinitely many levels and phases, the computation
of the exact stationary probability distributions is usually very difficulty. Even when the
computation is possible, one often has to develop a special mothod for each specific model.
For example, the compensation method introduced by Adan [1] is used to compute the
joint probability distribution of a specific class of two-dimensional processes. However,
this method does not work for the two-stage inventory-queue considered in Haque, Liu
and Zhao [5]. The analysis of tail behaviors to characterize the stationary probability
distributions along either the level or the phase direction (or some other fixed direction)
has been partially motivated by such difficulties.

Takahashi, Fujimoto and Makimoto [17] provide a set of sufficient conditions under
which the invariant probability measure of a QBD process with countably many levels
and phases has a geometric tail along the level direction, i.e. m,,; ~ cn™x; for each ¢ as

m — 00, Or

lim —l 1,
m—00 CIMT;

Similar conditions are obtained by Foley and McDonald [4] (for a specific queueing model)
and Miyazawa [12]. To determine the tail behavior in a specific model, one needs 7
and x = (zg,x1,...) to verify whether these conditions are satisfied. However, neither
Takahashi et al. [17], nor Foley and McDonald [4], nor Miyazawa [12] provides a method
to compute 1 and x. This shortcoming makes it difficult to apply these conditions in
practical analysis. In this paper, we propose a set of sufficient conditions equivalent
to those of Takahaski et al. [17] for the existence of a geometric tail of the stationary
distribution of a QBD process. Based on these conditions, we develop a practical method
for finding 7 and @, which can be used to verify whether the stationary distribution for
a specific process has a geometric tail. Specifically, we construct the so-called spectral
equation ¢(n) — 1 = 0 by censoring the matrix D(n), as defined in equation (3) for the
given Markov chain. The root of ¢(n) —1 = 0, which lies in the interval (0, 1) and satisfies
the conditions specified in Theorem 3 of Li and Zhao [8] (see, also [9]), is then the desired
1. With 1, we can compute the vector x using the RG-factorization of nI — D(n) according
to [19]. In fact, the reciprocal of n is the radius of convergence of both D(n) and the rate

matrix R for the Markov chain, and x is the %—invariant measure of D(n) and R.

The main contributions of this paper are: improving the results in Takahashki et al. [17]



and Miyazawa [12]; providing a method for computing 7, the reciprocal of the radius of
convergence for the R measure; and demonstrating explicitly that the tail asymptotics of
the stationary distribution of the Markov chain for some interesting models are geometric
along the level direction. We will define the Markov chain in Section 2 and then provide
new sufficient conditions for the existence of a geometric tail along its level direction in
Section 3. Section 4 shows how to verify 1/n-positivity, while Section 5 provides a method
for determining the 1/n-invariant measure  and 1/n-invariant vector y. In Section 6, we
illustrate the above results through a few examples and show how to verify the boundary

condition for each of them.

2 Mathematical Model

Consider an ergodic discrete-time Markov chain {X (n);n > 0} on a two-dimensional state

space S = {(m,i);m,i =0,1,2,...} with transition probability matrix

By A
Co B A
P= C B A (1)
C B A
after partitioning the state space into levels £,, = {(m,i);i = 0,1,2,...} for m =
0,1,2,.... Let
B A
0 C B A
| ¢ B 4 ’

which is the matrix constructed from P by deleting the boundaries. In this paper, we

assume that the repeating blocks A, B and C have a tridiagonal structure, e.g.

ai agp
az ap agp
A = az a1 Qo

as aq ag




Blocks Ag, By, and Cy also have the same tridiagonal structure.
Let w = (mg,m1,72,...) denote the stationary probability vector or the invariant
probability measure of P, where p, = (Tpm.0, Tm,1, Tm,2,...). We are interested in the

conditions under which 7, has an exact geometric tail asymptotic, i.e.
Tom ~ CN'' T as m — 00, (2)

where 0 < n < 1, & = (9, z1,...) is a row vector to be determined, and ¢ is a constant.

By 7 ~ cn™ax as m — oo we mean that for each n,

lim —mn .

m

m—oo cniy
In particular, our goal is to provide a practical method to verify the conditions for specific
processes and compute the corresponding value of the decay rate n and vector . To this

end, we consider, for 0 < n < 1, the matrix

D(n) = A+nB+n*C

_777 Ay 00 0
By Y Ay 00
= 0 wy v A O
0 0 wy v N

where
Y, = a1 +nb1 + 0’1, = a1+ by + e,
Ay =@ +nbo + 0, Ay = ao + nbo + 1o,
Ty = @z + nb + 17Tz, iy = az + nba + n’ca.
The matrix D(n) is substochastic due to our choice of 7. Also, denote by E(n) the

submatrix of D(n) without the boundary row and column,

A 0 0 0 ..
ty Y Aq 00

Em) =10 p v A 0 ... (4)
00 py m Ny

We will assume that both D(n) and E(n) are irreducible.



3 Tail asymptotics

In this section, we provide conditions under which (2) holds. The following two conditions

are obtained by Takahashi, Fujimoto and Makimoto [17].

Condition 1 There exists a positive constant n with 0 < n < 1, a positive row vector x

and a positive column vector y such that

a. x(n'A+ B+ n0) = x;

b. (n7'A+ B +n0)y = y;

c. xe < oo where e is a column vector of ones, xY < 0o0;
d. n7'zAy # nxCy.

Let z = A(n~'I — G)y, where y is the column vector in Condition 1 and G is the minimal

non-negative solution of

G = AG? + BG + C.

Then, x and z are the row and column 1/n-invariant vectors of R, i.e.

1 1
x=-xR and z=-Rz,
n n

where R is the minimal non-negative solution of
R=A+RB+ R*C.
Condition 2 For the column vector z given above, w1z < 0.

Under Condition 1 and Condition 2, Takahashi, Fujimoto and Makimoto [17] showed
that the tail asymptotic result in (2) holds. However, verifying these two conditions
directly is very difficult if not impossible. This has restricted the application of the above
result. In the following we construct new conditions which are equivalent to Condition 1

and Condition 2 and can be easily verified.

Condition 3 Let a(n) be the radius of convergence of the matrix D(n) (referring to [16)

for a definition of the radius of convergence).

a. There exists an n with 0 < n < 1 such that D(n) is a(n)-positive with a(n)-invariant

measure and vector x and y, respectively, and a(n) = 1/n, and xe < co.



b. nlzAy # nxCy.
Condition 4 The column vector y is such that w1y < co.

It follows from Theorem 6.4 of Seneta [16] that Condition 3a implies Condition la,
b and c. Therefore, Condition 3 implies Condition 1. Condition 4 implies Condition 2
noticing that

z=A( ' -Gy <n Ay <y,

Now, a comment on the proof provided by Takahashi, Fujimoto and Makimoto [17] is
in order. Recall that the stationary probability vector w = (mg, 71, 72, . . .) for the Markov
chain defined in the previous section can be expressed in matrix (operator)-geometric form
Tit1 = w1 R! for i > 0. Therefore, if the tail behavior of the infinite matrix R can be
characterized, then we can characterize the tail asymptotics of ;. Theorem 6.5 of Seneta
[16], essentially says that if R is 1/n-positive then 7r; has a geometric tail along the level
direction, i.e. m; ~ en'x, where 1/n is the radius of convergence of R and x is the 1/7-
invariant measure of R. In order to use Theorem 6.5 of [16], R must be irreducible and
aperiodic, which cannot be verified since R is usually not available. From the following
discussion, we will see that this condition can be dropped.

We consider the submatrix R(A) of R consisting of all non-zero rows of R. We may
also interprete R(A) as follows. Let £,,(A) = {(m,i) € L;(Ae); > 0 and (Ae); # 0}.
According to Lemma 4(a) of [18], the R measure for P may be written as R = AQn1,
where QH is the (1,1)% block entry of the fundamental matrix of Q. The i*" row of R is

zero if (m,i) ¢ L,,(A). By reordering the levels, we may rewrite R as

Lin(A) Ln(A)
Ln(A) [ R(A) R(A)
Lo (A) 0 0

where L,,,(A) = L, (A). Thus R(A) is the submatrix of R on the index set £,,,(A4)x L, (A),
and in order to use Theorem 6.5 of [16] it is sufficient to only require R(A) to be irreducible
and aperiodic.

A sufficient condition for R(A) to be irreducible is for @ to be irreducible. If this is
so, then Q17 > 0 but Q1 # 0, thus R(A) > 0. Once R(A) is irreducible and Condition
3 holds then R(A) is 1/n-positive. If it is further assumed that R(A) is aperiodic, which



is true when D(n) is aperiodic, then Theorem 6.5 of [16] implies the following theorem,
which is equivalent to Theorem 2 of [17]. The aperiodic condition is in fact not crucial
according to results in the periodic case.

The outcome of the above discussion can be summarized as the following theorem.

Theorem 1 Assume Condition 3 and Condition 4 hold. If Q and D(n) are irreducible
and D(n) is aperiodic, then the stationary probability vector w of P is geometric along the
level variable, 1i.e.

T ~ N T as m — 00, (5)

71'1Z .

where ¢ = T

Remark: Condintion 4 can be replaced by moy < oo in the case that Ag = A in P

ToZ

and ¢ in Theorem 1 will be given by ¢ = 22=.

As discussed earlier, (5) also holds in the
case when D(n) is periodic. Finally, we noticed (during the revision of this paper) that
the requirement xze < oo in Condition 3a is a natural outcome of other conditions and
Condition 3b is not necessary according to [13].

It is also noticed that there may be many different light and heavy tailed asymptotics
for the stationary probability vector of a QBD process with countably many levels and
phases. In general, the tail asymptotics depends on both non-boundary and boundary
transition properties in A, B and C, and Ay, By and Cj, respectively. In this paper,
a set of sufficient conditions are provided, under which the stationary probability vector
decay geometrically and the decay rate is characterized by the non-boundary transition
properties, or the convergence norm of D(n). Under other conditions, the boundary

transition properties may determine the geometric decay rate, but the geometric decay

rate may not coincide with the convergence norm as characterized in this paper.

4 1/n-positivity

In this section and the next, we will address key issues on how to practically verify Con-
dition 3 given in Theorem 1. The verification of Condition 4 will be addressed through
various examples in later sections.

The radius of convergence 1/7, or the convergence norm 7, for E(n) will be of interest
to us shortly. For 7 to be the decay rate, we require that the convergence norm of D(n)

coincides with the this n, and n > 7.



The convergence of 77 may be found using the result of Kijima in Theorem 2.1 in [7].
This result says that 77 is the convergence norm of E(n), where 7 is given in Lemma 2.1
of [7]. We use the method outlined by Kijima (Lemma 2.1 in [7]) to find 77. We need to
determine the Perron-Frobenius eigenvalue x(z) for the generating function C*(z) for the
blocks in D(n), or C*(2) = u, + Yyz + Ayz? in our case. Since the blocks in E(n) in our
case are scalars, C*(z) is a scalar function. The Perron-Frobenius eigenvalue of C*(z) is

simply the generating function itself, i.e. x(z) = C*(z). Now we need to solve
x(6) =6 and x'(0) =7,
or
x(0) = Nn+7n0+)‘n‘92 =70 (6)

and
X'(0) =+ 200 =17 (7)

for 77. Substituting 77 in (7) into (6) and solving for 6, we obtain

Hn
e
Ay

The positive square root is taken since § > 0. Substituting this value for 6 into (7) we

have the convergence norm of E(n)

N=m + 23/ Aty = a1 + nby + 01 + 24/ (ao + nbo + n2co) (a2 + bz +n2c2).  (8)

Next, based on censoring and spectral properties of D(n), we compute the roots of
the spectral equation ¢(n) —1 = 0. Then, the determination of 1/n-positivity of D(n) or
Condition 3 will be done by comparing the convergence norm 7 of D(n) to 7.

For matrix D(n), consider the censored entry ¢(n) with a single state phase zero as

the censoring set, which is given by

X —
é(n) =7y/n+ 2;::7” (1 — /N — \/(%7/?7 -1 - 4Anun/n2> :

Consider the roots of the spectral equation ¢(n) — 1 = 0, which are also zeros of

[(XTiy)* = AT Vo Y + Anba o] + 1= 2V Ankin + MTiy (Vo + )] + 07 gt — AgTig]. (9)

Notice that (9) is a polynomial of at most 8 degrees evaluated at n and will henceforth be
denoted by
q(n) = Do+ Din+ ...+ Dgn®, (10)



where the coefficients D; are functions of the entries of A, B and C. Moreover, a zero n

of q(n) is a zero of ¢(n) — 1 if and only if

- 3z
ﬁ+”—“’7<1—ﬁ>—120. (11)
N 2Anpy n

This provides us with a practical method to determine the value of n such that D(n) is
possibly 1/n-positive. It also provides us with a region in which the tail asymptotic prop-
erty given in Theorem 1 may hold (see the priority queueing model given in Section 6.2).

Together with the following theorem, one can check the 1/n-positivity of D(n).

Theorem 2 If n is a zero of ¢(n) — 1 in the interval (0,1) satisfying n > 7, then the
convergence norm of D(n) is given by n and D(n) i %—recurrent. In this case, n is the
only zero of ¢(n) — 1 satisfying 0 < n < 1. Moreover, if n > 7 then D(n) is %—positive.
In this case, the 1/n-invariant measure & and 1/n-invariant vector y of D(n) exist and

Ty < 0.

Proof: We want to show that D(n) is 1/n-recurrent. If we can show that 1/n is the
B* in Theorem 3(ii) of [8], then D(n) is %—recurrent. This is obvious since 0 < n > 7 and
¢(n) = 1. The uniqueness follows from the uniqueness of the radius of convergence of
D(n). If the radius of convergence 1/n of D(n) satisfies % < @ and D(n) is 1/n-recurrent,
by Theorem 4 and Remark 8 of [8], D(n) is 1/n-positive.

By Theorem 6.2 of [16] an 1/n-invariant measure x of D(n) exists, i.e. *D(n) = n.
Similarly, we can show that D(n) has an 1/n-invariant vector y. If D(n) is 1/n-positive,
by Theorem 6.4 of [16], zy < co. B

5 1/n-invariant measures and vectors

In this section, we show how to explicitly determine the 1/n-invariant measure & and
1/n-invariant vector y when D(n) is 1/n-positive. We also reformulate Condition 3b in
terms of the calculated 1/n-invariant measure and 1/n-invariant vector.
By Theorem 10 in [9], the 1/n-invariant measure & = (2o, 1, 2,...) of D(n) is given
by
To = 20, T = 20Ro1(1/n)R*Y(1/n), k>1, (12)

where zg > 0 is any positive number. R(1/n) is given by

(1 =) — /(o — m)2 — 4y iy
2y

R(1/n) =




and Ro1(1/n) by

>/|>/|
3

Roi1(1/n) = T R(1/n).

"
In order to find the 1/n-invariant vector y = (yo,¥1,¥2,...)% of D(n), we use the RG-

factorization given by equation (25) in [9]. That is using

I - 117(77) = (I = Ry(1/n)(I = Up(1/n))(I = GL(1/n))

7
where
1 —Roi(1/n)
1 ~R(1
I Ry(1/n) = (1 & R
1 - Uo(1/m)
1-U(1
1-Up(1/n) = W . ,
and
1
—G1o(1/n) 1
1-Gr(l/n) = —G(1/n) 1
-G(1/n) 1

We now solve

0 (I _ %Dm)) y = (I - Ro(1/n)(I - Up(1/n))(I - Gr(1/m)y.

Letting w = (I — G(1/n))y, we have

0= (I - Ry(1/m)(I — Up(1/n))w. (13)
The product (I — Ry (1/n))(I — Up(1/n)) expands to
[1-Uo(1/) —Rou(1/n)(1 — U(1/n))

1-U(1/n) —R(1/n)(1 = U(1/n))
1-U(1/n) —R(1/n)(1-=U(1/n))

10




Therefore, (13) becomes

0 = (1—Uo(1/n))wo — Ror(1/n)(1 — U(1/n))wr, (14)
0 = A-U1/n)ws —R(A/n)(1 = U1/n)wnt1, n =1 (15)

Since Up(1/n) = 1, we may take w = (wp,0,0,...) with wg > 0 to satisfy (14) and (15).

Now we need to solve
w = (I -Gr(1/n)y. (16)
Simplifying (16) gives us

0 = wy =—-Go(l/n)yo+y1 or y1 = Gio(1/n)yo,
0 = wy=—-G(A/ny1 +y2 or y2 = Gio(1/n)G(1/n)yo,

0 = wy==G/n)yn-1+yn or yo=G"""(1/n)G10(1/n)yo-
Therefore, the 1/n-invariant vector y = (yo, y1,¥2,...) of D(n) is given by
Yo =wo >0, y, = GlO(l/W)anl(l/W)wm n =1, (17)

where G(1/n) is given by

(n =) — \/('Yn —1)? — iy
2\,

G(1/n) =

and G1o(1/n) by
o
Gio(1/n) = —G(1/n).
Hn
Using the above expressions for the 1/n-invariant measure x and vector y the result

Ty < oo reduces to

e} [e.e]
Ty = Ziﬂzyz = Zowo + Z TnYn
=0 n=1

= zowo (1 + Rio(1/m)Gro(1/n) > R"_l(l/n)G"_l(l/n)>

n=1

Ny < ("
= zZowo |1+ nl‘nz<ﬂ> R*(1/n) | < o0,
Anlhn — An

11



where G(1/n) = ’;—ZR(l/n). So,

xy < oo if and only if Z <%R2(1/n)> < 0.

n=1 n

By Theorem 5.2 of [15], @ is the %—invariant measure of R. However, we require an
1/n-invariant vector z for R as well in order to explicitly determine the constant ¢ in
Theorem 1. Condition 3b is the remaining condition required by Takahashi et al. [17],

which reduces to

1 o0
5 <y0(:c0a_1 + z1a2) + y1 (@ + z1a1 + z2a2) + Z Yn(Tn—_100 + Tra1 + $n+1a2)>

n=2
o0
#n (yo(xoa + x163) + y1(co + x101 + 2202) + Z Yn(Tp_100 + Tpec1 + xn+102)>
n=2

upon expansion. From the above we see that, if

i 1 )
—a; =n¢;, and —a; =ne¢;, fori=0,1,2,
n

then
1
—xAy = nxCy.
n

Otherwise, %a:Ay # nxCy. However, as remarked earlier this condition is not required.

6 Examples

In this section we will be looking at the application of Theorem 1 through a few examples.
The first example is the two-demand model studied by Flatto and Hahn [3]. It illustrats
the case that D(n) is 1/n-positive only if u; # pe. The second example is a priority
queueing model, by which we demonstrate how Condition 4 can be verified and when
Theorem 1 can be applied. The third example is the classic symmetric shortest queue,
which has been studied by many authors. This example is used to show when Theorem 1
can be applied, in which the verification of Condition 4 is not trivial. The last example is
a two-stage inventory queue under an echelon base-stock control policy studied in Haque,
Liu and Zhao [5]. This example again illustrates when Theorem 1 can be applied. We

notice that in the first and the last examples, Condition 4 is obviously satisfied.

12



6.1 Two-demand model

A double queue [3] arises when arriving customers to the system simultaneously place two
demands to two different servers working independently. In this queue, customer arrivals
form a Poisson process with rate 1 and the service times at the two servers are exponential
with rates 1 and pe, respectively. Let X (t) and X5 (t) represent the numbers of customers
waiting or in service at time ¢ in the queues with service rates u; and pg, respectively. Then
X(t) = (X1(t), Xo(t)) is a Markov chain with state space S = {(i,7);i,7 = 0,1,2,...}.
This Markov chain is stable if and only if 1 > 1 and ps > 1. Without loss of generality, we
assume that 1 < puy < ps. For convenience, the servers with rate py and po are referred to
as the slower and faster servers, respectively, and their queues as slower and faster queues,
respectively.

The equilibrium equations are given as follows,

(14 po)mo; = pamiy+ pomojt1, @ =0,7>1,
(I +p)mo = pimig1,0 + pomiy, > 1,5 =0,
I+ +p2)mij = pamis1y + pomij+1 + Ti—1j-1, ¢ > 1,5 > 1,
To,0 = M17T1,0 + H2T0,1,

from which we have an infinitesimal generator, which upon uniformization gives the tran-

sition matrix P in equation (1). Specifically, let 6 = 1/(1 + u1 + p2), then

0 0
0 0
A = )
0 6
1—=6(1+4 )
0 0
B = - ,
9,&2 0

and C' = Opuyl. In order to apply Theorem 2 we need the matrix in (3), where

Ty =101 =01+ p1)) +0*0u1, v =n*0u,
Ay =0, Ay = Ay,
ﬁn = 779#25 My = ﬁn'

13



Using (8), the convergence norm 7 of E(n) is given by

01 + 24/

. 18
T+ p + po (18)

=
The convergence norm of D(n) is given by 7, where 7 is a zero of the function in (10).
Simplifying the equation from (9) gives
2 2
" Ha
—— g —mn)l —=n) =0,
(T + ) o=
which is a polynomial equation of degree two and yields two roots n = u% and 1. Since

w1 > 1, we have 0 < i < 1, and hence the convergence norm of D(n) or of the R-measure

for P is n = p;.
Next we need to determine if D(n) is 1/n-positive, which is equivalent to determining
if n > 7. Substituting n = i into (18), the convergence norm for F(n) is reduced to
7= 1 1+ 2\/pe
p1 1+ pn +

e 142 e
We need to determine if T, < 1. For py # ps,

0 (VIUJI_ \/1“’2)25
0 p1 — 2/ pap2 + pe,
1 T+ + po — 24/ pape,

T+ 2/ pupe
1+ 2\/u1pe

T+ p1 + p2

1—|—,LL1+,LL2,

NN CN AN A

as required. Therefore, 1/p; = n > 7. By theorem 2, the 1/n-invariant measure  and
vector y for D(n) exist, for uy; # . Next, we need to determine if %mAy # nxCy. We
may use the expressions for the 1/n-invariant measure x and vector y given in equations
(12) and (17), respectively. The R-measure of D(n) is given by

R(1/n) =72

since 1 < py < pg and R(1/n) is non-negative. We have
Ror(1/n) = 'L, G(1/m) =1, and Gao() = 1.

By equation (12) the 1/n-invariant measure of D(n) is

2 n
o 1,ﬂ,<ﬂ> <M_) )
H2 \ M2 M2

14



and by equation (17) the 1/n-invariant vector for D(n) is y = (1,1,1,...)T = e. Finally,

o9
m,n=0

since y = e and ) Tmn = 1, Woe < oo, which means that Condition 4 is satisfied

due to the remark following Theorem 1. Therefore, we may conclude that

n
c H1 H1
Tm~cne = ﬁ<1,z,...,<£> ,...>,

which is consistent with the result in Theorems 7.1 and 7.2 of [3].
When p; = po, the polynomial equation from (10) reduces to

(1)1 ) =0
(1+2M1)4 Hin n ="y

which again impliesn =1or n = i Therefore n = i < 1 since 1 < 1. We now have

CPmt2mE 1 (142m) 1
L+ 2 p(1+2m)  m

3|

:77.

Therefore by Theorem 3 of [8], D(n) is %—recurrent since ¢(n) = 1. In order to determine
if D(n) is %—positive7 we need to check whether > 7 holds. From the above discussion,
we see that n = 7. So D(n) is not %—positive, but %—null. In this case, Theorem 1 cannot
be applied. It turns out that 7, does not have an exact geometric asymptotic tail, as

shown in Theorem 7.1 and 7.2 of Flatto and Hahn [3].

6.2 Priority queue

Consider the classical preemptive priority queue (Miller [11]). Two classes of Poisson
customers arrive independently at rate A; for the lower priority customers and at rate A for
higher priority customers. For simplicity, we assume that both classes of customers require
the same exponential service time at rate p. from a single server. With the preemptive
rule, a higher priority customer, upon arrival, passes all lower priority customers in the
queue or takes over the service if a lower priority customer is currently being served.
Let X;(t) and X} (t) be the number of lower and higher priority customers in the system
at time ¢, respectively. Then, X (t) = (X;(t), X, (¢)) is a continuous-time Markov chain
with state space S = {(7,7);4,7 = 0,1,2,...}. Take X;(t) as the level. The infinitesimal

generator upon uniformization gives the transition matrix P as in equation (1), where

15



A= NI,

0 A
B — He 0 )\h ’
e 0 )\h
He
0
C =
0

In order to apply Theorem 2 we need matrix (3), where

T =N+ by =N,
Xn =\ = A\,

Hy = Hn = Hell-

Using (8), the convergence norm 7 of E(n) is given by

7= A+ 20/ Anfic. (19)

The convergence norm of D(n) is given by 7, where n is a zero of function (10). (10)
simplifies to

M2t (N + An — 1+ pen?),

which is reduced to a polynomial equation of degree two for our purpose. The only zero

nin (0,1) is
AN A
e

The condition 1 < 1 coincides with the stability condition of the system. Let

A A
p="t and p, ="t

He He

To see if ¢(p) = 1, we need to verify inequality (11), which in this case is equivalent to
Aiphe + 2()\1 + )\h)Q — ()\l + )\h) > 0.

Substituting A\; + A, + e = 1, the above becomes (A + A)? > Appte or p? > pp.

16



For D(n) to be 1/n-positive, we need n > 77 or equivalently

A+ A A
% >)\l+2(>‘l+)\h)ﬂﬂ_h- (20)

Inequality (20) provides us a region within which Thoerem 1 holds.
We use the expressions in (12) and (17) for the 1/n-invariant measure & and vector y

which become, after some calculations,

x:<1%(%>>
- (3 G

It is clear now that the verification of Condition 4 is not trivial. We recall that the

and

marginal distribution 7., = 3" 7, of the number of customers in the system with the
higher priority is the same as the distribution of the number of customers in the system

for the standard M /M /1 queue. Therefore,

Ton=(1—pn)pp, n>0.

Condition 4 then becomes

n
h
D S ) M ()
n n n

since pp/p < /pr/p < 1. In conclusion, when (20) is true, we have m,, ~ cxp™ according

to Theorem 1.

6.3 Symmetric shortest queue

The SSQ model, i.e. the symmetric shortest queue may be described as follows: Customers
arrive in a Poisson stream at rate A to two identical exponential servers in parallel with
common service rate u, where p = A\/2u < 1 for the system stability. Each of the two
parallel server has its own queue and, upon arrival, a job joins the shortest queue. If
the queue lengths are equal, the customer joins either queue with probability 1/2. Let
Y1(t) and Ya(t) be the lengths of the two queues at time ¢, then Y (t) = (Yi(t),Ya(t))
is a Markov chain with state space S = {(i,7);¢,7 = 0,1,2,...}, but its infinitesimal
generator is level dependent. To eliminate this dependence, let X (t) = min(Y7(t), Ya2(t))
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and Xo(t) = |Ya(t) = Y1(¢)|. Now X () = (X1(t), X2(t)) is a Markov chain with state space
S ={(,4);i,7 =0,1,2,...} and a level independent infinitesimal generator, taking X1 (¢)
as the level. Upon uniformization and assuming A + 2u = 1, we obtain the transition

probability matrix P as given in equation (1) with

A
A = ;
A0
0 A
0
B:M ,
0 O
and
0 2u
0
o o— 1Y
0 pn

For the matrix D(n) defined by (3), we have
77] = 77] = 07
Xy =2 + X, Ay = pp?
Ry = Py = A+ p).

Using (8), the convergence norm 7 of E(n) is then given by

7 =2/ Agpy = 207/ (A + ). (21)

To determine the convergence norm of D(n), we first compute the zeros of (9), which can

be simplified as follows
1 (A =+ pn)*[(2pm + N)? = 1),

since 1 = (A +2u)% = A2 + 4\p + 4p2. This leads to a polynomial equation of degree two
and yields n = 1 or n = p?. We note that n = p? is the only candidate for ¢(n) = 1.

Also, it is clear that the convergence norm of D(n) is n = p? > 7, and, based on which,
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we conclude that D(p?) is 1/p?-positive and, by Theorem 2, the 1/p?-invariant measure

x and vector y exist. Equations (12) and (17) may be used to show, respectively, that

2 3
o= (210 P’ P’ P
P ) 72+p7 2+p ) 2+p PRI

and

So far, all conditions required by Theorem 1 can be verified except Condition 4 or oy <
oo. This is not trivial and the method used for the priority queueing model cannot be
applied here since we do not know the marginal distribution. Following the proof of (37)
in Proposition 1 in Foley and McDonald [4], it can be shown that Theorem 14.3.7 of Meyn
and Tweedie [10] guarantees our Condition 4.

In conclusion, we have 7, ~ cn"x.

6.4 Two-stage inventory-queue

We consider the two-stage inventory-queue model studied in Haque, Liu and Zhao [5]. An
inventory-queue is formed by a server (we only consider single server service stations) and
an output store following the server. When a demand is received from the outside or a
downstream station, it will be satisfied by an available unit from the store or backordered
if the store is empty. In either case, the arrival of a demand will trigger the creation of
a new job which will either be processed immediately by the server if it is free or join a
job queue in front of the server. The server stops when there is no job in the job queue
or when there is no material supply for the jobs. We assume that R; units are available
initially in the output store. Then from the above description, the server will always try
to restore the initial inventory level R in the output store. We call R; the base stock level
and such a system base-stock inventory-queue. Our two-stage system is formed by two
base-stock inventory-queues in tandem. We assume that station 1 at the upstream has
unlimited material supplies and hence the server will keep working as long as the job queue
is not empty. Station 2 at the downstream satisfies the external demand from its output
store. When an external demand arrives, it triggers the creation of a job at the upstream
station as well as the downstream station. A job in the job queue of station 2 can only be

processed when it has a matching unit from the output store. When server 2 is free and
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the first job of its job queue does not have a matching unit because the upstream output
store is out of stock, the server will be idle until the service completion at the upstream
station. This phenomenon is called starvation. We also note that probabilistically the
inventory level at the upstream output store has no upper bound. One may refer to [5]
for details on how this two stage system works.

Let the external demand process be Poisson with rate A, and the service times at both
stations be exponential with rates p; and ps for station 1 and station 2, respectively. The
stability conditions for this system are p; = A/u; < 1 and pa = A/pe < 1. Let Ny(t),
i = 1,2, be the number of jobs in the job queue of station i at time ¢, and U(t) the number
of jobs in the job queue of station 2 which have matching units from output store 1 at
time ¢. When every job in the job queue of station 2 has a matching unit, U(t) equals
Ns(t), the number of jobs in the job queue in station 2 at time ¢t. It can be shown that
(N1(t),U(t)) is a continuous-time two-dimensional Markov chain. Upon uniformization,

the transition matrix P is given by

level LSRl Ri+1 Ri+2
L<g, By Ap

Ry +1 Co B A
Ry +2 C B A
Ry +3 c B A ’
where L<pg, represents levels 0, 1, ..., Ry, and A = 0\I,
2
p2 0
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and

0
0 m
¢=9 0 m

with 6 = 1/(A + p1 + p2). Also recall that R; denotes the base-stock level at stations
1. We note that details about Ay, By and Cj are not provided here since they are not
important in our discussion.

We need to consider (3), which now has %, = 0(\ + nua), Xn = Ny = Onuy, v, = OX
and 7z, = iy = Onuz. The convergence norm 7 of E(n) in (4) is given by

A+ 2ny/mpape (22)

T N+ e

The convergence norm of D(n) is given by 7, where 7 is a zero of (9) given by
00 i pd P + A — n(h + ). (23)

This leads to a polynomial equation of degree two and its only root in (0,1) is A/u;. To
be 1/n-positive, we need A\/p; > 7. To verify Condition 3b, we need the 1/n-invariant
measure x and vector y, respectively, of D(n). Notice that upon substitution of n = A/

into (3), we have

p1+p2 A
12 1A

D(n) = ;6 pa p1 A - (24)

This is a product of p; and a positive recurrent stochastic matrix. Therefore,  is simply
equal to the stationary probability vector of this positive recurrent matrix, which is given
by & = (1 — p2)(1, pa, p3,...), and y is simply e, the column vector of ones. Some simple
calculations will then justify Condition 3b. Finally, Condition 4 is satisfied since m1y =

m1e < 0o. Therefore, we have 7y, ~ cp'x.
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7 Conclusions

We have provided a set of verifiable new conditions for the existence of exact geometric
light tails for a large class of Markov chains with infinitely many levels and phases. Four
models are discussed as examples to illustrate how to use our conditions to obtain the
exact geometric tails.

There are some opportunities for further research along this direction. For example,
the entries of the infinite blocks A, B and etc. may be finite matrices, and/or the structure
of the infinite blocks is more general, say M/G/1 type, GI/M/1 type or GI/G/1 type.
Substantial research is needed to address the light tail issue in these kinds of systems.
We have only considered processes in which the transition matrix has a QBD structure.
Another way to generalize our method would be to consider more general transition matrix
structures, say those of the M /G/1 type, the GI/M/1 type or the GI/G/1 type. Finally,
we may also consider the case when D(n) is reducible or when P has a level dependent

structure.
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