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Abstract
The infinite products

IT@+vaa+a)?, T (@+v3+e)’
n=1 n=1
and

f[l (1_|_ (1+2\/§) qn_|_an)5

are determined.
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1. Introduction

LeeN={1,23,...} andZ = {0,4+1,42,...}. Throughout this paper g denotes a complex
number satisfying |q| < 1. For k € N we define

Ex = Ex(q) = [T(1—d). (L)
n=1
Ramanujan’s thetafunction ¢ is defined by
o@= Y d", (12)
N=—co

see for example [2, p. 6]. The following infinite product representation of ¢ followsfrom
Jacobi’striple product identity [2, p. 10], namely,
E

o(q) = E2E7 (1.3)
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seefor example[2, p. 11]. As

_ B
El(_q) - Ev
changing qto —qin (1.3), we obtain
_Ef
o(—q) = E, (14
The two-dimensiona theta function a(q) of the Borweins[3] is defined by
ag) = Y gy (15)
X,y=—00
Forac Z, me N andn e N, we define
d|n
d=a (mod m)
The following expansions are well-known:
*(a)=1+4 Y (dya(n) —dza(n))q", [2, p. 58] (1.7)
n=1
O(A)@(q?) =142 (dig(n) +dzg(n) —dsg(n) —dzg(n))q", [2 p. 74] (1.8)
n=1
P@O(A®)=1+2 Y (di3(n) — d23(M)d"+4 Y (d3(n) —d23(n)a™, [2,p. 75] (1.9)
n=1 n=1
a(q)=1+6 (dy3(n) —da3(n)q". [4, p. 43] (1.10)
n=1

From (1.7) we obtain

oo

¢*(q) =144 (di12(n) +ds12(N) +dg 12(N) — d3 12(N) — d7,12(N) — d11.12(N))q"
n=1

oo

=1+4Y (d1.12(N) +ds 12(N) — d7.12(N) — d11.12(N)) Q"
n=1

oo

-4 2 (d174(n) — d374(n))q3n

n=1

so that

¢*(0) +9%(0®) =2+4 i (dy,12(n) +ds 12(N) — d7,12(N) — d11.12(N))q". (1.112)
n=1
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From (1.10) we deduce
a() =1+6Y (dye(n) +das(n) — dos(n) —dse(n))q"
n=1
—1+6Y (dro(n) — dse(n)a— 6 3 (dy5(n) — dp5(n) P
n=1 n=1
so that
a(q) +a((?) = 246 Y (dre(n) — dss(n)a" (112)

n=1

Recently Alaca, Alaca, Uygul and Williams [1] determined the number of representa-
tionsof apositiveinteger by certain diagonal, sextenary, quadratic forms whose coefficients
are 1, 2 and 4. In the course of the proof of an identity needed in the proof of their results,
they established the new identity

. (1.13)

—1)ﬁ(1—xfzq”+q2”) (V2+1) ﬁ(l+\f2q”+q2”) =2V2——2— 2EE
n=1 n=1

see (1, eg. (3.9), p. 299]. They deduced thisresult from atheorem about Weierstrass sigma

functions, see[9 Example 3, p. 451]. Moreover they proved the identity (1.13) without
determrnrngH(l+ V2q" +q2”) andH(l V2q" +q2”) individually. In thispaper we

n=
evaluate each of the two infinite products H (1+ V2q' + o ) dJ](1- Vg +q2”)
n=1
intermsof o, E;, Ep, E4 and Eg. We prove

Theorem 1.1. For q € C with |q| < 1 we have

[T (14 V2a +¢7")7 = (V2 1) 222 (9(0) + V20(@?))
n=1 154

and
T (1~ V20" = (V2 ) 5 (0(6) — V20(a?))

It is easy to check that the evaluations given in Theorem 1.1 satisfy (1.13) as ¢(q?) =
E>/(E3EZ) by (1.3). Moreover, as

Es

[T+ vad+a™) (1-vaq+ ) = [Ta+a™) = g .
n=1 n=1

multipying the two evaluationsin Theorem 1.1 together, we recover the well-known theta
function identity [2, p. 72]
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We deduce Theorem 1.1 as a special case of a general product-to-sum identity, which we
prove in Section 2, see Proposition 2.1. We also deduce from Proposition 2.1 the anal ogous
resultsto Theorem 1.1 when /2 isreplaced by v/3 and (1+ v/5) /2.

Theorem 1.2. For q € C with |q| < 1 we have

. n, om3_ (3V3-5) ESESED [ » 2/3 0> (=)
E(H\@q +07) = ESEZES ((p (@) + 9 (Q)+6\/§(p(_q2)>

and

. n s _ (_3\/§_5) ESESED (pS(_qG)
[T (1= vad' o) == s (9%(a) +90%(c®) —6v3 o) ).

Theorem 1.3. For q € C with |q| < 1 we have

ﬁ(“‘ +\/_) +P )5:E_§’< 5\/_ °) i d15(n) —das(n))q"

E?
+(35 15f idzs _ dgs(n ))qn>

and

oo _ 3 oo
H<1_|_ Mq +q2n>5:E <1—|-( 2 d15 d45 ))qn

n=1 2 Ef
35+15 o
—I—( V9 2 (dp5(n) —dss(n ))q”>.

2. A Product-to-Sum ldentity

In this section we prove the product-to-sum formula given in Proposition 2.1. In Section 3
we deduce Theorem 1.1 from Proposition 2.1 by takingm= 8. In Section 4 we takem= 12
to obtain Theorem 1.2 and in Section 5 we take m= 5 to obtain Theorem 1.3.

Proposition 2.1. Let m be a positive integer with m > 4. Define
== eZni/m’ 7\/m = (,l)m—i‘(,or_nl

A(k,m) := 30K — o2 + o ¥ — 30 V¢ kez,
and 5
—o3(1-o3) (1+ 05+ oh+--+of3)”  if misodd,
Cm:: 8 3 3m/2_1 or 3 . .
ﬁ(1—0om)(l—oor,.,) IT (1-of) if miseven.
r=2
Then
oo xz N g2 3 1—q" 2 m-1 oo
H (2 ( 2" +q™)"(1-a") =1+cCm Y, A(k,m) Y dem(n)g"

(1= A +027) (1~ (3~ BAm) o+ G") = n-1
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Proof. Let g be acomplex number satisfying |g| < 1. Let a be acomplex variable with
a = 0. We consider the function

§ B i VN G i D VY
1:[ (1—aq)’(1—a1qn)*(1—a3qn) (1—a3q") (2.1)

As|q| < 1 and a# 0 theinfinite products

(1-bg"), b=1aa*a%a?a’a>

o

n=1

converge (absolutely) as |b| ¥, |q|" converges. Provided a2 # q" for any n € Z\ {0} the
infinite products

H(l - bqn)7 b= a, a_lv a3’ a—3’
n=1

do not converge to 0. Thus f(a) is an analytic function of a € C\ {0} except for poles at
pointsa where a® = q" for somen € Z\ {0}.
Further, we definefor a# 0 (and |g| < 1)

l+a H (l_ann)3(l_a—2qn)3(l_qn)2

F(a) 3 (2.2
a1 (1—aq)®(1—a1qgn)®(1—a3qn) (1—a3q")
so that
_ (1+a)®
F(a) = 1 a8 f(a). (2.3
A straightforward cal cul ation shows that
F(ag) =F(a) (24)
from which it followsthat
F(ag") =F(a), ne Z. (2.5)
Let o denote a complex cube root of unity. Simple calculations show that
- 8
f(1) = f(w) = f(0?) = H( )87&0 F(-1)=0. (26)
=1 (1+qn)
Fix a cube root g~/ of q. It is easy to deduce from (2.1) that for r € {0, 1,2}
: 1-q
lim (1-b™™q)f(b)=——"—"——
b = (1+0'g¥3)” 2.7)
lim (1-b%q)f(b)= — ~—9 |

bowq-1/3 (1+ w—rql/3)3 '
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The polesof F(a) arisefromthefactors1—a3, 1—a’q" (ne N)and1—a—3q" (n€ N). No
poles arise from 1 —aq" as the factor (1— aq”)3 in the denominator of F(a) cancelsinto

the factor (1— a2q2”)3 in the numerator. Similarly no poles arise from 1 —a~1g". Thusall
the polesof F (a) are givenby a® = q" (n€ Z), that is, by

a=o'q"% re{0,1,2},neZ (2.8)

All the poles are simple. Before determining the residue of F(a) at the smple pole a =
o' "3, we note the following limit. For r € {0,1,2} we have

. b-0f : b3 o 1,
b“_mr 1 b° boob-1 302 3 (29)
b—w'
From (2.9) we deduce
. b—o'g¥/® 1
lim ———— = Za'q"/® 2.1
boogs 1-b3q 301 (210
and
. b—ow'q /3 1
I - = _Coqls 211
bﬁo!rr(?—l/s 1-b3q 3?4 (211)

Forne Z set n=3k+s, wherek € Z and s€ {—1,0,1}. The residue of F(a) at the

simplepolea= o'q"3 = 0"q¥3q* is
Res,_ygsgF (@) = lim (a—0'q”3q)F(a)= lim (bo*— o3¢ )F(bg¥)
a_,qus/qu b_,qus/S

= lim (b—a'q’®)F(b) (by(25))

b_,qus/S

3
— qk lim (b—O)rqS/s) (l+b)

b—wrfg¥/3 1—b3 f(b) (by (2-3))-

If s= 0theresidueis

f(b) =q‘1l+)3f()(—w)3Ilim

K 1 PN (l+b)3
o fim6-o) T 5

_ %lqk(l+ 030’ (by (2.6) and (2.9))

8 .
_Z fr=
3q if r=0,

5%, .
= fr=12
3q0) ITr ,
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If s= 1theresidueis

ki ERETENC Sl hPrRe
q leﬂ]us(b 0 Q%) 75 T(b)

3
(LH0Iq) bt
1-q b—wrql/3 1_b—3q (l b q)f(b)

3
LSO N SO TER s

1-q 3 1o g/ (by (2.7) and (2.10))

1
_ éqk+l/30)r.
Similarly, if s= —1 the residue is (1/3)q¥ 130" by (2.7) and (2.11). Hence in all three
cases we have

Res,_rqusF (8) = A(r,n)o'q"?, (2.12)
whereforr € {0,1,2} andn e Z

- ifr=0andn=0 (mod 3),
A(r,n) = 13 (2.13)

= therwi
3 Ohewise

Our next step is to construct a function G(a) from the principa parts of F(a) at the
polesa = 0'q"3, r € {0,1,2}, ne€ Z, in such away that F(a) — G(a) is analytic in C
except possibly at a = 0. We make use of the simple identities

o oy 3
be_wry iy (2.14)
r=
and
2 x 33
Z()X—‘”r -7 (2.15)

We begin by showing that the three infinite series
= Ar,noqYe

Y

aoqd ' © {0,1,2}, [g/ <1,
n=1

converge absolutely fora#£ 0and a o'qV3forany r € {0,1,2} andanyne N. Asa#0
we have |a] > 0. Thusas|q| < 1 there existsa positiveinteger N = N(a, q) such that
0<|g¥3|"<|a foraln>N.

Hencefor n > N we have

Ar,norqY3 8 |gt3"
R A < - .
@ | “3ja-ags  E
8 |ql/3|n . . .
< 370 3" (by the triangle inequality)
8 1 1/3"
< -
RECECE
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and the three series Y2 A(r,n)@'q"3/(a— o' q"/3) (r € {0,1,2}) converge absolutely by
comparison with the series Y52 |gY/3|". Hence, asa# o'q"/3for any r € {0,1,2} and any
n € N, the three series

& A(rne'qY?

Zl o "0

converge absolutely. Thuswe can form the sum G, (a) of the principal parts of F(a) at the
polesa=w'q"3,r € {0,1,2}, n€ N, namely

2 oo n/3
2 Mrmo'gh (2.16)
Son1 a— O)rqn/3
By (2.13) and (2.16) we have
12 2 0)rqn/3 oo qn/3
Gi(a)=z -3 (2.17)
+ 3%2661 O)rqn/3 ngl a_qn/3
n=0 (mod 3)
Appealing to (2.14), (2.17) becomes
B ) qn B ) qn
G+(a) - ng a3_qn nz a_qn
Hence
) —3.4Nn ) —1.n
Gia)=y -39 3y 21 (2.18)

~ 1—alq"

Next we form the sum of the principal parts of F(a) at thepolesa= ", r € {0,1,2},
namely

—8/3+ /3 /3 3 1

a—1 a-o a-o? 1-a 1-ad
and define

3 1
= 2
Go() l-a 1-a3
so that
Gola)= 2 @ (2.19)
0 1-a 1-a3 '

Finally we treat the principal parts of F(a) at the polesa= w'q"3, r € {0,1,2}, n¢
—N. Aseach of the threeinfinite series

-1 rn (qun/3
> %rqn/gv re{0,1,2}, |q <1,
N=—oo
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diverges (since

r~n/3 r -n/3
lim Anno'q= o lim _ar
n— —oo a_o)rqn/g 3 n—s oo a_o)rq—n/g
n#0 (mod 3) n#0 (mod 3)
o' : 1 o 1 1
= — I _ = — = ——
3 iy ag’3—w" 30— 3 #0),
n#0 (mod 3)

we cannot just take the sum of the principal parts, instead we must modify the sum appro-
priately. We let

2
:2 _24 a— qun/g Zza O)rq—n/3’

r=0n=

that is
n/3

2 oo
G-@=-%% Mr.magq™™ (2.20)

aqﬂ/g mr

We show that the three infinite series

= A(r,n)aq"?
2 ﬁv re {07172}7 |q| <1
n=1

converge absolutely for a# 0and a# o'q "3 forany r € {0,1,2} andany ne N. Asa#0
we have 1/|a| > 0. Since |q| < 1 there existsa positiveinteger N = N(a, q) such that

0<|g¥3"< L fordin>nN.
al

Hence, for all n > N, we have

Mr.mag™? 8 |a] |gY/ il
P | S3aghow] @)
8 |al|g¥?" - - -
< -1 by the triangle inequalit
S 3T fa | (by gleinequality)
< —
<3 1977

1
<|a| 'ql/g'N>

and the three series ¥\ A(r,n)aq"3/(agq"® — "), r € {0,1,2} converge absolutely by
comparison with the series Y72\ |q%/3|". Hence, asa # w'q "/ for any r € {0,1,2} and
any n € N, the three series

& A(r,n)ag"3
Zlma re{0,1,2},
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converge absolutely. By (2.13) and (2.20), we obtain

2 Mr,nag”? 18
qn/3 o _éz

Appealing to (2.15), we deduce

so that

oo aqn oo asqn
G_(a)=3), _le—a?’q”'
n=

For a # 0 we define
G(a) :=G,(a)+Go(a) +G_(a).
By (2.18), (2.19) and (2.21), we deduce that

oo n 0 n
G(a) _13Taa 1aa3 3gllfqaq”_ n; laa—qlq”
) 34N oo —3Aqn
e e
From (2.23) we deduce
G(-1)=-1
and
G(aq) = G(a)

Finally we define

By (2.6), (2.24) and (2.26), we have
H(-1) =1
By (2.4), (2.25) and (2.26), we have
H(aq) =H(a).

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.29)

By the definition of G(a) in terms of sums of the principal parts of F(a) at its poles, it
is clear that H(a) is analytic in C except possibly at a = 0. Hence H(a) has a Laurent

expansion

— i hnan,

N=—oo

(2.29)
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where each hy, depends (at most) upon g but not on a. By (2.28) and (2.29) we have

i hng"a"=H(aq) =H(a) = i hpa".

N=—oo N=—oo

By the uniqueness of the Laurent expansion, we deduce
hnq" = hn, NEZ.
Thus, as |g| < 1, we deduce
hn=0, ne Z\ {0}. (2.30)
Hence, by (2.29), (2.30) and (2.27), we have
H(@)=hy=H(-1)=1 (2.31)
and so, by (2.26) and (2.31), we deduce
F(a) =1+G(a). (2.32)
Appealingto (2.2), (2.23) and (2.32), we obtainfor || < 1,a# 0anda® # q" forany nc Z

(l+a)3 ﬁ (l_ann)3(l_a—2qn)3(l_qn)2
1-a® o (1—agn)’(1—a1qn)(1—a%qn) (1—a3qn)

3a & i< 3aq"  Zalq" & N a-3q" )
l1-a 1-a® “Z\l-ag" 1l-alg" 1-ag" 1-a3q"
1+a)°® &/ 3aq" 3aiq" asq" a 3"
(l :)’,+2< qn_ —Cl1n_ q3n i:]3n>'

—a s\Ml-ag” 1-a " 1-a°q" 1-a=°q

=1+

Multiplying both sides by

1-a® (1-a)’(1-ad

1+a@ ~  (1-a2)3

we obtain
[ (@) a1 o)
n-i (1—aq)®(1—a1qn)®(1—a%qn) (1—a3qn)
(1-a)3(1-a’ & ( 3aq"  Zalg" & N a~3q" )
(1-a?)2 “Z\l-ag" 1-alg" 1-a3q" 1-a3q"/’

(2.33)

whichisvalidfor any g € C with |g/ < 1andany ac Cwitha#0,a+# +1anda3 +# " for
any n € Z. We now choose a = oy, = €/™ wherem ¢ N satisfiesm > 4. Clearly a+ 0.
The conditionsm > 4 and |q| < 1 ensurethat a# 41 and a2 # g" for any n € Z. Hencethis
choice of a satisfies the conditionsfor the validity of (2.33). Now

1

a-+ a :OJm—i—O)r_nl - 7\/m,



46 Saban Alaca, Lerna Pehlivan and Kenneth S. Williams

a?+a?=(a+a 1)?2—2=2A2%-2
a+a’=(a+a )3 -3@+a?l)=A3—3n,

(1-a%q")’(1—a %)’ (1-")°

n=i (1— aq”)3 (1- a—lq”)3 (1—aqn) (1—a3q")

ﬁ ( (xz )qn+q2n)3(l_qn)2 '
n=1 (1— xmq”+q2”) (1— (A3 —3Am)a"+ )

Next, as |okq"| = |q|" < 1for al k,n € N, we have

i( 3aqn B 3a—1qn B asqn N a—Sqn )
l-aq” l1-alg"n 1-a%q" 1-a3q

i( Somd”  Sop'q"  wpg" | opd )
A\l ond 1-oflgn 1-ofd  1-of 3qn

S (m-3)r

2 307, — 3o V" — 0¥ + ol fr

)

— 2 a" > (3o, — 300" — 0¥ + o)
N=1 N

m—1

_ iq Y Y Bolh-3on "V —of +oi
N=1 k=0 [N

r =k (mod m)
m-=1 oo oo
= Y (30k — o+ oIk 30 2 D l—ZAkm ) Y dicm(N)Q"
k=0 N=1  r|N k=1 N=1

r =k (mod m)
Finally, we examine
(1-a%1-2a°) (1-om)’l-w)
1-a2)3 —  (1-0f)?
If m= 1 (mod 2) then m > 5 and m— 1 isan even positiveinteger greater than or equa to
4, and we have
(1—om)’(l—op) _(0f—om*1-0p) s (1-of "> (1-op)

(1-wf)® (1-w)3 - (1-wZ)3
= (1+ 0 +on+--+om3)3(1- o) = cn

If m= 0 (mod 2) then m/2 is a positive integer greater than or equal to 2, and we have

m/2—-1
[1 @-of)’
1—0m)3(1- o3 Pl
( 8_)0()?”)30) ):(l_‘”m)s(l—@f’n)m/;l :
[T @)’

r=1
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Now

m/2—-1 m/2—-1 m/2 __ 1

P AN H P AN H X _T

IT (o) =fim I o) =fim=—==3

S0
m/2—-1
l_(DZr 3
(l—(,t)m)?’(l—(,l)?n) :(1_0) )3(1_0)3) r:l_IZ ( m) —c

(1- )’ w2 ™

The proposition now follows from (2.33). |

Formula (2.33) has its origins in the identity relating the Weierstrass sigma and zeta
functions given in [7, p. 187]. Formulae for these functions can be found in [7] and [9].
Our proof of Proposition 2.1 is based on theideasin Dobbie[6].

3. Proof of Theorem 1.1

We choose m= 8 in Proposition 2.1. Here

1+i 4 1-i 2 3
Wg=——, Wpt="—, Ag=V2, A3-2=0, A3—3Ng=—V2,
SO
1 (1-(A3-2q"+™)°(1-q")°
a1 (L= Agq+2")° (1 — (A3 — 3hg) Q"+ G2)
) l+2n3l_n2 E2E6°°
=11 L+ )3( “) = AT (14 V2o +6?)°
1 (1-v29'+¢2)° (1+v2q +¢2)  EEga
as
2 2 2n) 2 2 10
(1-V2"+ ™) (1+ V20" + ") = (1+07) " — 20" = 1+q* = et
Further, using MAPLE, we find
8 3 3 3 i(1-v2)
cszg(l—wg)(l—o)g) (1- o)’ (1-wf) ==
and
0 if k=0,4,
2iv2 if k=1,3,
A(k, 8) = 30§ — 03 + w3t — 3wi< = 8 if k=2,
—2iv2 if k=5,7,

-8 if k=6.
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Then Proposition 2.1 with m= 8 gives (appeaing to (1.7) and (1.8))

2F6 oo
EZESH(H\fq +o)°
=1+ (1\/2\/_< 2((118 ) +dzg(n) —ds g(n) —d78(n))q"

181y, (chs(n) —dss(n)q")
n=1
14212 1i(d18 )+ dag(n) — ds () — dz8(m)q"

+4v2(v2-1) i(d14 —d3a(n))g™"
n=1

1+ (V2-1) (e(@)e(d?) — 1) +V2(vV2-1) (¢*(9?) — 1)
= (f2—1)<p(q ) (o(a) +V29(qP))
so that

E2 E8
EZES

ﬁl(uﬁquqzn)z:(ﬁ—l) (@ (0(a) + V20(?)).

By (1.3) we have ¢(g?) = E /(E2E2) and the first formula of Theorem 1.1 follows.
The second formulafollows by conjugation.

4. Proof of Theorem 1.2

Here we apply Proposition 2.1 with m = 12. We have

3+i 3
03122%7 ot = f , M2a=v3, A, -2=1, 2}, -3 =0,
<o)
1 (1- (- 2)a"+¢)°(1-q")°
el (l—qu”—I—qzn)S(l— (x§2_3x12)qn+q2n)
o (1—qg 4 g _ a2 E5E2E6 o
H( q Q)( q) 8 T (1+V3d"+ ™),
=1 (1— \/_q”—i—qzn) (1+02) E2E3E12n
as

oo l_q4n E4

- 1 2ny ==
r£[1( tT) Hll_an Ex

- S1re®  S1-q"1-9"° Eif
Hl q+q Hl—l—n:Hl—?’”l— 2n:EE’
n=1 n=1 q n=1 q q 283
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and
[T(1-V3a"+a™) (143" + ™)
n=1
o o E>E
— T ((2+®)* —3q2") = 1:[1 g +g* %.

n=1
Further, using MAPLE, we find that
8 -
€2 =753 (1-w3) (1- 0012)3(1 - 0)112)3(1 — 0)?2)3(1 — m’fz)?’(l — oo}g)?’ = (5—3v3)i

and

0 if k=0,
i if k=1,5,
i if k=7,11,
Ak, 12) = 30K, — o + 0 — 3wl ={ 3iV3 if k=24,
—3iv/3 if k=8, 10,
8i if k=3,
—8  if k=9.

Then Proposition 2.1 with m = 12 gives

EPEZES = om 3
1+v3q"+ "
eeedes, 1 (VA )

=1+ (5— 3\/§)i i (i (d1712(n) + d5712(n) — d7712(n) — d11712(n))

n=1

+3iV3(d,12(N) + da 12(N) — dg 12(N) — d10.12(N) ) + 8i(dz 12(N) — d9712(n))> q

+(3v3-5) 2 (d1,12(n) +ds 12(n) — d7,12(N) — d11.12(N) )"

oo

+3v3(3v3-5) Y (dy6(n) —ds6(n))g™"

n=1

(dy3(n) —dz3(n))g™

Mz

+3v/3(3V/3-5)

n=1

18(3v/3-5) i( —daa(n))

::1+(3vf1—5)( () ‘Z(q)"z) (by (1.12))
+&73J'5(a ) (by (L.12))
+&f3J'5(a ) (by (1.10))
+8(3v3— 5(&@% l) (by (1.7))

4
— BVE5) (2(c)-+ 09 (e?) + (33—5) L (alcf) + 2a(c)).
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Borwein, Borwein and Garvan [4, eg. (2.27), p. 44] have proved that

33
a(q) +2a(g?) = 3(p(pg_3)) . (4.1)

Hence
E;EZES =

3_(
28 T 1+ V3" +?) =
=14 ’

3\/§—5) 2 2/.3 (PS(—QG)
from which the first asserted formula of Theorem 1.2 follows.
The second formulafollows by conjugation. |

5. Proof of Theorem 1.3

Here we apply Proposition 2.1 with m = 5. We have

\@—1+i 10+2v5 m_l_\@—l_i 10+2v5
4 4 Y T4 4 ’
VvB-1 , —1-+/5 —1-+/5

5 ,x5—2=72 L A -3s= 5

W5 =

As =

SO

m—(=0s ???+q2n) “(1-q")°

n=1 (l X5q” + q2”) 37»5)(]” + q2”)

(1 (D)) (14 (F50) 4 0?)

1 2 5 —q"
— <1+§qn+q2n> _Zq2n21+qn+q2n+q3n+q4n q

“1oq
Next wefind

s =—03(1-0d)(1+wd)’ = 0)5—20)§+20)§ —of

:_.<\/1o+2f 2y/10- 2V/5) = - \/50 22\/5

0 if k=0,

25+10v5 if k=1,

A(k,5) = 30f + 0 — o —30i<={  iV/25—-10v5 if k=2,
25—10V5 if k=3,

254105 if k=4.

and
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Hence, by Proposition 2.1 with m= 5, we obtain
E5 = l"‘\/g n 2n 5
E3H<l+ o 4 )

—1- %i\/50—22\/§<i\/25+ 10V5 2 (du5(n) —das(n))q”

+iy/25-10V5 i(dzs d375(n))q”)
5\/_ 5) i(d15 ) —das(n))q"

235 15V/5) i(dzs ) —dzs(n))q",

which gives the first formula.
The second formula follows by conjugation. |

6. Final Remarks

The referee has pointed out that Theorem 1.1 isequivalent to Theorem 3.2 in Yuttanan [10],
and that further results involving the products in Theorem 1.3 have been given by Huber
[8].

The choice m= 4 in Proposition 2.1 yields using (1.3) Jacobi’s identity (1.7). Thus
Jacobi’s two squares theorem is the specia case m = 4 of Proposition 2.1. The choice
m= 6in Proposition 2.1 gives using (1.3) and (1.10) theidentity (4.1) of Borwein, Borwein
and Garvan. It would be interesting to investigate Proposition 2.1 for other values of msuch
as m= 10. In this connection the referee has suggested consulting Cooper and Hirschhorn
[5] for some results along these lines.
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