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Dedicated to Bruce Berndt on the Occasion of his 68th Birthday

A curious arithmetic formula deduced by Berndt from an analytic formula of Ramanujan
is proved arithmetically and used to prove the formulae given by Liouville for the number
of representations of a positive integer by the forms 2 + y2 + 22 4+ t2 + 2u? + 2v? and

22 +y2 + 222 4 2t2 4 2u2 + 202,
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1. Introduction

In [1] and [2, p. 64] Berndt deduced a curious arithmetic formula from an analytic

formula of Ramanujan. In this paper we prove Berndt’s

curious formula arithmeti-

cally and then use it to establish results of Liouville [4,5] on the number of rep-
resentations of a positive integer by the forms z? + y? + 2% + t2 + 2u® + 20? and

22+ y? + 222 4+ 2t2 + 2u? + 202

2. Notation

Following Berndt (2, p. 64] we set

oi(n) = Z (-1 t2k-1)", neN,

2k—1|n

v € NU{0},

Gy(n) == (-)M¥K’, neN, veNu{o}.

k|n

677
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Berndt’s curious formula is

o5(n) = SZ oy(k)or(n — k), neNU{0}, (2.3)
k=0
where
0= 0)=—5, a0)=-1 (2.4)

In preparation for proving Berndt’s formula (2.3), we define (following McAfee
6, p- 156])

Ji(n) = (%)di, neN, icZ, (2.5)
d|n
and
—4 in 1
Ki(n) == dlzn (n—/d)d , neN, icz, (2.6)

where for £k € N
1, ifk=1 (mod4),
—4
<_> ={ -1, ifk=3 (mod 4), (2.7)
0, if k=0 (mod 2).

McAfee [6, Theorem 4.7.1, p. 165] has used an arithmetic identity of Huard, Ou,
Spearman and Williams [3] to prove the three formulae:

2 <_74)b:2—2(Jo<n>+J2<n>+16K2<n>—12nJo(n>—60(””’ (28)

(a,b,x,y)EN*
ax+by=n

Z (%4)5 = i(Jo(n) + Jo(n) + 4K5(n) — 6nJy(n) — 60(n/2)), (2.9)
Gt

5 (—74)19 _ %(JO(nHJQ(n) + Ky(n) — 3nJo(n) — 60(n/4)),  (2.10)
e

where

(2.11)

> d, ifneN,
o(n) = q d
0, if n ¢ N.

We need the following consequence of formulae (2.8)—(2.10).
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Lemma 2.1. Forn € N
—4
—ntv (=)
> ()

(a,b,x,y)EN
ax+by=n

. i (Jo(n) + Ja(n) + 4K (n) — 12nJo(n) + 60(n) — 360(n/2) + 240(n/4)).

Proof. We have

> asem(T)e

(a,b,z,y)EN*
ax+by=n
—4
(a,b,z,y) €N4 “
ax+by=n
2|by
—4 —4 —4
-9 B A ) A )
(abzy€N4< “ ) ’ (abmy)€N4< “ ) (a.b,;y)eN‘l( “ )
ax+by=n ax+by=n ax+by=n
2[b 2ly 2[b, 2ly
(abmy yeN* (abmy)€N4 “
ax+2by=n ax+4by=n

= ﬁ(%(n) + J2(n) + 4K3(n) — 6nJy(n) — 60(n/2))

- é(Jo(n) + Jao(n) + Ka(n) — 3nJo(n) — 60(n/4))

- 21—4 (2J0(n) + 2J2(n) + 20Kz (n) — 24nJo(n) — 360(n/2) + 240 (n/4)),

by (2.9) and (2.10). Then, by (2.8), we obtain

—4
(=)
az+by=n
= i (2Jo(n) + 2J2(n) + 20K2(n) — 24nJy(n) — 360(n/2) + 240(n/4))
- i (Jo(n) + J2(n) + 16Ko(n) — 12nJo(n) — 60(n))
= i (Jo(n) + Jo(n) + 4K2(n) — 12nJo(n) + 60(n) — 360 (n/2) + 240(n/4)),

as claimed. O
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We denote the number of representations of n € NU {0} as the sum of k € N
squares by ri(n). Clearly r(0) = 1. Jacobi showed that

—4%( >_4J0) neN, (2.12)

n) = SZd, neN, (2.13)
a
and
2
=0 ()2 (7 )
= 16K3(n) —4J2(n), neN (2.14)

3. Arithmetic Proof of Berndt’s Curious Formula

The formula (2.3) is trivially true for n = 0 in view of (2.4) so we may suppose that
n € N. Taking v = 0 in (2.1) we obtain by (2.5), (2.7), and (2.12)

ot = 3 (D=3 (-0

2k—1|n d|n
d odd

-y (%) — Jo(n) = irg(n), neN. (3.1)
d|n
Taking v = 1 in (2.2) we have by (2.13)
G1(n) =Y (=) ¥k = o(n) — 60(n/2) + 80(n/4)

k|n

= (=1)""H(o(n) - 40'(”/4))
1

= ) 1Zd = " ra(n), neN, (3.2)

4&1

where we used the simple fact that
o(n) —30(n/2)+20(n/4) =0 (3.3)

when n is even.
Taking v = 2 in (2.1), we deduce by (2.5) and (2.7)

os(n)= > (~DFLEE-1)2= Y (1T &

2k—1|n d|n
d odd

_ ; (‘74)612 = Jao(n), neN. (3.4)
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Thus for n € N we have

ZO’ Vo1 (n — k)

k=0

n—1
= 05(0)31(n) + Y 05 (k)31 (n — k) + o5 (n)51(0)
k=1
=01+ D oi(R)ai(D) - goo(n)  (by (2.4))
i

= %(a(n) —60(n/2) +80(n/4)) — %Jo(n)

+ 2 (Z( )) (10| (by (3.1) and (3.2))
G\ %

— %a(n) — ga(n/Q) +20(n/4) — %Jo(n)

+ ) (vt (%)b

(a,b,z,y)EN*
ax+by=n
4t

1 3 1
= 0(n) = 50(n/2) +20(n/4) = SJo(n)

- > (—1)“’(%4)“4 3 (_74)1)

(a,b,z,y)EN? (a,b,x,y)eN*
az+by=n ax+4by=n
1 3 1
= Za(n) - 50(11/2) +20(n/4) — gjo(n)

- i(Jo(n) + Ja(n) + 4K5(n) — 12nJdo(n) + 60(n) — 360 (n/2) + 240(n/4))

+ é(Jo(n) + Ja(n) + Ka(n) — 3ndo(n) — 60(n/4))
(by Lemma 2.1 and (2.10))

— ~o3(n) (by (3.4)).

This completes our arithmetic proof of Berndt’s curious formula (2.3). O
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4. A Companion to Berndt’s Curious Formula

From Sec. 3 we see that Berndt’s curious formula can be stated in the form
8200 )o1(n — k) = Jo(n), neN., (4.1)

We next give an analogue of this formula for Ks(n). We set

6u(n) = Z (2k—-1)", neN, veNU{0}. (4.2)
2k—1|n
n/(2k—1) odd

Clearly for n € N we have
Gin)= > (2k-1)

2k—1|n
n/(2k—1) odd

:Zd

d|n
d odd
n/d odd
1 n
= 30— (-1)o(n)
so that by (3.3) we have
61(n) =o(n) —30(n/2) +20(n/4), neN. (4.3)
We set
1(0) = 0. (4.4)
We prove:

Theorem 4.1. Forn € N

4200 )o1(n — k) = Ka(n).

Proof. For n € N we have by (2.4), (4.4), (4.3), (3.1), (2.8) and Lemma 2.1,
n—1
Z o5 (k)o1(n— k) = o3 (0)61(n) + Y op(k)or(n — k) + 0§ (n)é1(0)

k=1
= —0'1 + Z 00 n-— 01 )
= o) = 2ot0/2) + 2oty
1 n—1 —4
+ 5 1-(- Z (7) Zb
k=1 aln—Fk blk
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o(n) — 30(0/2) + 2o(n/4)

Z —4
(@bogent © ¢
ax+by=n

1 —4
5 2
(a,b,x,y)EN? ¢
az+by=n

1
= ZKQ(’I’L)7

1
4
+

|~

as asserted. O

5. Application of Berndt’s Curious Formula to Liouville’s Formulae

In 1864 Liouville [4,5] stated without proof the two formulae in Theorem 5.1. No
proof of these claims seems to appear in the literature. We show that they are simple
consequences of Berndt’s curious formula.

Theorem 5.1. Let n € N. Set n = 2*°N, where « € NU{0}, N e Nand N =1
(mod 2).

(i) The number R(n) of representations of m by the form z? + y? + 22 + 2 +
2u? + 20v? is given by

R(n) = (22a+3 —2(14 (-1)%) (%)) dlZN (J\%)d? (5.1)

(i) The number S(n) of representations of n by the form z% + y? + 222 + 2t2 +
2u? + 202 is given by

S(n) = (22a+2 —2(1+(-1)*) (%)) > (A_f—fd)d?. (5.2)

d|N

Proof. (i) By (2.4) and (3.1) we have

ot (k) = %rz(k), ke NU{0}. (5.3)
By (2.4) and (3.2) we have
R
o1(k) = Tm(k), ke NuU{0}. (5.4)

Using (5.3) and (5.4) in Berndt’s formula (2.3), we obtain by (3.4)

n

D (=1)Fra(k)ra(n — k) = 4(=1)"" Ja(n). (5.5)

k=0
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Appealing to (2.14) we have

n

> ra(k)ra(n — k) = re(n) = 16Ka(n) — 4.J2(n).
k=0

Adding (5.5) and (5.6), we deduce

2 i ro(k)ra(n — k) = 16Ka(n) —4(1 + (=1)")J2(n).

As r3(2m) = ro(m) (m € NU {0}) we deduce from (5.7)

R(n)= Y ra(m)ra(n —2m) = 8Ks(n) —2(1+ (=1)")Ja(n).

0<m< 2

An easy calculation shows that
o) = JN), Kalo) = 2 KN), TN) = () Kl
Hence, from (5.8) and (5.9), we obtain
Riw) = 8- 22 Ka(N) = 201+ (1) 5 ) Kol

which gives Liouville’s formula (5.1).
(ii) We let

Ay = {(z,y, 2,t,u,0) € Z° | n = 2 + ¢ + 227 + 262 + 2u* + 207},
Suppose first that n is even so that n/2 € N and o > 1. Let
B, = {(%,y, 2, t,u,v) € Z° | n/2 = 2% + v + 2% + t* +u® +v?}.
For (z,y, z,t,u,v) € A, define
(@, y, 2, tu,0) = ((z —y)/2, (x+y)/2,2,t, u,v).
Then f: A, — B, is a bijection. Thus, by (2.14) and (5.9), we have
S(n) = card A,

= card B,,

=r6(n/2)

= 16K3(n/2) — 4J2(n/2)

=16-22" VK, (N) — 4 <W> K5(N)

_ <22a+2 —9(1+ (-1)%) (%)) Ky(N).
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Now suppose that n is odd so that @ = 0. In this case the solutions
(r,y,2,t,u,v) € Z5 of
n=a>+y*+ 22 +t2 +2u% + 202 (5.10)

are such that exactly one of z,y, z,t is odd or exactly one of z,y, z,t is even. Thus
R(n) = 4R'(n), (5.11)

where R’(n) denotes the number of solutions of (5.10) with x = 1 (mod 2), y = 2
(mod 2) and ¢t = 0 (mod 2). Also the solutions (z,y, z,t,u,v) € Z5 of

n = 2%+ y? + 227 + 2% + 20 + 20? (5.12)
have exactly one of z and y odd. Thus
S(n) =25"(n), (5.13)

where S’(n) denotes the number of solutions of (5.12) with x = 1 (mod 2) and y =0
(mod 2). Let

Cp = {(2,y, 2, t,u,v) € Z% | n = 2% +y* + 2% +t* + 2u® + 20%,

x =1(mod 2), y = 2z (mod 2), t =0 (mod 2)}

and
Dy, = {(z,y, 2, t,u,v) €Z° | n = 2* + y* + 227 + 2t* + 2u? + 202,
z =1(mod 2), y =0 (mod 2)}.

For (z,y, z,t,u,v) € C,, we define

9((z,y, 2, t,u,0)) = (2,8, (y = 2)/2, (y + 2)/2,u,0).
Then g : C,, — D, is a bijection. Thus

R'(n) = card C,, = card D,, = S'(n), (5.14)
Hence
R(n) = 4R'(n) = 45'(n) = 28(n)

so by part (i) as o =0

S(n) = %R(n)

= 4K5(N)
« _4
— (22a+2 —2(1+ (-D*) (W)) K5(N).
This completes the proof of Theorem 5.1. |

In the proof of part (i) we used r2(2m) = ro(m) (m € N). To adapt the proof
of part (i) to prove part (ii) in a similar manner we would expect to use r4(2m) =
(2 — (=1)™)ra(m) (m € N). However the term (—1)"r4(m) leads to a sum that
has no obvious evaluation. Thus it does not seem possible to prove part (ii) just by
tweaking the proof of part (i).
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6. A Corollary to Lemma 2.1

In this section we give a formula similar to formulae (2.8)-(2.10), which is a conse-
quence of Lemma 2.1. We have

—4
2 o (7>b
(a,b,z,y)EN?
az+by=n

—4
=Y (e (7)19
(a,b,z,y)EN?
az+by=n

n azx —4
—Cor X (T

(a,b,z,y)eN

ax+by=n

o 2 G

ax+by=n
2ta

(a,b,m,y)EN
ax+by=n
2ta

(a,b,z,y)eN?
ax+by=n

(aba,y)eN? (a,b,z,y)EN?
ax+by=n ar+by=n
2|x
n —4 n —4
=2(-1)" > (7)1) — (=" > (7)19.
(a,b,a,y)eN* (a,b,m,y)EN
2ax+by=n ax+by=n
Hence, by Lemma 2.1 and (2.8), we obtain
—4
> (7)17
(a,b,z,y)EN*
2ax+by=n
1 n by [ —4 1 —4
=5(=1) >oo(- y<7>b+ Y (—)b
(a,b,a,y)eN* (a,b,z,y)EN?
ax+by=n ar+by=n
—1)"
= ( 48) (Jo(n) 4+ Jo(n) + 4K2(n) — 12nJy(n) + 60(n) — 360(n/2) + 240(n/4))

+ %(Jg(n) + Jo(n) + 16K3(n) — 12nJy(n) — 60(n)).
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Appealing to (3.3) we have the following result.
Corollary 6.1. Let n € N. If n is odd then
—4
= ()
a

(a,b,z,y)EN*
2ax+by=n

(Ka(n) — o(n))

] =

and if n is even

2 (%4)19 = 21—4(J0(n) + Jo(n) + 10K2(n) — 12nJo(n) — 60(n)).
(a,b,a:,y)eN4

2az+by=n
7. A Question of McAfee
In [6, p. 169] McAfee asked whether there is an evaluation of the sum
—4
> (7))
(a,b,z,y)EN? “
ax+8by=n

similar to those in (2.8)—(2.10). We use Theorem 5.1(ii) to show that such an eval-
uation exists.

Theorem 7.1. Let n € N. Then

> &)

((Lb,av,y)eN4
ax+8by=n
= i(,]o(n) + Mﬁ(n) + %KQ(TL) — gnjo(n) — 60(n/8)).

Proof. As in [6, p. 155] we denote the sum in (2.9) by B(n). For n € N we have
by (2.9), (2.12) and (2.13)

s (- x (2

(a,b,z,y)EN? (a,b,z,y)EN*
ax+8by=n ax+2by=n
4|b
1 —4 1 —4
== ) i )
X (F)r 2 (5
(a,b,z,y)EN? (a,b,z,y)EN?
ax+2by=n ax+8by=n
440
1 1 —4
=P -5 X ()
I,m>1  all blm

l+2m=n 44b
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1 1
= 3800~ 5 3 ralratm)
I+2m=n
1 1
= (B0 - 5 3 raratm)
l+727’n_:n
+ 52 O)ra(n/2) + Toora(n)ra(0)
1 1 1 1 1
= ZB(n) - ms( n)+ EU(”/2) - —a(n/S) 32J0(n)

from which the asserted result follows on appealing to (2.9) and Theorem 5.1(ii).

We close this section by giving a companion formula to Lemma 2.1. The proof
is similar to that of Lemma 2.1 except that Theorem 7.1 is used in place of (2.8).

Corollary 7.1. Let n € N. Then
S (S o= gyt + EEE ) 4 ot

(a,b, )N ¢
ar+2by=n
e — 6n.Jo(n) + 65(n/2) — 360(n/4) + 240(n/8)).

8. Conclusion

The referee pointed out that another analytic proof of (2.3) follows from [2, Chap.
17, Entries 14(i), 17(vi) and 17(vii)]. Putting these three equations together, we
obtain

X (—1)k (1) SN (—1)F(2k + 1)
Z e(Zk+1l)y _ 7 - 22 eky +1 + Z €(2k+1)y —1

k=0 k=1 k=0
oo oo )k+l 1l
As
- (_l)k - * —n
) oty —1 2790 (n)e™",
k=0 n=1
_ -~ —ny
2::1 ekyﬂ = ;al(n)e ,
- CDFEEHD? s L,
Z ety _ 1 Z o (n)e”",
= n=1

)k—i—l 1l

oo 00 0o ne1
22 e<2’f+1y—1(ly+1 :Z<ZU "1”—m)>6‘”y,

k=0 l=1
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on equating coefficients of e=™¥ in (8.1), we obtain (2.3). Similarly, if we use [2,
Chap. 17, Entries 15(ix), 17(i) and 17(ii)], we obtain Theorem 4.1, which is the
companion formula to (2.3). It is clear that by using other similar equations, we
can obtain further arithmetic identities.
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